A Theory-based Topological Notion of Institution^?

Amílcar Sernadas^1 , Cristina Sernadas^1, José Manuel Valença^2

1 Instituto Superior Técnico, Lisboa, Portugal 2 Universidade do Minho, Braga, Portugal,

Abstract. By adopting theories as primitive components of a logic and recognizing that formulae are just presentation details we arrive at the concept of topological institution. In a topological institution, we have, for each signature, a frame of theories, a set of interpretation structures and a satisfaction relation. More precisely, we have, for each signature, a topological system. We show how to extract a topological institution from a given institution and establish an adjunction. Illustrations are given within the context of equational logic. We study the compositionality of theories. Formulae are recovered when we establish a general technique for presenting topological institutions. Topological institutions with finitely observable theories are shown to be useful in temporal monitoring applications where we would like to be able to characterize the properties of the system that can be monitored. Namely, an invariant property (Gφ) cannot be monitored because it cannot be positively established in finite time. On the contrary, a reactivity property (Fφ) can be positively established in finite time.

1 Introduction

Institutions [4, 5], π-institutions [3, 2] and entailment systems [9] are abstractions that subsume the informal notion of logic system with its varying alphabets. Institutions are semantically based, contrarily to π-institutions and entailment systems. In all cases the central notion of theory is not primitive. Formulae and their models or formulae and consequence relations are taken as the starting point.

However, the (categorial) framework of institutions has proved to be quite useful in software specification and in knowledge representation precisely because it provides the means for composing and structuring theories (and their presentations). In both domains of application we need to be able to describe and reason about “properties” of the system at hand. To this end, a bijection is assumed between theories and properties. Clearly, formulae are used just for presenting properties. Thus, the central concept is the theory, not the formula. And indeed all interesting institutional developments deal with theories.

Therefore, one may wonder why the theory is not the primitive concept in institutions. We could easily envisage an alternative structure built around theories (properties) instead of formulae (presentations of properties). Such a structure should

⋆ This work was partly supported by CEC under ESPRIT-III BRA WG 6071 IS-CORE (Information Systems - COrrectness and REusability) and BRA WG 6112 COMPASS (COMPrehensive Algebraic approach to System Specification and development) and by ESDI under research contract OBLOG (OBject LOGic).

include signatures (alphabets) plus theories and their semantics. The introduction of this concept is the main goal of the paper.

The basic problem is to find a suitable formula-independent notion of theory. Furthermore, we must also decide upon a suitable structure for the theories over a given signature. Just a set seems to be too little since we do have operations on theories. Maybe a complete lattice, recognizing that we have all joins (and meets) of theories over a given signature. But as we shall see, this would be too much and, on computability grounds, we adopt instead the (weaker) frame structure.

Indeed, a parallel development within the broad area of domain theory provides the starting point: the notion of topological system proposed in [14]. Vickers arrived at this concept by further exploring the consequences of Smyth’s dogma: open sets are semidecidable properties [13]. Topological systems subsume both topological spaces and locales. A topological system includes a frame of “opens”, a set of “points” and a “satisfaction” relation between points and opens. Topological system morphisms satisfy the constraint x fl_D Ω h(a^′) iff pt h(x) fl_D0 a^′ that is strongly reminiscent of the satisfaction condition of institutions.

If we identify the “opens” with formulae we are dealing with geometric logic, as discussed in [14, 15]. But there is an obvious alternative that we explore in this paper: if we restrict our attention to “semidecidable properties” then theories are the opens! Therefore, by working with topological systems we find a structure where we can deal with theories that are not necessarily built from formulae. That is, we are able to deal in this way with theories as first class citizens.

Finitary topological institutions promise to be useful in monitoring and querying. We examine herein how to set up a weak version of a temporal logic suitable for monitoring. In database monitoring applications [8] we would like to be able to characterize the properties of the system that can be monitored. Namely, an invariant property (Gφ) cannot be monitored because it cannot be positively established in finite time. On the contrary, a reactivity property (Fφ) can be positively established in finite time. Herein, we set up the envisaged logic as a finitary topological institution.

After introducing the concept of topological institution in Section 2 we characterize the relationship between theories and models and we proceed to recover the results on colimits of theories. In Section 3 we start by showing how to extract a topological institution out of an institution and establish an adjunction between the categories of topological institutions and institutions. In Section 4 we consider how to present topological institutions and show how deductive systems can be used to this end. We also examine possible applications of topological institutions with finitely observable theories, namely to temporal monitoring. The proofs omitted herein and further material can be found in [12].

2 Topological institutions

2.1 Topological systems

The interested reader should consult [6, 14] for a full development of the theory of frames, locales and topological spaces. Herein we follow the approach in [14], namely with respect to the introduction of the notion of topological system and starting from there. The main component of a topological system is its frame of “opens”. Hence it is worthwhile to recall that a frame is a poset F = ⟨|F |, ≤_F ⟩ such that each subset S ⊆ |F | has a join ⋁ S, and binary meets distribute over joins: a ∧ ⋁ S = ⋁ {a ∧ s : s ∈ S}. In the sequel we use the two-element frame 2 with elements t and f such that f ≤2 t. A frame morphism h : F → F^′ is a map from |F | into |F^′| preserving all joins and finite meets (thus, a monotone map). Frames and their morphisms constitute a category that we denote by Fr. We are now ready to bring in the notion proposed by Vickers:

Definition1. A topological system D is a triple ⟨pt D, Ω D, fl_D⟩ where:

– pt D is a set; – Ω D is a frame;

– flD⊆ pt D × Ω D such that^3:

• for any S ⊆ Ω D, x fl_D ⋁ S iff x fl_D a for some a ∈ S;

• for any finite S ⊆ Ω D, x fl_D ⋀ S iff x fl_D a for every a ∈ S.

The elements of pt D are called points. The elements of Ω D are called opens. The relation fl_D is named satisfaction relation. Note that the last property on fl leads to monotonicity: if x fl_D a and a ≤_{Ω D} b then x fl_D b.

Definition2. A topological system morphism h : D → D^′ is a pair ⟨pt h, Ω h⟩ where:

– pt h : pt D → pt D^′ is a map;

– Ω h : Ω D^′ → Ω D is a frame morphism such that x fl_D Ω h(a^′) iff pt h(x) fl_D0 a^′ for every x ∈ pt D and a^′ ∈ Ω D^′.

By looking at points as “models” and at opens as “formulae”, the condition will remind the reader familiar with the notion of institution [4, 5] of the satisfaction condition. Topological systems and their morphisms constitute a category that we denote by T Sy. Topological systems with frame F establish a full subcategory T Sy_F of T Sy. We now proceed to identify topological spaces among topological systems, following the idea in [14]. A topological space is a special topological system where the opens are subsets of points. And there is a canonical construction for building a topological space out of any given topological system. As we shall see, this construction helps in the characterization of the relationship between properties and models.

A topological space X is a topological system ⟨pt XΩ X, fl_X ⟩ such that there is an inclusion frame morphism Ω X → ℘pt X^4, and fl_X is set membership (x fl_X a iff x ∈ a). Topological spaces constitute a full subcategory of T Sy that we denote by T Sp^5. Note that for a topological space morphism h : X → X^′ we have that Ω h = (pt h)^{−1}. We denote by IncSp the inclusion functor T Sp → T Sy.

3 We write x flD a instead of ⟨x, a⟩ ∈ flD saying that x satisfies a.

4 That is, unions of opens are open and finite intersections of opens are open. Clearly, an infinite meet of opens (still open) may not coincide with the corresponding intersection.

5 The category T Sp is isomorphic to the traditional category T op of topological spaces and continuous maps not presented as special cases of topological systems and their morphisms.

Definition3. A topological system is said to be spatial iff it is isomorphic to a topological space.

Definition4. Let D be a topological system and a ∈ Ω D. The extension of a is the set ext(a) = {x ∈ pt D : x fl_D a}.

Clearly, if we consider points to be interpretation structures and opens to be properties then the extension of a is the set of models of a.

Definition5. Given a topological system D we define its spatialization SpatD as the topological space such that:

– pt SpatD = pt D; – Ω SpatD = ⟨{ext(a) : a ∈ Ω D}, ⊆⟩. It is easy to verify that we do obtain a frame with the inclusion ordering on the extensions. Moreover, we have soundness: if a ≤_{Ω D} a^′ then ext(a) ⊆ ext(a^′).

Definition6. Given a topological system D, its T Sp-coreflection is the topological system morphism e : SpatD → D defined as follows:

– pt e(x) = x; – Ω e(a) = ext(a). This terminology is justified by the following result [12]:

Theorem 7. T Sp is a coreflective subcategory of T Sy.

It follows that a topological system D is spatial iff its T Sp-coreflection is iso iff for every a, a^′ ∈ Ω D if ext(a) ⊆ ext(a^′) then a ≤_{Ω D} a^′. That is, we have completeness iff the topological system is spatial. Using the universal property of the coreflections, it is straightforward to verify that the spatialization construction extends to a functor Spat : T Sy → T Sp. Furthermore, Spat is right adjoint to IncSp.

2.2 Basic concept and theories

As envisaged, we want for each signature a topological system with the theories, the interpretation structures and the satisfaction relation for that signature. Therefore:

Definition8. A topological institution T is a pair ⟨sgT, syT ⟩ where

– sgT is a category (of signatures); – syT : sgT → T Sy^{op} is a functor.

The opens in Ω syT (Σ) are called theories over the signature Σ, the points in pt syT (Σ) are called interpretation structures over Σ and fl_{syT (Σ)} the satisfaction relation over Σ. In the sequel T will always denote a topological institution.

Definition9. A topological institution T is spatial iff, for each signature Σ, the topological system syT (Σ) is spatial.

Definition10. A topological institution morphism τ : T → T^′ is a pair ⟨sgτ, syτ ⟩ where

– sgτ : sgT → sgT^′ is functor;

– syτ : syT → sgτ ; syT^′ is a natural transformation.

Topological institutions and their morphisms constitute a category: T In. It is interesting to explore the spatialization construction for topological institutions, but we refrain herein to establish the resulting coreflection.

Definition11. The model topological institution ModT induced by T is as follows:

– sgModT = sgT ; – syModT is such that:

• syModT (Σ) = SpatsyT (Σ);

• syModT (σ) : syModT (Σ^′) → syModT (Σ) is the unique morphism in T Sy such that e^′; syT (σ) = syModT (σ); e where e and e^′ are the T Sp-coreflection morphisms for syT_Σ and syT_Σ0 respectively.

Note that the morphism syModT (σ) is unique because of the universal property of the coreflection e. Each theory th of syT (Σ) is replaced in syModT (Σ) by the set of interpretation structures ext(th) that satisfy th. Therefore, if T is spatial then we have for each Σ: th ≤_{syT (Σ)} th^′ iff ext(th) ⊆ ext(th^′).

We now look at the “flat” category of theories in T . As expected, we recover the result that (finite) colimits of signatures can be lifted to (finite) colimits of theories.

Definition12. A theory is a pair th = ⟨Σ, a⟩ where Σ ∈ |sgT | and a ∈ Ω syT (Σ).

Definition13. Let th = ⟨Σ, a⟩ and th^′ = ⟨Σ^′, a^′⟩ be theories. A morphism from th into th^′ is a signature morphism σ : Σ → Σ^′ such that a^′ ≤_{Ω syT(Σ}0_) Ω syT (σ)(a).

Theories and theory morphisms constitute a category: T h_T . Furthermore, assuming that Sg : T h_T → sgT is the functor mapping theories and theory morphisms into their signatures and signature morphisms, ⟨T h_T , Sg⟩ is a concrete category over sgT . It is straightforward to establish [12]:

Theorem 14. If sgT has finite colimits so does T h_T .

We consider for instance how coproducts are lifted. Let th = ⟨Σ, a⟩ and th^′ = ⟨Σ^′, a^′⟩ be theories and ⟨Σ +Σ^′, inj_Σ , inj_Σ0 ⟩ be “the” coproduct in sgT of Σ and Σ^′. Then, the triple ⟨th + th^′, inj_Σ, inj_Σ0 ⟩ where th + th^′ = ⟨Σ + Σ^′, Ω syT(inj_Σ )(a) ∧ Ω syT(inj_Σ0 )(a^′)⟩ is “the” coproduct in T h_T of th and th^′.

3 Institutions versus topological institutions

Before we can show how to extract a topological institution from any given institution, we need to see how to complete a meet-semilattice, while respecting (some of) the existing joins, in order to obtain a frame, using Johnstone’s technique of coverages [6].

3.1 Ideal completion

We proceed to review Johnstone’s technique, characterizing the envisaged universal property (of the canonical construction) as a reflection. To this end, we introduce the category of sites and its subcategory of frame sites.

Definition15. A site Y is a pair ⟨msY, cvY ⟩ where:

– msY is a meet-semilattice, that is, a poset ⟨|msY |, ≤_{msY} ⟩ such that every finite subset S ⊆ |msY | has a meet;

– cvY is coverage on msY , that is, a map cvY : |msY | → ℘℘|msY | such that:

• cvY (a) ⊆ ℘↓(a)^6;

• for every a^′ ≤ a, if S ∈ cvY (a) then {s ∧ a^′ : s ∈ S} ∈ cvY (a^′).

Definition16. A site morphism h : Y → Y^′ is a meet-semilattice morphism from msY into msY^{′7} such that if S ∈ cvY (a) then h(S) ∈ cvY^′(h(a)).

Sites and their morphisms constitute a category that we denote by Sit. Some sites correspond to frames as we proceed to explain.

Definition17. A frame site is a site Y = ⟨msY, cvY ⟩ such that msY is a frame, and S ∈ cvY (a) iff a = ⋁ S. We denote by F rSit the full subcategory of Sit whose objects are the frame sites. We denote by IncF r the inclusion functor F rSit → Sit. Clearly, the category F rSit is isomorphic to F r. We now show how to extract a canonical frame site from any given site by ideal completion.

Definition18. A Y -ideal is a lower closed^8 subset I of |msY | such that, for every a ∈ |msY | and S ∈ cvY (a), if S ⊆ I then a ∈ I.

Definition19. Given a site Y , the pair IdlY = ⟨{I : I is a Y -ideal}, ⊆⟩ is a frame called the ideal completion of Y .

We denote by SIdlY the corresponding frame site.

Definition20. Given a site Y , its F rSit-reflection is the site morphism q : Y → SIdlY induced by the map from |msY | into |msSIdlY | defined as follows:

– q(a) = ⋂ {I ∈ |msSIdlY | : a ∈ I}. It is necessary to verify that the indicated map does induce a site morphism. That is to say, it should preserve finite meets and the coverage^9. The reflection name is justified by the following result [12]:

Theorem 21. F rSit is a reflective subcategory of Sit.

Using the universal property of reflections, it is straightforward to verify that the ideal completion construction extends to a functor Idl : Sit → F rSit. Furthermore, Idl is left adjoint to IncF r.

6 ↓(a) denotes as usual the set {a^0 : a^0 ≤ a} 7 A map from |msY | into |msY^0| preserving finite meets. 8 If a^0 ≤ a and a ∈ I then a^0 ∈ I. 9 It should transform covers to joins.

3.2 Institutions induce topological institutions

Given a signature Σ in some institution, the idea is to establish a topological system where the opens are the theories over Σ, the points are the interpretation structures over Σ and the satisfaction relation is as given for Σ. However, this naive workplan has to be refined, mainly because satisfaction does not always respect joins of theories as required in topological systems. In the sequel I will always denote an elementary institution ⟨Sig_I , Sen_I , Int_I, fl_I ⟩^{10}.

If Φ ⊆ Sen_I (Σ) and ψ ∈ Sen_I (Σ) then we say that Φ semantically entails ψ, written Φ ffl_{IΣ} ψ, iff, for every x ∈ Int_I (Σ), if x fl_{IΣ} φ for every φ ∈ Φ then x fl_{IΣ} ψ. We denote by Φffl^IΣ the set {ψ ∈ Sen_I (Σ) : Φ ffl_{IΣ} ψ} of formulae semantically entailed by Φ. We denote the class of all theories by |T h_I| and, for each signature Σ, the class of all theories over Σ by |T h_{IΣ} |. We say that x ∈ Int(Σ) satisfies a theory th = ⟨Σ, Φ⟩, indicated by x fl_{IΣ} th or x fl_{IΣ} Φ, iff x fl_{IΣ} φ for all φ ∈ Φ. Clearly:

Proposition22. Consider the binary relation ≤_{IΣ} in |T h_{IΣ} | such that ⟨Σ, Φ_1⟩ ≤_{IΣ} ⟨Σ, Φ_2⟩ iff Φ_1 ffl_{IΣ} Φ_2. The pair T h^{op}_{IΣ} = ⟨|T h_{IΣ} |, ≤_{IΣ} ⟩ is a complete lattice.

For each S ⊆ |T h_{IΣ} |, ⋁ S = ⋂ S and ⋀ S = ( ⋃ S)ffl^{IΣ} . The bottom theory is ⟨Σ, Sen_I (Σ)⟩ and the top theory is ⟨Σ, ∅ffl^IΣ ⟩. We use the op notation since th_1 ≤_{IΣ} th_2 iff the set of formulae of th_2 is included in the set of formulae of th_1.

Note that, in general ⟨Int_I (Σ), T h^{op}_{IΣ} , fl_{IΣ} ⟩ is not a topological system. Indeed, we do not know if we do have a frame (distributivity?) and whether every join is respected by the satisfaction relation: x fl_{IΣ} ⋁ S iff x fl_{IΣ} s for some s ∈ S. Therefore, we proceed to complete (using the coverage technique) the meet-semilattice of theories while preserving only the joins that are respected by the satisfaction relation. Afterwards, we extend the satisfaction relation to the new theories.

Definition23. A set S ⊆ |T h^{op}_{IΣ} | is said to be join-acceptable by fl_{IΣ} iff the following condition holds: x fl_{IΣ} ⋁ S iff x fl_{IΣ} th for some th ∈ S.

Example 1. Let EqI be the equational elementary institution. A non-empty S ⊆ |T h^{op}_{EqIΣ} | is join-acceptable iff S has a maximum theory.

The following result [12] shows how to set up a site with the theories of the institution at hand:

Proposition24. Let cv_{IΣ} : T h^{op}_{IΣ} → ℘℘T h^{op}_{IΣ} be as follows: for each theory th, S ∈ cv_{IΣ} (th) iff ⋁ S = th and S is join-acceptable. Then, the pair Y_{IΣ} = ⟨T h^{op}_{IΣ} , cv_{IΣ} ⟩ is a site and the F rSit-reflection q_{IΣ} : Y_{IΣ} → SIdlY_{IΣ} is injective.

Example 2. In the simple case of EqI, for each theory ⟨Σ, E⟩ we have: – cv_{EqIΣ} (⟨Σ, E⟩) = {S ⊆ |T h^{op}_{EqIΣ} | : max(S) = ⟨Σ, E⟩}: – q_{EqIΣ} (⟨Σ, E⟩) = {⟨Σ, E^′⟩ ∈ |T h^{op}_{EqIΣ} | : E^′ ffl_{EqIΣ} E} For more complex examples see [12] namely the case of propositional logic.

10 By “elementary” (or pre-institution as it is called in [10]) we mean that the functor IntI goes into Set^{op}.

Definition25. The frame of theories induced by a given elementary institution I is T h^{op}_{IΣ} = IdlY_{IΣ} . Example 3. In T h^{op}_{EqIΣ} we find a new theory for each set S ⊆ |T h^{op}_{EqIΣ} | that is not join-acceptable. For instance, consider the set {⟨Σ, E_1⟩, ⟨Σ, E_2⟩} of equational theories such that E_1 2_{EqIΣ} E_2 and E_2 2_{EqIΣ} E_1. Then, we get the new the- ory ⋁ {q_{EqIΣ} (⟨Σ, E_1⟩), q_{EqIΣ} (⟨Σ, E_2⟩)} in T h^{op}_{EqIΣ} that appears below the theory q_{EqIΣ} (⟨Σ, E_1 ∩ E_2⟩). In short, in order to set up a topological system for each signature of an institution, we start by identifying the join-acceptable sets of theories. These sets are then reflected in the coverage used for the ideal completion of the meet-semilattice of theories. It remains to be seen that it is possible to extend the satisfaction relation to the new theories while ensuring that all joins are respected by satisfaction.

But before we proceed with this extension note that the ideal completion adds only the necessary joins besides the acceptable ones: “no junk”. Also, all existing theories are preserved as different from each other: “no confusion”.

Lemma 26. For each Σ ∈ |Sig_I | and x ∈ Int_I (Σ) let sat^x_{IΣ} : T h^{op}_{IΣ} → 2 be the meet-semilattice morphism defined as follows: sat^x_{IΣ} = λth. if x fl_{IΣ} th then t else f. Let S2 be the frame site corresponding to the frame 2. Then, sat^x_{IΣ} : Y_{IΣ} → S2 is a site morphism.

Proposition27. Let sat^x_{IΣ} : T h^{op}_{IΣ} → S2 be the unique frame (site) morphism such that q_{IΣ} ; sat^x_{IΣ} = sat^x_{IΣ} . For each ith ∈ |T h^{op}_{IΣ} | let x fl_{IΣ} ith iff sat^x_{IΣ} (ith) = t. Then, the triple D_{IΣ} = ⟨Int_I (Σ), T h^{op}_{IΣ} , fl_{IΣ} ⟩ is a spatial topological system.

Proof. Assume without loss of generality that ith = ⋁ q_{IΣ} (S). Then x fl_{IΣ} ith iff sat^x_{IΣ} (ith) = t iff ⋁ s∈S sat^x_{IΣ} (q_{IΣ} (s)) = t iff sat^x_{IΣ} (q_{IΣ} (s)) = t for some s ∈ S iff

x flI_Σ qI_Σ (s) for some s ∈ S. A similar reasoning applies to finite meets.

Let ith ffl_{IΣ} ith^′ iff for every x ∈ Int_I (Σ) if x fl_{IΣ} ith then x fl_{IΣ} ith^′ (or in other words ext(ith) ⊆ ext(ith^′)). Assume without loss of generality that ith = ⋁ {q_{IΣ} (s) : s ∈ S} and ith^′ = ⋁ {q_{IΣ} (s^′) : s^′ ∈ S^′}. For every x ∈ Int_I (Σ) if sat^x_{IΣ} (q_{IΣ} (s)) = t then sat^x_{IΣ} (q_{IΣ} (s^′)) = t for some s^′ ∈ S^′. Moreover, for every x ∈ Int_I (Σ) if sat^x_{IΣ} (s) = t then sat^x_{IΣ} (s^′) = t for some s^′ ∈ S^′. Hence s ffl_{IΣ} ⋁ S^′ for every s ∈ S and so ⋁ S ≤_{IΣ} ⋁ S^′. For every r^′ ⊂ q_{IΣ} ( ⋁ S^′) we have r^′ ⊆ ith^′ and so, in particular, q_{IΣ} (s) ⊆ ith^′ for every s ∈ S. Moreover, ith ⊆ ith^′. ⊓⊔

The spatiality of the resulting topological system (for each signature) is only to be expected since theories are semantically defined in institutions. In order to obtain the induced topological institution, it remains to check that each signature morphism produces a topological system morphism (the proofs that can be found in [12]).

Lemma 28. For each signature morphism σ : Σ → Σ^′, let Ω h_{Iσ} : |Y_{IΣ} | → |Y_{IΣ0} | be such that Ω h_{Iσ} (⟨Σ, Φ⟩) = ⟨Σ^′, {Sen_I (σ)(φ) : φ ∈ Φ}ffl^IΣ^0 ⟩. Then, Ω h_{Iσ} : Y_{IΣ} → Y_{IΣ0} is a site morphism.

Proposition29. Let Ω h_{Iσ} : T h^{op}_{IΣ} → T h^{op}_{IΣ0} be the unique frame (site) morphism such that q_{IΣ} ; Ω h_{Iσ} = Ω h_{Iσ} ; q_{IΣ0} . Let pt h_{Iσ} : Int_I (Σ^′) → Int_I (Σ) be such that pt h_{Iσ} (x^′) = Int_I (σ)(x^′). Then the pair h_{Iσ} = ⟨pt h_{Iσ} , Ω h_{Iσ} ⟩ : D_{IΣ0} → D_{IΣ} is a topological system morphism.

Theorem 30. Every institution I induces the topological institution T op(I) such that: – sgT op(I) = Sig_I ; – syT op(I)(Σ) = D_{IΣ} ; – syT op(I)(σ) = h_{Iσ} .

We denote by EqT the topological institution T op(EqI).

3.3 Adjunction

We conclude this section by showing that the map I → T op(I) can be extended to a functor with a left adjoint. We adopt the definition of institution morphism given in [5] and denote the category of institutions by In.

Note that for every institution morphism m : I → I^′ and signature Σ in Sig_I , the map m_{αΣ} : Sen_I0 (m_s(Σ)) → Sen_I (Σ) can be extended to m_{αΣ} : T h_I0_{ms(Σ)} → T h_{IΣ} as follows: m_{αΣ} (⟨m_s(Σ), Φ^′⟩) = ⟨Σ, {m_{αΣ} (φ^′) : φ^′ ∈ Φ^′}ffl^IΣ ⟩. Furthermore, consider the site Y_{IΣ} = ⟨T h^{op}_{IΣ} , cv_{IΣ} ⟩ where cv_{IΣ} (m_{αΣ} (th^′)) = {m_{αΣ} (S^′) : S^′ ∈ cv_I0_{ms (Σ)} (th^′)}. Then, m_{αΣ} is a site morphism.

Lemma 31. Every institution morphism m : I → I^′ induces a topological institution morphism T op(m) : T op(I) → T op(I^′) defined as follows:

– sgT op(m) = m_s; – pt syT op(m)_Σ = m_{βΣ} ;

– Ω syT op(m)_Σ is the unique m_{αΣ} such that q_I0_{sgT op(Σ)} ; m_{αΣ} = m_{αΣ} ; q_{IΣ} .

So in order to get a topological institution out of an institution we have to set up the frame of theories, by selecting the appropriate coverage and then making the ideal completion as we did in subsection 3.2, and then to extend the satisfaction relation to this frame. We have thus established the envisaged functor T op : In → T In. Conversely:

Lemma 32. Every topological institution T induces the institution Geo(T ) such that: – Sig_{Geo(T )} = sgT ; – Sen_{Geo(T )} (Σ) = |Ω syT (Σ)| and Sen_{Geo(T )} (σ) = Ω syT (σ); – Int_{Geo(T )} (Σ) = pt syT (Σ) and Int_{Geo(T )}(σ) = pt syT (σ);

– flGeo(T )= flT .

The main step for getting an institution out of a topological institution is to recognize that each open will be a formula. All the other components are then straightforward.

Lemma 33. Every topological institution morphism τ : T → T^′ induces an institution morphism Geo(τ ) : Geo(T ) → Geo(T^′) defined as follows:

– Geo(τ )_s = sgτ ; – Geo(τ )_{αΣ} = Ω syτ_Σ; – Geo(τ )_{βΣ} = pt syτ_Σ .

We have thus established the functor Geo : T In → In. Finally:

Theorem 34. Geo is left adjoint to T op.

Proof. The counit ϵ : T op; Geo → id_{In} is as follows: for each institution I, ϵ_{Is} = id_{SigI} ; ϵ_{IαΣ} (φ) = q_{IΣ} (⟨Σ, {φ}ffl^{IΣ} ⟩); ϵ_{Iβ} = id_{IntI} . Indeed, given a topological institution T and an institution morphism m : Geo(T ) → I, we show that there is a unique topological institution morphism τ : T → T op(I) such that Geo(τ ); ϵ_I = m. (1) Consider the map h_Σ : |T h^{op}_{Geo(T )Σ} | → |Ω syT (Σ)| such that h_Σ(⟨Σ, A⟩) = ⋀ A. We show that h_Σ is a site morphism. We have that h_Σ is a meet-semilattice morphism. We verify that h_Σ preserves the coverage. Let m_{αΣ} (S) ∈ cv_{Geo(T )Σ} (m_{αΣ} (th)). Then, m_{αΣ} (s) ≤_{T h}^{op}_{Geo(T )Σ} m_{αΣ} (th) for every s ∈ S. Therefore, the set of formulae of m_{αΣ} (th) is included in the set of formulae of m_{αΣ} (s) for every s ∈ S. Hence, h_Σ(m_{αΣ} (s)) ≤_{Ω syT (Σ)} h_Σ(m_{αΣ} (th)) for every s ∈ S and so m_{αΣ} (th) is an upper bound of m_{αΣ} (S). Assume that there is a^′ ∈ Ω syT (Σ) such that h_Σ (m_{αΣ} (s)) ≤_{Ω syT (Σ)} a^′ for every s ∈ S and a^′ ≤_{Ω syT (Σ)} h_Σ(m_{αΣ} (th)). Assume that x fl_{Geo(T )Σ} m_{αΣ} (s). Then, x fl_{syT (Σ)} h_Σ(m_{αΣ} (s)), x fl_{syT (Σ)} a^′ and so x fl_{Geo(T )Σ} ⟨Σ, {a^′}ffl^{Geo(T )}Σ ⟩. Hence, m_{αΣ} (s) ≤_{Geo(T )Σ} ⟨Σ, {a^′}ffl^{Geo(T )}Σ ⟩. Sim- ilarly, ⟨Σ, {a^′}ffl^{Geo(T )}Σ ⟩ ≤_{Geo(T )Σ} m_{αΣ} (th). So m_{αΣ} (th) would not be the join of m_{αΣ} (S). Therefore, h_Σ is a site morphism.

(2) Consider the pair syτ_Σ = ⟨m_{βΣ} , Ω syτ_Σ⟩ where Ω syτ_Σ is the unique frame (site) morphism such that q_{Ims(Σ)} ; Ω syτ_Σ = m_{αΣ} ; h_Σ. We show that syτ_Σ is a topological system morphism: x fl_{syT (Σ)} ⋁ Ω syτ_Σ (q_{Ims(Σ)} (S)) iff x fl_{syT (Σ)} h_Σ (m_{αΣ} (s)) for some s ∈ S iff x fl_{syT (Σ)} ⋀ {a : a ∈ m_{αΣ} (s)} for some s ∈ S iff x fl_{Geo(T )Σ} ⟨Σ, {m_{αΣ} (φ) : φ ∈ s}ffl^{Geo(T )}Σ ⟩ for some s ∈ S iff m_{βΣ} (x) fl_{Ims(Σ)} s for some s ∈ S iff m_{βΣ} (x) fl_{syT op(I)ms (Σ)} q_{Ims(Σ)} (s) for some s ∈ S iff m_{βΣ} (x) fl_{syT op(I)ms (Σ)} ⋁ q_{Ims(Σ)} (S). (3) We show that Geo(τ ); ϵ_I = m. Let A = {m_{αΣ} (ψ) : ψ ∈ {φ}ffl^{Ims(Σ)} }ffl^{Geo(T )}Σ . Then we have: Geo(τ )_{αΣ} (ϵ_{Iαms(Σ)} (φ)) = Geo(τ )_{αΣ} (q_{Ims(Σ)} (⟨m_s(Σ), {φ}ffl^{Ims(Σ)} ⟩)) = h_Σ (⟨Σ, A⟩) = ⋀ A = m_{αΣ} (φ). The equality of the other components is immediate.

And it is straightforward to check that τ is the unique morphism fulfilling this condition. ⊓⊔

The sentence counterpart of the institution morphism ϵ_Σ for signature Σ assigns to each formula, for that signature, the ideal for the theory presented by that formula. The other components are just identities.

4 Presenting topological institutions

Although topological institutions provide the right level of abstraction for working with theories and their models, we do need a mechanism for presenting the envisaged frame of theories. As expected such a mechanism may involve formulae, axioms and inference rules. Actually, we introduce the notion of topological institution presentation directly based on the notion of frame presentation. And only afterwards we recognize how deductive systems can be used for presenting topological institutions.

4.1 Frame presentations

Frames can be presented as (uni-sorted) algebras as long as we accept operations of unbounded arity. But with such operations the general method of finding an initial model by setting up the algebra of congruence classes of terms fails because the class of all freely generated terms is a proper class. Fortunately, in the specific case of frames there is a solution using the coverage technique already described: first generate a meet-semilattice using the traditional congruence method; then find the suitable coverage and produce by ideal completion the envisaged frame; the resulting frame is canonical in the sense of having the universal property of a reflection. Besides reviewing the method as explained in [14], we introduce the notion of frame presentation morphism and show how it extends uniquely to a frame (site) morphism.

Definition35. A frame presentation is a pair pres = ⟨Σ_{pres}, Req_{pres}⟩ where:

– the signature Σ_{pres} contains the following operation symbols:

• t of arity 0, • ∧ of arity 2, • ⋁ of unbounded arity, • g of arity 0, for each g ∈ G_{pres} (the set of proper symbols known as generators);

– Req_{pres} is a set (of equational proper requirements) such that:

• each e ∈ Req_{pres} is a pair ⟨e_1, e_2⟩ where both e_1 and e_2 are of the form: ⋁ {∧^{nk}_{i=1}g_{ki} : k ∈ K} where K is a set of indexes.

Each requirement ⟨e_1, e_2⟩ is to be understood as stating that the left element e_1 is equal to the right element e_2. Note that any requirement of the form y ≤ z can be rewritten as ⟨y ∧ z, y⟩.

Definition36. A frame presentation pres = ⟨Σ_{pres}, Req_{pres}⟩ is said to be simple iff in each requirement ⟨e_1, e_2⟩ ∈ Req_{pres} the member e_2 is a generator.

Without loss of generality we may assume that we work only with simple frame presentations. Indeed, any frame presentation can be reduced to a simple frame presentation by enriching the set of generators with an additional element z_{⟨e1 ,e2⟩} for each offending requirement ⟨e_1, e_2⟩ and replacing it by the two following requirements: ⟨e_1, z_{⟨e1,e2⟩}⟩ and ⟨e_2, z_{⟨e1,e2⟩}⟩. From any frame presentation pres, we extract a meet-semilattice finitary equational presentation mpres = ⟨Σ_{mpres}, Req_{mpres}⟩, where Σ_{mpres} is Σ_{pres} minus ⋁ and Req_{mpres} contains:

– the ∧-laws: commutativity, associativity, idempotence and t-neutrality; – the proper requirements: g ∧ (∧^{nk}_{i=1}g_{ki} ) = ∧^{nk}_{i=1}g_{ki} for each k ∈ K such that ⟨ ⋁ {∧^{nk}_{i=1}g_{ki} : k ∈ K}, g⟩ is in Req_{pres}.

Definition37. The meet-semilattice M_{pres} presented by pres is induced by the Σ_{mpres}-algebra T_{mpres} with a ≤ a^′ iff a ∧ a^′ = a.

The existence of the initial model T_{mpres} of mpres is a well known result of universal algebra extensively used in algebraic specification of abstract data types [1].

Definition38. The map pcv_{pres} : |M_{pres}| → ℘℘|M_{pres}|, called in the sequel the precoverage induced by pres, is established as follows. For each a ∈ |M_{pres}|, pcv_{pres}(a) is the least set satisfying {∧^{nk}_{i=1}g_{ki} : k ∈ K} ∈ pcv_{pres}(a) whenever ⟨ ⋁ {∧^{nk}_{i=1}g_{ki} : k ∈ K}, a⟩ ∈ Req_{pres}. Theorem 39. The precoverage pcv_{pres} generates a coverage cv_{pres} on |M_{pres}| as follows: for each a ∈ |M_{pres}|, cv_{pres}(a) is the least set satisfying {a^′ ∧ s : s ∈ S} ∈ cv_{pres}(a^′) whenever a^′ ≤ a and S ∈ pcv_{pres}(a). Therefore, Y_{pres} = ⟨M_{pres}, cv_{pres}⟩ is a site.

Definition40. The frame presented by pres is F_{pres} = Idl⟨M_{pres}, cv_{pres}⟩.

We denote by F S_{pres} the frame site corresponding to the frame F_{pres} and by q_{pres} the F rSit-reflection for the site ⟨M_{pres}, cv_{pres}⟩.

Definition41. A frame presentation morphism h : pres → pres^′ is a map h : G_{pres} → G_{pres}0 such that if ⟨ ⋁ {∧^{nk}_{i=1}g_{ki} : k ∈ K}, g⟩ ∈ Req_{pres} then ⟨ ⋁ {∧^{nk}_{i=1}h(g_{ki} ) : k ∈ K}, h(g)⟩ ∈ Req_{pres}0 . Frame presentations and their morphisms constitute a category: F rP . As expected, frame presentation morphisms induce morphisms between the presented frames [12]:

Theorem 42. A frame presentation morphism h : pres → pres^′ induces the site morphism h^∗ : Y_{pres} → Y_{pres}0 defined as follows: h^∗([ ⋀_n i=1 g_i]) = [ ⋀_n i=1 h(g_i)]. Then h^∗ : F_{pres} → F_{pres}0 is the unique frame (site) morphism such that q_{pres}; h^∗ = h^∗; q_{pres}0 . 4.2 Deductive systems present topological institutions

Definition43. A topological institution presentation U is a pair ⟨sgU, fpU ⟩ where

– sgU is a category (of signatures); – fpU : sgU → F rP is a functor.

Definition44. A topological institution T is said to comply with a topological institution presentation U iff

– sgT = sgU ;

– for each signature Σ, syT (Σ) ∈ |T Sy_{FfpU(Σ)} |;

– for each signature morphism σ : Σ → Σ^′, Ω syT (σ) = fpU (σ)^∗.

Definition45. A deductive system Δ is a quadruple ⟨sgΔ, senΔ, axΔ, ruΔ⟩ where

– sgΔ is a category (of signatures);

– senΔ : sgΔ → Set is a functor (the formula functor); – axΔ = {axΔ_Σ}_{Σ∈|sgΔ|} where:

• axΔ_Σ ⊆ senΔ(Σ);

• senΔ(σ)(α) ∈ axΔ_Σ0 for each σ : Σ → Σ^′ and α ∈ axΔ_Σ; – ruΔ = {ruΔ_Σ}_{Σ∈|sgΔ|} where^{11}:

• ruΔ_Σ ⊆ ℘^f senΔ(Σ) × senΔ(Σ);

• ⟨{senΔ(σ)(φ) : φ ∈ p_ρ}, senΔ(σ)(c_ρ)⟩ ∈ ruΔ_Σ0 for each σ : Σ → Σ^′ and ρ = ⟨p_ρ, c_ρ⟩ ∈ ruΔ_Σ. The elements in axΔ_Σ are called axioms over Σ and the elements in ruΔ_Σ are called inference rules over Σ. For each ρ ∈ ruΔ_Σ we say the elements in p_ρ are premises and that c_ρ is the conclusion.

Theorem 46. Every deductive system Δ induces a topological institution presentation U_Δ as follows:

– sgU_Δ = sgΔ;

– for each signature Σ, fpU_Δ(Σ) is the frame presentation pres_{Δ,Σ} such that • G_{presΔ,Σ} = senΔ(Σ); • Req_{presΔ,Σ} contains: ∗ ⟨α ∧ φ, φ⟩ for each α ∈ axΔ_Σ, φ ∈ senΔ(Σ); ∗ ⟨(∧_{φ∈pρ} φ) ∧ c_ρ, (∧_{φ∈pρ} φ)⟩ for each ρ ∈ ruΔ_Σ; – for each signature morphism σ : Σ → Σ^′, fpU_Δ(σ) = senΔ(σ). In M_{presΔ,Σ} we have: – [α] = [α^′] for every α, α^′ ∈ axΔ_Σ meaning that the theories generated by the axioms are the same;

– [(∧_{φ∈pρ} φ) ∧ c_ρ] = [(∧_{φ∈pρ} φ)] which leads to [c_ρ] ⊆ [(∧_{φ∈pρ} φ)] meaning that the theory generated by the conclusion of an inference rule must be included in the theory generated by the premises of that rule.

We consider now an example of a “finitary” topological institution. This terminology arises from the fact that every theory is finitely observable provided that the generator theories are finitely observable.

Example 4. In the equational case, assume that we adopt the deductive system in [1], which we call EqΔ. Then, we would have the following requirements inter alia assuming a given equational signature Σ:

– e = (t = t) ∧ e where e is any equation and t is any term;

– (t = t^′) ∧ (o(t) = o(t^′)) = (t = t^′) where t, t^′ are terms of the same sort, say s and o is an operation symbol with argument sort s.

Therefore, in M_{presEqΔ,Σ} we have:

11 We denote by ℘^f senΔ(Σ) the set of all finite subsets of senΔ(Σ).

– [e] = [(t = t) ∧ e] which leads to [t = t] ⊆ [e] meaning that the theory generated by (t = t) is included in the theory generated by e;

– [(t = t^′) ∧ (o(t) = o(t^′))] = [(t = t^′)] which leads to [(o(t) = o(t^′))] ⊆ [t = t^′] meaning that the theory generated by (o(t) = o(t^′)) is included in the theory generated by (t = t^′).

We denote by EqT^f the topological institution complying with the presentation U_{EqΔ}, and such that:

– pt syEqT^f (Σ) is the class of Σ-algebras;

– for each signature Σ ∈ |sgEqT^f |, the satisfaction relation fl_{pt syEqT} f_{(Σ)} is as follows:

x fl_{pt syEqT} f_{(Σ)} ith iff sat_{pt syEqT} f_{(Σ)}(ith) = t

where sat_{pt syEqT} f_{(Σ)} the unique frame (site) morphism extending the site morphism sat_{pt syEqT} f_{(Σ)} : Y_{fpUEqΔ} → S2 such that sat_{pt syEqT} f_{(Σ)} = λth. if x fl_Σ th then t else f.

We should stress that when we extend the satisfaction to theories in the resulting frame (as we did in the example above) we make sure that satisfaction does respect joins while still respecting finite meets. However, in general, infinite meets will not be respected by the extended satisfaction.

4.3 Applications

Finitary topological institutions promise to be useful in monitoring and querying. We examine herein how to set up a weak version of a temporal logic suitable for monitoring. In database monitoring applications [8] we would like to be able to characterize the properties of the system that can be monitored. Namely, an invariant property (Gφ) cannot be monitored because it cannot be positively established in finite time. On the contrary, a reactivity property (Fφ) can be positively established in finite time.

Therefore, we set up the envisaged logic as a finitary topological institution as follows. We first adopt a propositional deductive system enriched with the next operator X. To this end, we enrich the language (if φ is a formula so is (Xφ)) and accept the necessary axioms on X (such as ((X(φ ⇒ φ^′)) ⇒ ((Xφ) ⇒ (Xφ^′)))). Let us call this deductive system TM Δ. Then, we generate the topological institution presentation U_{TMΔ}. Finally, we choose the (finitary) topological institution TM T complying with U_{TMΔ} as follows. For each Σ, pt syTM T (Σ) is the set of sequences λ : IN → ℘Σ. Satisfaction is defined on the generator theories as expected. First we define satisfaction by a sequence at a point: – λ fln p iff p ∈ λ(n); – λ fln (φ ⇒ φ^′) iff λ fln φ^′ or λ 1n φ; – λ fln (¬φ) iff λ 1n φ; – λ fln (Xφ) iff λ fln+1 φ.

Then, we have λ fl φ iff λ fl_0 φ. It is straightforward to verify the compliance with U_{TMΔ}. Finally, satisfaction is extended to all theories by universal construction as we did in Example 5 above.

Recall that each generator theory is presented by a single formula of the proposed language (using only propositional symbols and connectives as well as the next operator). Clearly, all generator theories can be monitored in the sense that they can be positively observed in finite time.

Therefore, it is easy to see that all theories of the proposed topological institution can be monitored. Indeed, arbitrary joins can be monitored. For instance, the reactivity property (Fφ) is represented by the theory ⋁ {[(X^nφ)] : n ∈ IN }. And its semantics is as envisaged. On the other hand, we cannot find in the proposed topological institution a theory corresponding to an invariant property such as (Gφ) since the theory ⋀ {[(X^nφ)] : n ∈ IN } does not have the same semantics. But we can find theories corresponding to bounded invariant properties (invariants up to a certain finite time).

In short, a temporal property can be monitored iff we can find a theory of TM T with the same semantics.

5 Conclusion and Outlook

The concept of institution as proposed by Goguen and Burstall in [4, 5] is now widely accepted. But, by recognizing that theories are the key components of institutions and that formulae are just presentation details, we arrived at the new concept of topological institution: a signature-indexed family of topological systems. Topological systems as proposed by Vickers in [14] provided the starting point. We believe that this is indeed the “natural” notion of institution to be built around theories. Indeed, the obvious alternative of, given an institution I, replacing the functor Sen by a functor T h^′ mapping each signature to the complete lattice of theories over that signature leads to a concept with undesirable properties. Namely, the satisfaction relations (suitably extended to theories as usual) do not respect in general the joins. Furthermore, if this requirement is forced by canonical addition of more theories (using the coverage technique), then meets will not be respected in general by satisfaction. Only finite meets are guaranteed to be respected. That is, by forcing we arrive at a frame structure.

On the way to the envisaged concept, we showed how to extract a topological institution out of a given institution, using the completion technique proposed by Johnstone in [6]. Already in the setting of a topological institution, we recovered the results on composition of theories and provided a characterization of the relationship between theories and models. We also established an adjunction between topological institutions and institutions. We are now investigating the existence of an adjunction when considering the more general notion of institution morphism presented in [9]. Although theories are the key components and not formulae, we may need to work with the latter for presenting the former. To this end, we introduced a general technique for presenting topological institutions adopting an algebraic view on deductive systems. We applied this technique for setting up logics with finitely observable theories and examined their usefulness in monitoring appplications. Other applications of topological concepts in the area of behavior specification are already reported in the literature. See for instance [7]. It remains to bring in the institutional approach that may help with compositionality.

The main limitation of this paper concerns the fact that we disregarded homomorphisms between interpretation structures. That is, we work only with “elementary” institutions where the codomain of the semantic functor is Set^{op}. However, it is clear what should be done towards endowing topological institutions with a category of points (instead of a simple set of points) for each signature. We leave for future work this extension, as well as initiality and liberality issues. It is clear that the concept of “determinate” theory will play an important role. The “dual” view of considering suitable sets of models as opens and taking formulae as points is another interesting topic for future work. We already explored this dual view in the context of a temporal logic institution in order to provide a categorial semantics of object behavior [11].

Acknowledgments

The authors are grateful to Mark Ryan for many stimulating discussions about the impact of this work within the propositional setting, to Udo Lipeck for debating about possible applications, to Joseph Goguen for a lively discussion on the role of theories, and to Steven Vickers for criticizing an early version of the full report.

References

1. H. Ehrig and B. Mahr. Fundamentals of Algebraic Specification I: Equations and Initial Semantics. Springer-Verlag, 1985.

2. J. Fiadeiro and A. Sernadas. Structuring theories on consequence. In D. Sannella and A. Tarlecki, editors, Recent Trends in Data Type Specification, pages 44–72. Springer- Verlag, 1988.

3. J. Fiadeiro, A. Sernadas, and C. Sernadas. Knowledge bases as structured theories.

In K. V. Nori, editor, Foundations of Software Technology and Theoretical Computer Science, pages 469–486. Springer-Verlag, 1987.

4. J. Goguen and R. Burstall. Introducing institutions. In E. Clarke and D. Kozen, editors, Proceedings of the Logics of Programming Workshop, pages 221–256. Springer- Verlag, 1984.

5. J. Goguen and R. Burstall. Institutions: Abstract model theory for specification and programming. Journal of the ACM, 39(1):95–146, 1992.

6. P. Johnstone. Stone Spaces. Cambridge University Press, 1982.

7. M. Kwiatkowska. On topological characterization of behavioural properties. In G. Reed, A. Roscoe, and R. Wachter, editors, Topology and Category Theory in Computer Science, pages 153–177. Oxford University Press, 1991.

8. U. Lipeck and G. Saake. Monitoring dynamic integrity constraints based on temporal logic. Information Systems, 12:255–269, 1987.

9. J. Meseguer. General logics. In H.-D. Ebbinghaus et al, editor, Proceedings of the Logic Colloquium, 1987. North-Holland, 1989.

10. A. Salibra and G. Scollo. A soft starway to institutions. In M. Bidoit and C. Choppy, editors, Recent Trends in Data Type Specification, pages 310–329. Springer-Verlag, 1993.

11. A. Sernadas and C. Sernadas. Denotational semantics of object specification within an arbitrary temporal logic institution. Research report, Section of Computer Science, Department of Mathematics, Instituto Superior Técnico, 1096 Lisboa, Portugal, 1993. Presented at IS-CORE Workshop 93 - Submitted for publication.

12. A. Sernadas, C. Sernadas, and J. Valença. A topological view on institutions. Research report, Section of Computer Science, Department of Mathematics, Instituto Superior Técnico, 1096 Lisboa, Portugal, 1994. Available on the ftp server yoda.inesc.pt (146.193.1.5).

13. M. Smyth. Powerdomains and predicate transformers: A topological view. In J. Diaz, editor, Automata, Languages and Programming, pages 662–675. Springer-Verlag, 1983.

14. S. Vickers. Topology Via Logic. Cambridge University Press, 1989. 15. S. Vickers. Geometric logic in computer science. In G. Burn, S. Gay, and M. Ryan, editors, Theory and Formal Methods 1993, pages 37–54. Springer-Verlag, 1993.

This article was processed using the LaTEX macro package with LLNCS style