Denotational Semantics of Object SpecificationWithin an Arbitrary Temporal Logic InstitutionAm�lcarSernadasCristinaSernadasDepartment of Mathematics, IST, Av. Rovisco Pais, 1096 Lisboa Codex, PORTUGAL&INESC, Apartado 10105, 1017 Lisboa Codex, PORTUGALacs@inesc.pt19 July 93Abstract˚From an arbitrary temporal logic institution we show how to set-up the corresponding institution ofobjects. The main properties of the resulting institution are studied and used in establishing thedenotational, categorial semantics of several basic object specification constructs, namelyaggregation (parallel composition), interconnection, abstraction (interfacing) and monotonicspecialization. An isomorphism is established between the category of theories and the category ofobjects, as a corollary of the Galois correspondence between these concrete categories. The specialcase of linear temporal logic is analysed in detail in order to show that categorial products do reflectinterleaving, and reducts may lead to internal non-determinism.Keywords˚Object-orientation, system specification, temporal logic, institution, categorial semantics.

2A.Sernadas and C.Sernadas

Table of contents1.˚Introduction....................................................................................................................................... 32.˚System specification...................................................................................................................... 43.˚Basetemporalinstitution............................................................................................................ 53.1.˚Requirements................................................................................................ 53.2.˚Specifications and theories.............................................................................. 63.3.˚Main properties of theories.............................................................................. 73.4.˚Indexing theories........................................................................................... 83.5.˚Satisfaction vs sets of interpretation structures.................................................. 94.˚Objects over the base institution........................................................................................... 104.1.˚Preobjects and objects.................................................................................... 104.2.˚Main properties of objects............................................................................... 115.˚Inducedobjectinstitution......................................................................................................... 145.1.˚Interpretation over objects.............................................................................. 155.2.˚Satisfaction by objects.................................................................................... 165.3.˚Loose semantics............................................................................................ 166.˚Finalsemantics............................................................................................................................. 176.1.˚Maximal object model.................................................................................... 176.2.˚Maximal entailed theory................................................................................ 186.3.˚Main properties............................................................................................ 187.˚Application to denotational semantics............................................................................... 197.1.˚Main object constructs................................................................................... 197.2.˚Working with linear temporal logic................................................................. 207.3.˚Products for linear temporal logic................................................................... 207.4.˚Reducts for linear temporal logic.................................................................... 237.5.˚Working with other temporal logics................................................................ 238.˚Concludingremarks.................................................................................................................. 24Acknowledgments............................................................................................................................ 25Appendix................................................................................................................................................ 25Fiber................................................................................................................. 25Concrete category............................................................................................... 25Cofibration (and fibration).................................................................................... 26Concrete isomorphism........................................................................................ 27Galois correspondence........................................................................................ 27References............................................................................................................................................ 28

Denotational Semantics of Object Specification Within an Arbitrary Temporal Logic Institution3

1.˚IntroductionThe advantages of object-orientation in software engineering in general and systemspecification in particular are by now well understood [Meyer 88, Wegner 92]. We considerherein the specific problem of specifying communities of concurrent, interacting, reactiveobjects [Sernadas et al 89a]. Therefore, it is natural to adopt temporal logic as a convenient wayof specifying such objects in a declarative way [Pnueli 77, Sernadas 80, Sernadas et al 89b,Manna and Pnueli 92]. However, the state of the art in this latter domain is yet progressingtowards the envisaged degree of compositionality, since the pioneering efforts reported in[Barringer et al 84]: how should we combine temporal specifications of isolated components intoa meaningful specification of the whole system?By combining temporal logic and object-orientation we hope to contribute decisively to achievinghigher degrees of compositionality. To this end, it is imperative to work within the setting of theinstitution [Goguen and Burstall 84] of the underlying temporal logic. Indeed, the notion ofreduct and the satisfaction condition are essential to any combination mechanism acrossdifferent alphabets.In this paper we show how to build from any given temporal institution (satisfying a fewreasonable requirements) a suitable semantic domain of objects where it is possible to definecategorially the (final) semantics of all basic object constructs (namely, aggregation or parallelcomposition, interconnection, abstraction or interfacing, and monotonic specialization). Thissemantic domain is also conveniently presented as an institution (canonically induced by thegiven temporal institution). The proposed construction is set-theoretic in the sense that eachobject is identified with the set of its lives (set of life-cycles in the case of linear temporal logic orset of life-trees in the case of branching temporal logic). Previous relevant work in this directionis reported for special cases in [Fiadeiro et al 93, Sernadas et al 92a].For the sake of economy of presentation we only consider the propositional fragment of the logicat hand. No problems appear when extending the results to full first order temporal logics aslong as the variable domains are rigid and object-independent.We assume that the reader is conversant with the field of temporal logic specification (forinstance at the level of [Goldblatt 87, Emerson 90]) and with institutions (as presented in[Goguen and Burstall 92]). We also use a little bit of category theory assuming that the readerhas a working knowledge of the basic notions, up to (co)limits, as found in the introductorychapters of a textbook on the subject, eg [Asperti and Longo 91]. See also [Poign� 92]. But weinclude in the Appendix a brief on (co)fibrations (following [Barr and Wells 90]) and Galoiscorrespondences (following [Ad�mek et al 90]).In section 2 we illustrate the use of (linear) temporal logic in specifying communities of objects.We adopt the propositional fragment of OSL, a temporal logic of objects already being used forspecifying and verifying systems [Sernadas et al 92b]. In section 3 we state the (few)requirements that we need to impose on the base temporal institution and we establish the mostinteresting properties of theories of that institution. We also extend the notion of satisfaction to

4A.Sernadas and C.Sernadas sets of interpretation structures. In section 4, objects and their main properties are presented,paving the way for introducing in section 5 the induced object institution. The notion and mainproperties of the final semantics functor are presented in section 6, including the Galoiscorrespondence between theories and objects. In section 7 the semantics of the main objectconstructs is discussed, and the special case of linear temporal logic is considered in detail.Future work, alternative approaches and limitations are of course commented in section 8.2.˚System specificationAt first sight [Sernadas et al 89a, Sernadas and Ehrich 91, Sernadas et al 92b], an object is anentity with an internal state (reflected in the values of its slots or attributes) that may interactwith other objects. While so interacting an object displays some behaviour. That is, depending onits internal state, the object may be ready or not to provide some service. Clearly, the basic unit ofinteraction is the event: the occurrence of some action. Therefore, the behaviour of an objectmay be described as a state-dependent menu of enabled actions.Therefore, the specification of an object should state the set of its (attribute) observations, the setof its actions, and the constraints on its behaviour. As an illustration consider a simple flip-flop asan object. The flip-flop has a unique attribute status with two possible observations: on and off(not on). It allows only two actions: flip and flop. Its intended behaviour is easily described usingpropositional linear temporal logic (X stands for "next"), as follows:(a1)(uflip � on);(a2)(uflop � (¥ on));(a3)(tflip � (X (¥ on)));(a4)(tflop � (X on));(a5)(((¥ tflip) 3 (¥ tflop)) � (on � (X on))).The propositional symbols are of the form tc or uc, where c is an action, or b, where b is anobservation. The symbol tc (c happens or c occurs) indicates the occurrence of action c. Thesymbol uc (c is enabled) indicates that action c is possible.Axioms (a1) and (a2) indicate when actions are enabled. Axioms (a3) and (a4) state the effects ofactions on observations. Finally, axiom (a5) indicates that observations do not change if no (local)action occurs.Such a logic of behaviour with happening (t) distinct from enabled (u) is rich enough fordescribing in practice useful reactive systems. For further examples see [Sernadas et al 92b]where a proof system is provided for dealing with object specialization and aggregation. Notethat fairness assumptions are easily specified in this logic. For instance, if so specified,((F (G uc)) � (G (F tc)))states that if action c is continuously enabled from a certain position on then it happens infinitelymany times (F stands for "sometime" and G for "always"). Clearly, we expect the followinguniversal property(tc � uc)

Denotational Semantics of Object Specification Within an Arbitrary Temporal Logic Institution5 since an action c may happen only when enabled. As we shall see, the proposed semanticsensures the universal validity of this assertion.For illustrating the specification of interconnections between objects, consider the clone of theflip-flop above with the alphabet on’, flip’ and flop’. For instance, the following axiom(tflip � tflop’)states that the happening of a flip in the first flip-flop entails the happening of a flop in the clone,but not vice-versa. Clearly, a full specification logic needs the ability to refer to the identities ofthe objects at hand: that is of course possible in the first order version of the logic (see [Sernadas etal 92b]).For illustrating the specification of abstractions (interfacing) consider the problem of specifyinga "view" of the original flip-flop where flops are made invisible. Within the envisaged categorialsetting, this desideratum is easily achieved by stating that the view is the "reduct" of that flip-flopalong the obvious inclusion alphabet map (signature morphism).Finally, monotonic specialization is easily illustrated: more alphabet and/or axioms may beadded to the original specification of the flip-flop. However, some care must be taken in order toavoid falling into contradiction (eg if overriding or side effects are envisaged).3.˚Base temporal institution3.1.˚RequirementsWe assume that we are given a base temporal institution B=<Sig,Sen,Int,�>1, satisfying thefollowing base requirements:¥Sig is the category Set~Set. Given a signature S=<Sobs,Sact>, each element b˛Sobs is anobservation symbol (we are abstracting away attributes and their values) each element c˛Sact isan action symbol. Each signature morphism s:SfiS’ is of the form <sobs:Sobsfi S ’obs,sact:SactfiS’act>.¥Let AS be the least set satisfying the following rules: b˛AS, provided that b˛Sobs; uc˛AS,provided that c˛Sact; tc˛AS, provided that c˛Sact. Then, Sen(S) (the set of formulae) is definedinductively on the set AS (of atomic formulae over S), satisfying the following rules inter alia:(¥g)˛Sen(S) provided that g˛Sen(S); (g1�g2)˛Sen(S) provided that g1,g2˛Sen(S).¥The translation map Sen(s):Sen(S)fiSen(S’) induced by a signature morphism s:SfiS’satisfies the following rules inter alia: Sen(s)(b)=sobs(b); Sen(s)(uc)=usact(c); Sen(s)(tc)=tsact(c); Sen(s)(¥g)=(¥Sen(s)(g)); Sen(s)(g1�g2)=(Sen(s)(g1)�Sen(s)(g2)).

1Sig is a category (of signatures); Sen is a functor from Sig into Set (providing the language for eachsignature); Int is a functor from Sig into Catop (providing the category of interpretation structures for eachsignature); and � is a |Sig|-indexed family of relations with each �S being the satisfaction relation betweenInt(S) and Sen(S).

6A.Sernadas and C.Sernadas

¥Each interpretation structure l of Int(S) is a triple <W,R,V> where: W is a set (of worlds); R isa binary relation on W (the accessibility relation); V:ASfi2W (the valuation map) is such thatV(tc)¢V(uc) for each c˛Sact.¥For each interpretation structure <W’,R’,V’> of Int(S’) and each signature morphisms:˚SfiS’, Int(s)(<W’,R’,V’>)=<W’,R’,V’@Sen(s)> (the reduct of <W’,R’,V’> with respect to s).¥For each interpretation structure l=<W,R,V> of Int(S) and each formula g of Sen(S), l�Sg iffl�wg for every world w˛W, assuming inter alia: l�wa iff w˛V(a), for each a˛AS; l�w(¥g) iffnot l�wg; l�w(g1�g2) iff l�wg2 or not l�wg1.In the sequel, we denote Sen(S) by LS, Sen(s)(j) by s(j), Int(S) by LS, Int(s)(l’) by s-1(l’), andV’@Sen(s) by s-1(V’). Furthermore, provided that F¢LS and F’¢LS’, we denote by s(F) the set{s(j)˛LS’:˚j˛F}, and by s-1(F’) the set {j˛LS:˚s(j)˛F’}. We use F� for denoting the semanticclosure of F: {y˛LS:˚F�Sy}. And, as usual, F�Sy states that F entails y: for every interpretationstructure l over S, if l�Sj for each j˛F then l�Sy. Finally, l�SF iff l�Sj for each j˛F.Each valuation map V induces the map

V:Wfi2AS such that

V(w)={a:˚w˛V(a)} and vice-versa.In the sequel, we shall use either of them as a matter of convenience. Clearly, s-1(

V’) maps eachworld w onto the set {a:˚s(a)˛

V’(w)}.Finally, recall that, according to the definition of institution, the satisfaction condition holds in B:s-1(l’)�Sj iff l’�S’s(j) and, thus, s-1(l’)�SF iff l’�S’s(F). As a corollary we obtain the closurelemma:˚s(F�)¢(s(F))�.3.2.˚Specifications and theoriesWe recall in this paragraph the main concepts related to theories in B that do not depend on thebase requirements, presenting the category of theories as a concrete category.Definition˚3.2.1.˚A specification over S is a pair spec=<S,F> where S=Si(spec) is a signature andF¢LS. A theory over S is a specification th=<S,F> over S such that F=F�.…In a specification (or presentation) spec=<S,F>, the elements of F are called axioms. In the caseof a theory, they are called theorems. Clearly, every specification induces a theory by semanticclosure.Definition˚3.2.2. A theory morphism f:thfith’, where th=<S,F> and th’=<S’,F’>, is a signaturemorphism Si(f):Si(th)fiSi(th’) such that Si(f)(F)¢F’.…Fact/Definition˚3.2.3.˚Theories and theory morphisms constitute a concrete category <Th,Si>over Sig.Proof:The fact that Th is a category in any institution is well known. And it is trivial to verify that thefunctor Si:ThfiSig is faithful.…

Denotational Semantics of Object Specification Within an Arbitrary Temporal Logic Institution7

3.3.˚MainpropertiesoftheoriesWe now present some useful results concerning theories in B. Note that again they do notdepend on the base requirements, though we give illustrations for B.Proposition˚3.3.1.˚The category Sig is small cocomplete.… The empty signature <˘,˘> is initial. We denote by 0S the unique signature morphism<0obs:˘fiSobs,0act:˘fiSact>˚from <˘,˘> into S. A coproduct of signatures S¯S’ is given by<Sobs¯S’obs,Sact¯S’act> with injections injS=<i,j>:SfiS¯S’ and injS’=<i’,j’>:S’fiS¯S’, assumingthat: Sobs¯S’obs with i:SobsfiSobs¯S’obs and i’:S’obsfiSobs¯S’obs is a coproduct in Set of Sobs andS’obs; and Sact¯S’act with j:SactfiSact¯S’act and j’:S’actfiSact¯S’act is a coproduct in Set of Sactand S’act.Proposition˚3.3.2.˚The category Th is cocartesian.…Proposition˚3.3.3.˚The concrete category <Th,Si> is amnestic.Proof:Let th1=<S,F1> and th2=<S,F2> be theories over the same signature and f:th1fith2 andg:th2fith1 theory morphisms such that Si(f)=idS and Si(g)=idS. Then, idS(F1)=F1¢F2 andidS(F2)=F2¢F1 and so th1=th2.…Lemma˚3.3.4.˚Let s:SfiS’ be a signature morphism, F¢LS and F’¢LS’ sets of formulae over Sand S’, respectively. Then F¢s-1(s(F)) and s(s-1(F’))¢F’.Proof:Let j˛F; then s(j)˛s(F); therefore, j˛s-1(s(F)).Let j’˛s(s-1(F’)); then there is j˛LS such that j’=s(j) and j˛s-1(F’); therefore j’˛F’.…We provide counterexamples showing that these inclusions may be strict. Consider thesignatures S=<{a,b,c,d},˘> and S’=<{x,y,z},˘>, the signature morphism s:SfiS’ such thatsobs(a)=x, sobs(b)=sobs(c)=y, sobs(d)=z and the set of formulae F={(a�b),(c�d)}�. Thens(F)={(x� y),(y� z)}� and so (a� d)˛s-1(s(F)) and (a� d)ˇF.˚Note the role of the non-injectivity of s.Consider the signatures S=<<{a,b},˘> and S’=<{x,y,z},˘>, the signature morphism s:SfiS’ suchthat sobs(a)=x, sobs(b)=y and the set of formulae F ’={(x� z),(z� y)}� a theory. Thens-1(F’)={(a�b)}� and so (x�z),(z�y)˛F’ but (x�z),(z�y)ˇs(s-1(F’)). Note the role of the non-surjectivity of s.Proposition˚3.3.5.˚The functor Si:ThfiSig is a split cofibration with a unique cocleavage.Proof:(1)˚Cofibration: For each s:SfiS’ in Sig and th=<S,F> in Th, the theory morphism f:thfith’,where th’=<S’,s(F)�>, such that Si(f)=s is cocartesian by Si for s on th. Indeed, f is a theorymorphism because s(F)¢s(F)�. Moreover, f has the envisaged couniversal property: assumethat g:thfith’’ is a morphism in Th with th’’=<S’’,F’’> and w:S’fiSi(th’’) is a morphism in Sigsuch that w@s=Si(g); the problem is to find a unique h:th’fith’’ such that Si(h)=w and h@f=g; we

8A.Sernadas and C.Sernadas have only to verify that w is a theory morphism: since w (s (F ))¢ F ’’ we obtainw(s(F)�)¢F’’�=F’’ invoking the closure lemma.(2)˚Uniqueness of cocleavage:˚We have to show that for each s:SfiS’ in Sig and th=<S,F> in Th,the morphism f:thfi<S’,s(F)�> is the unique cocartesian morphism by Si for s on th. Assumethat there is another cocartesian morphism g:thfi<S’,Y> by Si for s on th. Then, there is anisomorphism h:<S’,s(F)�>fi<S’,Y>2 such that Si(h)@s=s. Let h-1 be the inverse of h. We haves(F)�¢Y: if s(j)˛s(F) then s(j)=Si(h)(s(j))˛Y since h is a theory morphism; and, thus, ifg˛s(F)� then g˛Y since Y is closed. We also have Y¢s(F)�: indeed we first show that, for eachx’˛ L S ’, if Si(h-1)-1(x’)�S ’s (F ) then Si(h-1)-1(x’)�S ’y for any y ˛ Y ; assume thatSi(h-1)-1(x’)�S’s(F); thus3, x’�S’Si(h-1)(s(F)) and, so4, x’�S’s(F); therefore, x’�S’Si(h-1)(y) forany y˛Y, since h-1 is a theory morphism; thus5, Si(h-1)-1(x’)�S’y for any y˛Y; we are now able toconclude that Y¢s(F)� because Si(h-1)-1 is surjective in LS’.(3)˚Splitting: It is trivial to see that id<S,F> is cocartesian by Si for idS:SfiS on <S,F>. On theother hand, let s1:SfiS1 and s2:S1fiS2 be signature morphisms, f1:thfi<S1,s1(F)> thecocartesian morphism by Si for s1 on <S,F>, and f2:<S1,s1(F)>fi <S2,s2(s1(F))> thecocartesian morphism by Si for s 2 on <S 1,s 1(F )>; then, we know that f2@f1:<S,F>fi<S2,s2(s1(F))> is cocartesian by Si for s2@s1 on <S,F>6.…Proposition˚3.3.6.˚The functor Si:ThfiSig is a fibration.Proof:For each s:SfiS’ in Sig and th’=<S’,F’> in Th, the theory morphism f:thfith’ such that Si(f)=sand th=<S,F> where F=s-1(F’) is cartesian by Si for s on th’. We must show that th is a theoryand that f is a theory morphism. Indeed, th is a theory: let y˛LS be such that if l�SF then l�Syfor each l˛LS; we have to show that y˛F; let l’˛LS’ be any interpretation structure such thatl’�S’F’; in particular, l’�S’s(j) for all j˛F; then s-1(l’)�Sj for all j˛F7 and so s-1(l’)�Sy;hence, l’�Ss(y)8; so, F’�S’s(y); since th’ is a theory s(y)˛F’ and so y˛F. Indeed, f is a theorymorphism because s(F)¢F’. And we must also show that f has the envisaged universalproperty: assume that g:th’’fith’ with th’’=<S’’,F’’> is a morphism in Th and w:Si(th’’)fiS is amorphism in Sig such that s@w=Si(g); the problem is to find a unique h:th’’fith such thatSi(h)=w and f@h=g; we have only to verify that w is a theory morphism: since s(w(F’’))¢F’,s(F)¢F’ and s(F) includes all formulae whose images belong to F’, we have w(F’’)¢F.…3.4.˚Indexing theoriesWe now extract from the flat category of theories its indexing on signatures (built upon the splitcofibration with a unique cocleavage). To this end, we obtain the functor TH:SigfiCat that mapseach signature into the category of all theories over that signature.

2See the Appendix: proposition A7.3Using the satisfaction condition of the base institution.4Since Si(h-1)@s=s.5Using the satisfaction condition of the base institution.6See the Appendix: proposition A8.7Using the satisfaction condition of the base institution.8Using the satisfaction condition of the base institution.

Denotational Semantics of Object Specification Within an Arbitrary Temporal Logic Institution9

Definition˚3.4.1.˚Let S be a signature. The category ThS is the fiber Si-1(S). The theories of ThSare called theories over S.˚The arrows of ThS are called˚homomorphisms˚between theories overS. …Definition˚3.4.2.˚Let s:SfiS’ be a signature morphism and th a theory over S. The image s(th) ofth with respect to s is the target of the cocartesian morphism s;_th for s on th.…That is, s(th) is given by <S,{Sen(s)(j):j˛F}�>.Fact/Definition˚3.4.3.˚Let s:SfiS’ be a signature morphism. The image functor s: ThSfiThS’maps each th of ThS onto the image s(th), and each homomorphism h:th1fith2 of ThS onto theunique homomorphism˚s(h):s(th1)fis(th2) such that s;_th2@h =s(h)@s;_th1.Proof:See A11 in the Appendix.…Fact/Definition˚3.4.4.˚The theory functor TH:SigfiCat maps each signature S onto the fiber ThS,and each signature morphism s:SfiS’ onto the image functor s:ThSfiThS’.Proof:˚See A11 in the Appendix.…As expected, by an appropriate flattening construction we recover the category Th from theindexed category THop:SigopfiCatop (cf [Tarlecki et al 1989]).Clearly, we might develop the counterparts to these functors for "reducts" instead of imagesprovided that we verify that the fibration Si is split. But we refrain to do so because we do notneed them in the sequel. However, it is useful to introduce:Definition˚3.4.5.˚Let s:SfiS’ be a signature morphism and th’ a theory over S’. The reduct theorys-1(th’) of th’ with respect to s is the source of the cartesian morphism for s on th’.…In the sequel, in order to characterize the (tight) relationship between theories and (some)objects it is also convenient to work with Thop and Siop:ThopfiSigop. Clearly, Siop is also both acofibration and a fibration (cartesian morphisms become cocartesian and vice-versa).3.5.˚Satisfaction vs sets of interpretation structuresIn the sequel we need some additional notation and results concerning sets of interpretationstructures of the base institution. Provided that s:SfiS’ is a signature morphism, L¢LS, andL’¢LS’, we use: L�Sj iff l�Sj for each l˛L; s-1(L’)={s-1(l’):˚l’˛L’}; and, s(L)={l’:˚s-1(l’)˛L}.As an illustration of the latter, consider the signatures S=<˘,{a,b}>,S’=<˘,{x}>, the (unique)signature morphism s :S fi S ’, a set W, a relation R on W,

V 1 : W fi 2 A S such that

V1(w)={ua,ub,ta,tb} for each w˛W, and

V2:Wfi2AS such that

V2(w)={ua,ta} for each w˛W.Then,s({<W,R,

V1>})={<W,R,

V1’>} where

V1’(w)={ux,tx} for each w˛W;s({<W,R,

V2>})=˘.

10A.Sernadas and C.Sernadas

Proposition˚3.5.1.˚Let s:SfiS’ be a signature morphism, j a formula of LS, and L’¢LS’. Then,L’�S’s(j)˚iff s-1(L’)�Sj.9Proof:L’�S’s(j) iff l’�S’s(j) for every l’˛L’ iff10 s-1(l’)�Sj for every l’˛L’ iff11 s-1(l’)�Sj for everys-1(l’)˛s-1(L’) iff12 s-1(L’)�Sj.…Proposition˚3.5.2.˚Let s:SfiS’ be a signature morphism, j a formula of LS, and L¢LS. Then, ifL�Sj then s(L)�S’s(j).13Proof:Assume that s(L)�;/˚s(j); then there is an interpretation structure l’˛s(L) such thatl’�;/˚S’s(j); therefore s-1(l’)�;/˚Sj14; and so L�;/˚Sj since s-1(l’)˛L.…We provide a counterexample showing that if s(L)�S’s(j) then it may be the case that L�;/˚Sj.Consider the signatures S=<˘,{a,b,c}> and S’=<˘,{x,y}>, the signature morphism s:SfiS’ suchthat sact(a)=sact(b)=x and sact(c)=y, and the set L={<W,R,

V1>, <W,R,

V2>}> where

V1(w)={ua,ta} and

V2(w)={uc,tc} for each w˛W. Its image s(L) is <S’,{<W,R,

V’>})> where

V’(w)={uy,ty} for each w˛W. We have that s(L)�S’s(Ftc) but L�;/˚S(Ftc).4.˚Objects over the base institutionWe are now ready to introduce the notions of object and object morphism within the setting ofthe given base institution. The basic idea is to identify an object with its behaviour, that is with aset of lives (interpretation structures) and lift in the obvious way the notion of interpretationstructure reduct to sets. However, not all sets of interpretation structures are acceptable asobjects as we shall see, since the base logic may have limitations in distinguishing them.4.1.˚PreobjectsandobjectsDefinition˚4.1.1.˚A preobject over S is a pair ob=<S,L> where S=Sg(ob) is a signature and L¢LS.˚…Definition˚4.1.2.˚Let S be a signature x˛LS, and L¢LS. We say that L entails x (written L�Sx) iff,for every j˛LS, if L�Sj then x�Sj.…Definition˚4.1.3.˚Let S be a signature and L¢LS. The theoretic closure of L is the following set ofinterpretation structures: L�={x˛LS:˚L�Sx}.…Definition˚4.1.4.˚An object over S is a preobject ob=<S,L> such that L=L�.…Definition˚4.1.5.˚An object morphism f:obfiob’ where ob=<S,L> and ob’=<S’,L’> is a signatureop-morphism Sg(f):Sg(ob)fiSg(ob’) such that (Sg(f)op)-1(L)¢L’.…

9We may call this result the set satisfaction condition (of the base institution).10Using the satisfaction condition of the base institution.11Since l’˛L’ iff s-1(l’)˛s-1(L’).12Note that s-1:LS’fiLS is surjective.13We may call this result the set forward satisfaction condition (of the base institution).14Using the satisfaction condition of the base institution.

Denotational Semantics of Object Specification Within an Arbitrary Temporal Logic Institution11

Fact/Definition˚4.1.6.˚Objects and object morphisms constitute a concrete category <Ob,Sg> overSigop.Proof:We have to show that Ob is a category and that Sg:ObfiSigop is a faithful functor. We only provethat the composition of two object morphisms is an object morphism since the rest is (also)trivial. Let ob=(S,L), ob’=(S’,L’), ob’’=(S’’,L’’) be objects and f:obfiob’ and g:ob’fiob’’ be objectmorphisms; the signature morphism Sg(f)op@Sg(g)op:S’’fiS is an object morphism since:(Sg(f)op@Sg(g)op)-1(L)=(Sg(g)op)-1((Sg(f)op)-1(L))¢(Sg(g)op)-1(L’)¢L’’.…Consider the objects ob=<S,L> and ob’=<S’,L’> whereS=<˘,{x,y}>,L={<W,R,

V>} where

V(w)={ux,tx} for each w˛W,S’=<˘,{a,b,c}>,L’={<W,R,

V1’>,<W,R,

V2’>}where

V1’(w)={ua,ub,ta,tb} and

V2’(w)={uc,tc} for each w˛W.Let s:S’fiS be the signature morphism such that sact(a)=x, sact(b)=x, sact(c)=y. Sinces-1(<W,R,

V>)=<W,R,

V1’>, s induces an object morphism from ob onto ob’.4.2.˚Main properties of objectsWe show that finite products exist in Ob. Actually, Ob is (small) complete but we do not need toconsider general limits in this paper. Furthermore, we prove that Ob is amnestic and that Sg isboth a cofibration and a fibration.Lemma˚4.2.1.˚The empty set of interpretation structures is theoretically closed.Proof:Assume that ˘�Sx where x=<W,R,

V>˛LS. Since, ˘�Sj for every j˛LS then x�Sj for everyj˛LS and so x�wj for every j˛LS and every w˛W. In particular, consider a˛AS. Two cases arepossible:˚(i)˚a˛

V(w) and then x�;/˚w(¥a); (ii)˚aˇ

V(w) and then x�;/˚wa In both cases we reach acontradiction and so no x is entailed by ˘.…Lemma˚4.2.2.˚Let S and S’ be signatures, L¢LS and L’¢L’S’ theoretically closed sets of inter-pretation structures. Then, Q={q˛LS¯S’:˚injS-1(q)˛L, injS’-1(q)˛L’} is theoretically closed.Proof:Assume that Q�S¯S’x. We have to show that x˛Q, ie, injS-1(x)˛L and injS’-1(x)˛L’. We only showthat injS-1(x)˛L (the other part is similar). Since L is theoretically closed, it is enough to verifythat L�SinjS-1(x). Let j˛LS be any formula such that L�Sj. We show that injS-1(x)�Sj:injS(L)�S¯S’injS(j)15; hence, Q�S¯S’injS(j)16; therefore, since Q�S¯S’x, x�S¯S’injS(j); finally,injS-1(x)�Sj17. …Proposition˚4.2.3.˚The category Ob is cartesian.

15Using the set forward satisfaction condition of the base institution.16Since Q¢injS(L).17Using the satisfaction condition of the base institution.

12A.Sernadas and C.Sernadas

Proof:(1) Ob has terminal object:The obvious candidate is <<˘,˘>,˘> and for each object ob=<S,L> the unique morphism1ob:obfi<<˘,˘>,˘> is induced by the empty signature morphism 0S:<˘,˘>fiS.(2) Ob has binary products:Assuming that ob=<S,L> and ob’=<S’,L’> are objects, the binary product object isob~ob’=<S¯S’,{q˛LS¯S’: injS-1(q)˛L, injS’-1(q)˛L’}>(where injS:SfiS¯S’ and injS’:S’fiS¯S’ are the injection signature morphisms) endowed withthe projections:projob:ob~ob’fiob projob’:ob~ob’fiob’such thatSg(projob)op=injS Sg(projob’)op=injS’.Moreover,˚the candidate does have the envisaged universal property: assuming thatob’’=<S’’,L’’> is an object and g:ob’’fiob and g’:ob’’fiob’ are object morphisms, it is straightforwardto verify that there is a unique object morphism k:ob’’fiob~ob’ such that g=projob@k andg’=projob’@k; k is induced by the unique signature morphism s:S ¯ S ’fi S ’’ such thatSg(g)op=s@injS and Sg(g’)op=s@injS’.…Proposition˚4.2.4.˚The category Ob is amnestic.Proof:Let ob1=<S,L1> and ob2=<S,F2> be objects over the same signature and f:ob1fiob2 andg:ob2fiob1 object morphisms such that Si(f)=idS and Si(g)=idS. Then, idS(L1)=L1¢L2 andidS(L2)=L2¢L1 and so ob1=ob2.…Lemma˚4.2.5.˚Let s:SfiS’ be a signature morphism, L¢LS, and L’¢LS’ sets of interpretationstructures over S and S’, respectively. Then s-1(s(L))¢L and L’¢s(s-1(L’)).Proof:If l˛s-1(s(L)) then there is l’˛s(L) such that s-1(l’)=l; hence, s-1(l’)˛L.If l’˛L’ then s-1(l’)˛s-1(L’) and so l’˛s(s-1(L’)).…We provide counterexamples showing that these inclusions may be strict. Let W a set and R arelation on W.Consider the signatures S=<˘,{a,b}> and S’=<˘,{x}> and the (unique) signature morphisms:SfiS’. Consider also the following subset of LS: L={<W,R,

V>} where

V(w)={ua,ta} for eachw˛W. Then, s(L)=˘ and s-1(s(L))=˘. Therefore, we do not have L¢s-1(s(L)). Note the role ofthe non-injectivity of s.Consider the signatures S=<˘,{a}> and S’=<˘,{x,y}> and the signature morphism s:SfiS’ suchthat sact(a)=x. Consider also the following subset of LS’: L’={<W,R,

V’>} where

V’(w)={ux,tx} foreach w˛W. Then, s-1(L’)={<W,R,

V(w)={ua,ta} for each w˛W.For instance, <W,R,

V2’>˛s(s-1(L’)) where

V2’(w)={ux,t x,uy,t y} for each w˛W’, but<W,R,

V2’>ˇL’. Note the role of the non-surjectivity of s.

Denotational Semantics of Object Specification Within an Arbitrary Temporal Logic Institution13

Lemma˚4.2.6.˚Let s:SfiS’ be a signature morphism, L’¢LS’ and x˛LS. If s-1(L’)�Sx then thereis x’˛LS’ such that x=s-1(x’).Proof:Assume that s-1(L’)�Sx where x=<W,R,

V> and that there is no x’˛LS’ such that x=s-1(x’). Thenthere is an atomic formula a˛AS and a world w˛W such that a˛

V(w) but bˇ

V(w) where b˛ASand s(a)=s(b). Therefore s-1(L’)�S(a�b) but x�;/˚S(a�b)18. And so s-1(L’)�;/˚Sx. …Definition˚4.2.7.˚Let s:SfiS’ be a signature morphism. The range of s is the signature s(S) suchthats(S)obs={b’˛S’obs: there is b˛Sobs such that sobs(b)=b’},s(S)act={c’˛S’act: there is c˛Sact such that sact(c)=c’}.In the sequel, i:s(S)fiS’ is the inclusion signature morphism from s(S) into S’, and j:(S’\s(S))fiS’is the inclusion signature morphism from (S’\s(S)) into S’.…Lemma˚4.2.8.˚Let s:SfiS’ be a signature morphism and L’¢LS’ a theoretically closed set ofinterpretation structures. Then, i-1(L’) is theoretically closed.Proof:Assume that i-1(L’)�s(S)l’ where l’=<W’,R’,

V’>. We have to show that l’˛i-1(L’). Consider aninterpretation structure x’=<W’,R’,

V>˛LS’ such that i-1(x’)=l’ and j-1(x’)˛j-1(L’). Consider alsoan interpretation structure q’=<W’,R’,

V’’>˛L’ such that j-1(x’)=j-1(q’). We show that if L’�S’j’then x’�S’j’ for every j’˛LS’: (i)˚if j’˛LS’\s(S) and L’�S’j’ then q’�S’j’, and so x’�S’j’; (ii)˚ifj’=s(j) for some j˛L S and L’�S’s(j) then L’�S’i(s(j)); thus, i-1(L’)�s(S)s(j)19, and sol’�s(S)s(j); hence, i-1(x’)�s(S)s(j); thus, x’�S’i(s(j))20 and so x’�S’s(j). Hence, L’�S’x’ and sox’˛L’ and i-1(x’)˛i-1(L’). Therefore, l’˛i-1(L’).…Lemma˚4.2.9.˚Let s:SfiS’ be a signature morphism and L’¢LS’ a theoretically closed set ofinterpretation structures. Then, s-1(L’) is theoretically closed.Proof:Assume that s-1(L’)�Ss-1(x’); hence, if s-1(L’)�Sj then s-1(x’)�Sj for every j˛LS. That is21, ifL’�S’s(j) then x’�S’s(j) for every j˛LS22. Hence, if i-1(L’)�s(S)s(j) then i-1(x’)�s(S)s(j) forevery j˛LS. Therefore i-1(x’)˛i-1(L’). Finally, s-1(x’)˛s-1(L’) because s-1(x’)=s-1(i-1(x’)) and s-1(L’)=s-1(i-1(L’)).…Proposition˚4.2.10.˚The functor Sg:ObfiSigop is a split cofibration with a unique cocleavage.Proof:(1)˚Cofibration: For each s:SfiS’ in Sig and ob’=<S’,L’> in Ob, the object morphism f:ob’fiob,where ob=<S,L> with L=s-1(L’), such that Sg(f)=sop is cocartesian by Sg for sop on ob’. Indeed,ob is an object and f is a morphism because s-1(L’)¢L. Moreover, f has the envisaged couniversalproperty: assume that g:ob’fiob’’, where ob’’=<S’’,L’’>, is a morphism in Ob and w:S’’fiS is a

18Equivalence is introduced in the language of the base institution as an abbreviation:(g1�g2) = (¥((g1�g2)�(¥(g2�g1)))).19Using the set satisfaction condition of the base institution.20Using the satisfaction condition of the base institution.21Using the set satisfaction condition and the satisfaction condition of the base institution.22Using the satisfaction condition of the induced institution.

14A.Sernadas and C.Sernadas morphism in Sig such that wop@sop=Sg(g); the problem is to find a unique h:obfiob’’ such thatSg(h)=wop and h@f=g; we have only to verify that w induces an object morphism: sincew-1@s-1(L’)¢L’’ and s-1(L’)=L we obtain w-1(L)¢L’’.(2)˚Uniqueness of cocleavage: We have to show that for each s:SfiS’ in Sig and ob’=<S’,L’> inOb, the morphism f:ob’fi<S,s-1(L’)> is the unique cocartesian morphism by Sg for s on ob’.Assume that there is another cocartesian morphism g:ob’fi<S,X> by Sg for s on ob’. Then, thereis an isomorphism h:<S,s-1(L’)>fi<S,X>23 such that s@Sgop(h)=s. Thus, if Sgop(h)(a)=b thens(a)=s(b), for all a˛SobUSact (note that it may be the case that a„b). We show that l˛Xwhenever l˛s-1(L’): let <W,R,

V>˛s-1(L’); then, <W,R,

V>=(Sg(h)op)-1(<W,R,

V>) since, fora,b˛AS, if s(a)=s(b) then a˛

V(w) iff b˛

V(w) for every w˛W; therefore, <W,R,

V>˛X since h isan object morphism. A similar reasoning on h-1 allows us to conclude that l˛s-1(L’) wheneverl˛X. Thus, s-1(L’)=X.(3)˚Splitting: Similar to the proof that Si is a split cofibration.…Lemma˚4.2.11.˚Let s:SfiS’ be a signature morphism and L¢LS a theoretically closed set ofinterpretation structures. Then, s(L) is theoretically closed.Proof:Assume that s(L) is not theoretically closed. Then there is x’˛LS’ such that s(L)�S’x’ but x’ˇs(L)and so s-1(x’)ˇL. Therefore, there is j˛LS such that L»Sj but s-1(x’)�;/˚Sj. Then, s(L)�S’s(j)24and x’�;/˚S’s(j)25. Finally, we have s(L)�;/˚S’x’.…Proposition 4.2.12.˚The functor Sg:ObfiSigop is a fibration.Proof:For each s:SfiS’ in Sig and ob=<S,L> in Ob, the object morphism f:ob’fiob, where ob’=<S’,L’>with L’=s(L), such that Sg(f)=sop is cartesian by Sg for sop on ob. Indeed, ob’ is an object and f is amorphism since s-1(s(L))¢L. Moreover, f has the envisaged universal property: assume thatg:ob’’fiob, where ob’’=<S’’,L’’>, is a morphism in Ob and w:S’fiS’’ is a morphism in Sig such thatsop@wop=Sg(g); the problem is to find a unique h:ob’’fiob’ such that Sg(h)=wop and f@h=g; wehave only to verify that w induces an object morphism:˚w-1(L’’)¢L’ because if l’˛w-1(L’’) then s-1(l’)˛L (since s-1@w-1(L’’)¢L), and thus l’˛{l’˛LS’:s-1(l’)˛L}=s(L)=L’.…5.˚Induced object institutionWe are now ready to set-up the envisaged institution of objects where objects play the role ofmodels. The object institution induced by B is the quadruple OB=<Sig,Sen,Obj,�> where Sig andSen are as in B, and the functor Obj: SigfiCatop and the family � of satisfaction relations aredefined below. The functor Obj is defined capitalizing on the fact that the functor Sg is a splitcofibration (following a general construction as presented in [Barr and Wells 90]: see theAppendix): it maps each each signature onto the category of objects over that signature.

23See the Appendix: proposition A7.24Using the set forward satisfaction condition of the base institution.25Using the satisfaction condition of the base institution.

Denotational Semantics of Object Specification Within an Arbitrary Temporal Logic Institution15

Since B and OB share the category Sig and the functor Sen, they also share the language and thecategory of theories. Therefore, all the results and constructions of sections 3.3 and 3.4 areretained, since they do not depend on the semantic components of the institutions.5.1.˚InterpretationoverobjectsDefinition˚5.1.1.˚Let S be a signature. The category ObS is the fiber Sg-1(S). The objects of ObS arecalled interpretation˚structures over S. The arrows of ObS are called homomorphisms betweeninterpretation structures over S.…Definition˚5.1.2.˚Let s:SfiS’ be a signature morphism and ob’ an interpretation structure over S’.The reduct˚object of ob’ with respect to s (denoted by s-1(ob’)) is the target of the cocartesianmorphism

s̊˚˚;opob’ for sop on ob’.…Clearly, as expected, the signature morphism s:SfiS’ leads to an object morphism fromob’=<S’,L’> into ob=<S,L> iff the set of interpretation structures of the reduct s-1(ob’) is a subsetof L.Fact/Definition˚5.1.3.˚Let s:SfiS’ be a signature morphism. The reduct functor s-1:ObS’fiObSmaps each ob’ of ObS’ onto the reduct s-1(ob’) and each homomorphism h’:ob1’fiob2’ of ObS’ ontothe unique homomorphism s-1(h’):s-1(ob1’)fi s -1(ob2’) such that s-1(h’)@ s̊˚˚;opob1’˚ = s̊˚˚;opob2’@h’.Proof:Consider the contravariant version of A11 in the Appendix.…Fact/Definition˚5.1.4.˚The object interpretation functor Obj:SigfiCatop maps each signature Sonto the fiber ObS, and each signature morphism s:SfiS’ onto the opposite of the reduct functors-1:ObS’fiObS.Proof:˚Consider the contravariant version of A11 in the Appendix.…In this way we established an indexed category (cf [Tarlecki et al 1989]) Objop:SigopfiCat. By anappropriate flattening construction we should recover the original category Ob. However weshall not dwell on this issue.Clearly, we might develop the counterparts to these functors for "images" instead of reductsprovided that we verify that the fibration Sg is split. But we refrain to do so because we do notneed them in the sequel. However, it is useful to introduce:Definition˚5.1.5.˚Let s:SfiS’ be a signature morphism and ob an interpretation structure over S.The image˚object of ob with respect to s (denoted by s(ob)) is the source of the cartesianmorphism for sop on ob.…

16A.Sernadas and C.Sernadas

5.2.˚SatisfactionbyobjectsDefinition˚5.2.1.˚Let S be a signature, j a formula of LS, and ob=<S,L> an object. We say that obsatisfies j (written ob�Sj) iff L�Sj. …Proposition˚5.2.2.˚Let s:SfiS’ be a signature morphism, j a formula of LS, and ob’=<S’,L’> anobject. Then, ob’�S’s(j)˚ iff s˚-1(ob’)�Sj.Proof:Corollary of proposition 3.5.1.…Proposition˚5.2.3.The quadruple OB=<Sig,Sen,Obj,�> is an institution.…Proposition˚5.2.4.˚Let s:SfiS’ be a signature morphism, j a formula of LS, and ob=<S,L> anobject. Then, if ob�Sj then s(ob)�S’s(j).Proof:Corollary of proposition 3.5.2.…5.3.˚Loose semanticsAlthough we envisage a final semantics mapping each theory onto the "maximal" object thatsatisfies the theory, we start by introducing the traditional loose semantics of theories within thesetting of the object institution, since we need in the sequel to be able to talk about all objectmodels of a theory and all theories entailed by an object.Fact/Definition˚5.3.1.˚The˚loose˚semantics˚functor Mod:ThfiCatop maps each theory th onto thefull subcategory Mod(th) of Obj(S) whose elements satisfy th, and each theory morphismf:thfith’ onto Mod(f):Mod(th)fiMod(th’) corresponding to the restriction of the op-functorObj(Si(f)):Obj(Si(th))fiObj(Si(th’)) to Mod(th’).Proof:Let th=<S,F> and th’=<S’,F’> be theories, f:thfith’ a theory morphism and ob’=<S’,L’> anobject. Recall that Obj(Si(f)):Obj(S )fi Obj(S ’) is the opposite of the reduct functor(Si(f))-1:Obj(S’)fiObj(S). We just verify that if ob’˛Mod(th’) then (Obj(Si(f)))op(ob’)˛Mod(th).Indeed, if ob’˛Mod(th’) then: L’�S’j’ for each j’˛F’ and since Si(f)(j)˛F’ then L’�S’Si(f)(j) foreach j˛F. Hence, (Si(f))-1(L’)�Sj26 for each j˛F. Therefore, we obtain Obj(Si(f))op(ob’)=(Si(f))-1(ob’)˛Mod(th).…Conversely, we might be interested in extracting from an object the category of all theories thatare satisfied by it. Taking advantage of the indexing of theories by signatures introduced above itis straightforward to establish:Fact/Definition˚5.3.2.˚The loose˚theory˚functor Lth:ObfiCatop maps each object ob onto the fullsubcategory Lth(ob) of TH(S) whose elements are satisfied by ob, and each object morphismf:obfiob’ onto Lth(f):Lth(ob)fiLth(ob’) corresponding to the restriction of the op-functorTH(Sg(f)op)op:TH(Sg(ob))fiTH(Sg(ob’)) to Lth(ob’).

26Using the set satisfaction condition for the base instititution.

Denotational Semantics of Object Specification Within an Arbitrary Temporal Logic Institution17

Proof:Let ob=<S,L> and ob’=<S’,L’> be objects, f:obfiob’ an object morphism and th’=<S’,F’> a theory.Recall that TH(Sg(f)op):TH(S’)fiTH(S) is the image functor (Sg(f)op):TH(S’)fiTH(S). We justverify that if th’˛Lth(ob’) then TH(Sg(f)op)(th’)˛Lth(ob). Indeed, if th’˛Lth(ob’) then: L’�S’j’,for each j’˛F’ and since (Sg(f)op)-1(L)¢L’ then (Sg(f)op)-1(L)�S’j’, for each j’˛F’. Hence,L�S(Sg(f)op)(j’)27, for each j’˛F’. Therefore, TH(Sg(f))op(th’)=Sg(f)op(th’)˛Lth(ob).…6.˚Final semanticsWe are now ready to present the envisaged final semantics functor that maps each theory ontothe object composed of all lives that satisfy (in the base institution) the theory. We also presentthe functor that maps each object to the theory composed of all formulae satisfied (in the baseinstitution) by the object. As might be expected, these two functors are the reverse of each otherand, therefore, establish an useful isomorphism between the category of theories and thecategory of objects.6.1.˚Maximal object modelProposition˚6.1.1.˚Let th=<S,F> be a theory and Wth={l˛LS:˚l�SF}. Then, <S,Wth> is the finalobject in the category Mod(th).Proof:Theoretical closure: we have to verify that Wth=(Wth)�; the left to right inclusion is trivial; theopposite inclusion is obtained as follows: if Wth�Sx where x˛LS then x�Sj for all j˛F sinceWth�Sj for all j˛F and, thus, x˛Wth. Finality:˚let <S,L> be any object in the category Mod(th);we have a (unique) object homomorphism f:<S,L>fi<S,Wth)> since L¢Wth.…Let ob=<S,L>˛Mod(th) for some theory th=<S,F>. We denote by 1ob:obfi<S,Wth> the uniquehomomorphism that exists in Mod(th) from ob into the final object in Mod(th).Fact/Definition˚6.1.2.˚The final semantics functor ˇ_�:ThopfiOb˚maps each theory th=<S,F>onto the final object of Mod(th) and each theory morphism f:thfi th’ onto the morphismˇf�=1(Si(f))-1(ˇth’�)@

Si(f)˚˚˚˚;opˇth’�:ˇth’�fiˇth�.…That is, ˇth� is the set of all interpretation structures that satisfy all axioms of th; and ˇf� isgiven by composing the cocartesian morphism for Si(f)op on ˇth’�

Si(f)˚˚˚;opˇth’�:ˇth’�fi(Si(f))-1(ˇth’�)with the unique object homomorphism1(Si(f))-1(ˇth’�):(Si(f))-1(ˇth’�)fiˇth�from the reduct (Si(f))-1(ˇth’�) into the final object ˇth�=<S,Wth>.

27Using the set satisfaction condition for the base instititution.

18A.Sernadas and C.Sernadas

6.2.˚Maximal entailed theoryConversely, we are also interested in associating to each object the theory containing allformulae satisfied by it, ie the largest theory satisfied by it.Proposition˚6.2.1.˚Let ob=<S,L> be an object and Wob={j˛LS:˚L�Sj}. Then, <S,Wob> is the finaltheory in the category Lth(ob).Proof:˚Semantic closure:˚we have to verify that Wob=(Wob)�; the left to right inclusion is trivial; theopposite inclusion is obtained as follows: if Wob�Sy where y˛LS then L�Sy since L�Sj for allj˛Wob and, thus, y˛Wob. Finality:˚let <S,L> be any object in the category Mod(th); we have a(unique) object homomorphism f:<S,L>fi<S,Wth)> since L¢Wth.…Let th=<S,F>˛Lth(ob) for some object ob=<S,L>. We denote by 1th:thfi<S,Wob> the uniquehomomorphism that exists in Lth(ob) from th into the final object in Lth(ob).Fact/Definition˚6.2.2.˚The final theory functor ˛_�:ObfiThop maps each object ob=<S,L> ontothe final theory of Lth(ob) and each object morphism f:obfiob’ onto the opposite of the theorymorphism ˛f�=1Sg(f)op(˛ob’�)@Sg(f)op;

˚˚˚˚˚˚˚˚˚˚˚˚˚˚˚˛ob’�:˛ob’�fi ˛ob�.…That is, ˛ob� contains all formulae satisfied by ob; and ˛f� is given by composing thecocartesian morphism for Sg(f)op on ˛ob’� with the unique theory homomorphism from theimage theory Sg(f)op(˛ob’�) into the final theory ˛ob�.6.3.˚Main propertiesLemma˚6.3.1.˚Let th=<S,F> be a theory. Then ˛ˇth�=th.Proof:Let ˛ˇth�=<S,Y> and ˇth�=<S,Wth>. Clearly, F¢Y. Moreover, Y¢F. Indeed, we show thatF�Sy for any y˛Y: assume that x�SF; then x˛Wth; on the other hand, Wth�Sy and so x�Sy;therefore F�Sy for any y˛Y. And so, y˛F for every y˛Y.…Lemma˚6.3.2.˚Let ob=<S,L> be an object. Then ˇ˛o b �=ob.Proof:Let ˇ˛o b �=<S,X> and ˛ob�=<S,Wob>. Clearly, L¢X. Moreover, X¢L. Indeed, we show thatL�Sx for every x˛X: L�Sj iff j˛Wob; x�Sj for every j˛Wob; hence L�Sx. Therefore, x˛L forevery x˛X.…Proposition˚6.3.3.˚The pair of functors <ˇ_� , ˛_�> is a Galois correspondence.Proof:Let ob=<S,L> be an object and th=<S’,F’> a theory. Let sop:S’fiS be a signature op-morphism.We show that sop induces a theory op-morphism from th into ˛ob� iff sop induces an objectmorphism from ˇth� into ob. That is, we show that s(Wob)¢F’ iff s-1(Wth)¢L.(1)˚Assume that s(Wob)¢F’. Then, since Wth�S’j’ for every j’˛F’, we conclude that Wth�S’s(j)for every j˛Wob. Therefore, s-1(Wth)�Sj for every j˛Wob. Hence, s-1(W th)¢ X, whereˇ˛o b �=<S,X>. Therefore, s-1(Wth)¢L.

Denotational Semantics of Object Specification Within an Arbitrary Temporal Logic Institution19

(2)˚Assume that s-1(Wth)¢L. Let j˛Wob. Then, L�Sj and so s-1(Wth)�Sj. Thus, Wth�S’s(j) andso s(j)˛Y, where ˛ˇth�= <S’,Y>. Then, s(j)˛F’.…Corollary˚6.3.4.˚Let ob=<S,L> be an object and th=<S,F> a theory such that ˛ob�=<S,G> andˇth�=<S,X>, respectively. Then, X¢L˚˚iff˚˚G¢F.…Proposition˚6.3.5.˚The pair of functors <ˇ_ � , ˛ _ �> constitute a concrete isomorphism overSigop.Proof:Since (Th,Si) and (Ob,Sg) are amnestic then by proposition A16 of the Appendix we can concludethat ˇ_�*: ˇ|Thop|�fi˛|Ob|� and ˛_ � * :˛|Ob|�fiˇ|Thop|� constitute a concrete isomorphism.But ˇ|Thop|�=Ob and ˛|Ob|�=Thop and so ˇ_�*=ˇ_� and ˛_�*= ˛_ � .…Proposition˚6.3.6.˚The functor ˇ_�:ThopfiOb preserves limits and colimits, as well as cartesianand cocartesian morphisms.Proof:Clearly, an isomorphism preserves (co)limits. Concerning (co)cartesian morphisms seeproposition A13 of the Appendix. …Corollary˚6.3.7.˚Let s:SfiS’ be a signature morphism and th’ theory over S’. Then, we have thatˇs-1(th’)�=s-1(ˇth’�).…Corollary˚6.3.8.˚Let th and th’ be theories. Then, ˇth¯th’�=ˇth�~ˇth’�.…7.˚Application to denotational semantics7.1.˚Main object constructsThe specification spec=<S,F> of a primitive object induces the theory th=<S,F�>. Thedenotation of the theory is the final object ˇth� given by the functor ˇ_�.The aggregation of two objects specified by spec=<S,F> and spec’=<S’,F’>, inducing the theoriest h = < S ,F � > and th’=<S ’,F ’� >, is defined by the coproduct theory th¯ t h ’ = <S¯S’,(injS(F)UinjS’(F’))�> corresponding to the coproduct of th and th’. Its denotation is thefinal object ˇth¯th’�= ˇth�~ˇth’�.The interconnection of two objects specified by spec=<S,F>, spec’=<S’,F’> and a set Y ofinteraction axioms over S¯S’ (eg (tc�tc’) for c calls c’ and (tc�b’) for c queries b’) is definedby the theory <S¯S’,(injS(F)UinjS’(F’)UY)�> corresponding to the coproduct of th=<S,F�> andth’=<S’,F’�> enriched with the interaction axioms. Its denotation is the "constrained product" ofˇth� and ˇth’� that also satisfies the interaction axioms.The view given by an injective hiding signature morphism s:S’fiS of an object specified byspec=<S,F> is defined by the theory s-1(th)=<S’,s-1(F�)>. Its denotation is, as expected,ˇs-1(th)�=s-1(ˇth�).

20A.Sernadas and C.Sernadas

The (monotonic) specialization of an object specified by spec=<S,F > is specified byspec’=<SUS1,FUF1>. The denotation of the resulting theory is the "constrained" object that alsosatisfies the additional axioms.7.2.˚Working with linear temporal logicWe illustrate in some detail the proposed general construction when the base institution is the(propositional) linear temporal logic institution L. This institution is established by the followingspecific requirements (besides the base requirements stated in section 3):¥Given a signature S, LS also satisfies the following rules:˚j˛LS; (Xg)˛LS, provided that g˛LS;(Gg)˛LS, provided that g˛LS; (g1Ug2)˛LS, provided that both g1,g2˛LS. As usual, X is the "next"operator, G is the "always in the future" operator, and U is the "until" operator. Furthermore, jis the "initial instant" symbol.¥Each interpretation structure l, called a life-cycle, is of the form <ł,s,V>, where s is thesuccessor relation on natural numbers. For each n˛ł,

V(n) is called the situation at position n.Note that this institution is "uniframe" in the sense that all interpretation structures are builtover the same frame (in this case <ł,s>). Therefore, in the sequel, we identify each l=<ł,s,V>with the sequence

V and write l:łfi2AS.¥Let l be a life-cycle and n˛ł. Then: l�nj˚iff˚n=0; l�n(Xg)˚iff˚l�n+1g; l�n(Gg)˚iff˚l�mg forevery m>n; l�n(g1Ug2)˚iff˚l�mg2 for some m>n and l�ig1 for every i such that n<i<m.In the case of L, each object ob is a pair <S,L> where L is a set of life-cycles. A morphism from obto ob’ states that each life-cycle of ob, when reducted by s:Sg(ob’)fiSg(ob) to the signature of ob’,must be a life-cycle of ob’.7.3.˚Products for linear temporal logicWe examine now the products in the category Ob built upon L. We show that for "reasonable"objects the product reflects "fair interleaving" of the components. Such reasonable objects arethose objects that are open to embedding in any environment. Namely, they do not assume thatthey will be able to execute actions before the environment does something else. In order toformalize this concept we need to develop the notion of (fair) delay.For k>0 we denote by [l[k the prefix l0...lk-1 of length k of l. By convention [l[0 is the emptysequence. Given s¢AS we denote by s-� the set given by s(({b:b˛Sobs}U{uc:c˛Sact}).Definition˚7.3.1.˚Let S be a signature and k an ordinal £w.˚The one-step delay at k mapDk:LSfiLS is defined as follows: for k˛ł, Dk(l)n=ln for every n<k, Dk(l)n=ln-1 for every n>k,and Dk(l)k=(lk)-�; and Dw(l)=l.…Definition˚7.3.2.˚A delay-point sequence h is a sequence of ordinals such that: (i)˚for each i˛łhi£w; (ii)˚for each i,j˛ł such that i<j either hi<hj or hi=hj=w; (iii)˚for each i˛ł there is j˛łsuch that either hj˛ł and hj-hi>j-i or hj=w.…

Denotational Semantics of Object Specification Within an Arbitrary Temporal Logic Institution21

Condition (iii) in the previous definition is called the diligence condition28.Definition˚7.3.3.˚Given a life-cycle l over a signature S, a sequence h of delay points induces thesequence dh(l) of life-cycles over S such that: dh(l)0=l, and dh(l)i+1=Dhi(dh(l)i).…Definition˚7.3.4.˚The delay relation ¥¢LS2 is defined as follows: l˚¥˚l’ iff there is a delay-pointsequence h such that for each n˛ł there is i˛ł such that [l’[n=[dh(l)i[n.…For instance, l˚¥˚l’, assuming that ln={uc,tc} for n˛ł, and l’n={uc,tc} for n odd and l’n={uc}for n even. Indeed, consider the sequence h such that hi=i£2 for every i˛ł which triviallysatisfies the diligence condition. The sequence dh(l) is as follows for i>0:(dh(l)i)n={uc} for n<hi-1+1 and n even,(dh(l)i)n={uc,tc} for n£hi-1+1 and n odd,(dh(l)i)n={uc,tc} for n>hi-1+1.On the other hand, if l’’n={uc} for n˛ł then l˚/;¥˚l’’ because the sequence h={i}i˛ł violates thediligence condition. The life-cycle l’’ would be an "unfair" delay of l since action c would neverhappen. Note that if l˚¥˚l’ and the delay-point sequence is h such that there is i˛ł such thathj=w for all j‡i then l’ has a finite number of delays relatively to l.Proposition˚7.3.5.˚The delay relation is reflexive and transitive.Proof:(a)˚Reflexivity: choose hi=w for every i˛ł.(b)˚Transitivity: assume that l˚¥˚l’ and l’˚¥˚l’’ with delay-point sequences h and h’, respectively;consider the sequence h ;h ’ obtained by merging h ’ with the sequence n such thatnn=hn+max{k+1:˚h’k<(hn+k+1)} if hn<w, and nn=w otherwise; that is, each delay-point of h ismoved to the right depending on the delays introduced by h’; it is trivial to see that h;h’ satisfiesrequirements (i) and (ii) on delay-point sequences; verifying that h;h’ satisfies requirement (iii) ismore difficult; the thesis is obtained by showing that each point (of ł) where h does notintroduce a delay is preserved by h;h’ as a no-delay-point, but suitably moved to the right (like adelay-point: a similar formula is applied).…Definition˚7.3.6.˚Let L be a set of life-cycles over a signature S. The closure for delays of L is thefollowing set of life-cycles over S: L˘={l’˛LS: l˚¥˚l’ for some l˛L}.…Definition˚7.3.7. An object ob=<S,L> is said to be closed for delays iff L=L˘.…Consider the object <<˘,{a}>,{l}˘> where the life-cycle l is such that ln={ua,ta} for everyn˛ł. Then:<<˘,{a}>,{l}˘>�<˘,{a}>ua<<˘,{a}>,{l}˘>�<˘,{a}>(Gua)<<˘,{a}>,{l}˘>�<˘,{a}>(Fta)Note that the diligence condition is essential for the satisfaction of (Fta) by<<˘,{a}>,{l}˘>.

28The terminology is borrowed from [Manna and Pnueli 92]. "Diligent" objects allow delays of their actionsbut not for ever.

22A.Sernadas and C.Sernadas

The following results show that the relevant constructions (reducts, images and products)respect the closure for delays.Proposition˚7.3.8.˚Let s:SfiS’ be a signature morphism, L’¢LS’ and L’=(L’)˘. Then, s-1(L’) isclosed for delays.Proof:Note first that if l=s-1(l’) for some l’˛L’ then Dk(l)=s-1(Dk(l’)) and thus Dk(l)˛s-1(L’) sinceDk(l’)˛L’. Now assume that l˛s-1(L’), q˛LS and l˚¥˚q. We have to show that q˛s-1(L’). Sincel˚¥˚q there is a delay-point sequence h such that for each n˛ł there is i˛ł such that[q[n=[dh(l)i[n. Moreover, there is l’˛L’ such that l=s-1(l’). Thus, dh(l)i=s-1(dh(l’)i)˛s-1(L’) foreach i˛ł. Hence, there is q’˛LS’ such that q=s-1(q’). Indeed, otherwise for some n˛ł therewould be no s’¢AS’ such that qn=s-1(s’), which is absurd because for each n˛ł there is i˛łsuch that qn=(dh(l)i)n. Now we show that l˚’¥˚q’. Consider again the delay-point sequence h. It isstraightforward to verify that for each n˛ł there is i˛ł such that [q’[n=[dh(l’)i[n. Thus q’˛L’and so q˛s-1(L’).…Proposition˚7.3.9.˚Let s:SfiS’ be a signature morphism, L¢LS and L=L˘. Then, s(L) is closed fordelays.Proof:Assume that l’˛s(L), q’˛LS’ and l’˚¥˚q’. We have to show that q’˛s(L). Since l’˚¥˚q’ there is adelay-point sequence h such that for each n˛ł there is i˛ł such that [q’[n=[dh(l’)i[n. It isstraightforward to verify that s-1(l’)˚¥˚s-1(q’) using the delay-point sequence h. Moreover,s-1(q’)˛L since s-1(l’)˛L. Therefore, q’˛s(L). …Proposition˚7.3.10.˚Let ob and ob’ be objects closed for delays. Then, ob~ob’ is closed for delays.Proof:Let ob=<S,L>, ob’=<S’,L’>, q˛L~L’ and q˚¥˚q’. Then, using the same delay-point sequence, weobtain injS-1(q)¥injS-1(q’) and injS’-1(q)¥injS’-1(q’).…Observation˚7.3.11.˚Let ob and ob’ be objects closed for delays. Then, the set of life-cyles of ob~ob’is the set of fair interleavings of life-cycles of ob and ob’.As an illustration consider the following objects and their product: ob=<<˘,{u}>,{l}˘> , ob’=<<˘,{v}>,{x}˘>, where ln={uu,tu} and xn={uv,tv} for each n˛ł. It is easy to verify thatany fair interleaving of l and x is a life-cycle of the product ob~ob’. By fair interleaving we meanan interleaving of actions u and v where there is an infinite number of u’s and also of v’s.If we dropped the diligence condition, we would obtain all interleavings of u’s and v’s includingthose life-cycles where action u does not occur or occurs a finite number of times (and similarlyfor action v). Clearly, the diligence condition ensures fairness in the aggregation (parallelcomposition) of objects.It should be obvious that the product of two objects that are not closed for delays may not includethe envisaged interleavings. For instance the product of <S,{l}> and <S’,{x}> contains a uniquelife-cycle: total synchronization.

Denotational Semantics of Object Specification Within an Arbitrary Temporal Logic Institution23

7.4.˚ReductsforlineartemporallogicIt is also worthwhile to examine the reducts in the category Ob built upon L. We explain how thereduct may be used for "hiding" observations/actions. Moreover, we show with an example thatit may lead to "internal non-determinism".Consider the object ob=<<{x},{c}>,{l}˘> where ln={x,uc,tc} for n even and ln={uc,tc} for n odd.Note that ob is "deterministic" in the sense that when a given event (set of actions) happens if weknow the "value" of x (true or false) then we know the next situation: from true to false and fromfalse to true if {c} happens; and from true to true and from false to false if ˘ happens.Consider now the reduct induced by the hiding signature morphism s:<{x},˘>fi<{x},{c}> thathides the action c. Then, s-1(ob)=<<{x},˘>,{x}˘> where xn={x} for n even and xn=˘ for n odd.The resulting object is "non-deterministic" since when the event ˘ happens (no action occurs)the value of x may remain unchanged or it may change (for no apparent reason).In conclusion:Observation˚7.4.1.˚Reducts used for hiding may introduce internal non-determinism.7.5.˚Working with other temporal logicsIn some cases it might be worthwhile to work with multilinear temporal logic or a fullbranching temporal logic. It is up to the specifier the choice of the most convenient base logic.The notion of object is then canonically induced. And the categorial semantics of the objectconstructs are instantiated to the chosen base institution.Such non-linear temporal logics are quite powerful. For instance they provide the means forexpressing a deep relationship between the enabling and the occurring of an action. Beyond(tc � uc)already expressible in the linear temporal language, we may want to impose(uc � (M tc))stating (in the multilinear temporal logic) that if action c is enabled in position n of a giventrajectory t then there is a trajectory t’ identical to t up to n and with the same observations andenablings at n where c occurs at n. In short, informally, if c is enabled then c happens in analternative trajectory.Clearly, an object is not any more a set of life-cycles, but instead a set of sets of life-cycles in thecase of a multilinear base or a set of trees in the case of a branching base. Note that in these casesthe base institution is not any more "uniframe": different interpretation structures may havedifferent frames, that is, they may differ in the set of worlds and/or in the accessibility relation.Maybe more interesting would be to consider a base institution that would lead to objects andtheir morphisms such that "full concurrency" is reflected by products. Starting with thetemporal logic proposed in [Reisig 92], the induced notion of object would be a set of concurrentruns and it seems that the envisaged "full concurrency" in products would be achieved.

24A.Sernadas and C.Sernadas

8.˚Concluding remarksWe have shown how to set-up the "power model" institution induced by a given temporalinstitution. Clearly, the proposed construction and its properties do not depend on the fact thatthe base logic is modal. However, the investigation of the special case is well justified by theenvisaged domain of application: denotational semantics of temporal specifications of objects. Itremains to be seen if it might be useful in other cases (eg starting with the equational institution).We have also shown how the resulting institution of objects can be used for providing categorialsemantics for the basic object constructs, such as aggregation, interconnection, abstraction and(monotonic) specialization. This semantics is rich enough for analysing liveness properties,external and internal non-determinism, and interleaving even if we adopt a simple lineartemporal logic as the base institution. Furthermore, it is conceivable that even full concurrencycan be analysed, provided that a suitable temporal logic coping with concurrency (such as thelogic proposed in [Reisig 92]) is chosen as the starting point.Clearly, an interesting line of research concerns the semantics of non-monotonic mechanisms,since these are so pervasive in object-oriented formalisms. Anyway, experience clearly indicatesthat non-monotonic features should be added to a well understood monotonic framework. Wehope that the proposed object institution is suitable for this purpose.Reification is another important construct to be studied within this context. Obviously, it imposesa more general notion of object morphism: for instance, the reification of actions implies achange of frame.Another important research issue concerns the semantics of dynamic reconfigurationconstructs: objects are created, deleted, dynamically specialized, and their interconnections arechanged. It is not clear at this stage how suitable are traditional temporal languages for thispurpose. And in any case much work is needed in the semantic front.We are also working in establishing a suitable categorial link (adjunction) between the proposeddenotational semantics of objects and an operational semantics (such as the one described in[Sernadas et al 92a]).Finally, it is worthwhile to note that the proposed construction of the object institution from agiven institution of temporal logic is purely set-theoretic. Each object appears as a set of modelsof the base institution. An interesting alternative would be to postulate that an object is a sheaf[Goguen 92]29. Relevant work in this direction is also reported in [Ehrich et al 91]. It is simple todevelop this idea in the case of a "uniframe" base (institution whose models are all over the sameframe, such as the linear temporal logic). Then the unique frame is used to set-up the basecategory for the envisaged sheaves (objects) and an object morphism is a (traditional) sheafmorphism. The relationships between the set-theoretic construction and the sheaf-theoretic oneshould be easy to establish. In the case of a "multiframe" base institution the technical challenge

29Or a presheaf if we are to accept as objects agents with unbounded liveness requirements.

Denotational Semantics of Object Specification Within an Arbitrary Temporal Logic Institution25 is much greater since it is essential to work with sheaves over different bases and an objectmorphism will be in general a sheaf "cryptomorphism" or "heteromorphism" (after a suitableGrothendieck construction for setting-up the envisaged flat category of multi-base sheaves).AcknowledgmentsThis work was partially supported by the JNICT Projects PMCT/C/TIT/177/90 and 178/90(OBCALC and FAC3), the ESPRIT Basic Research Actions 6071 and 6112 (IS-CORE andCOMPASS) and, last but not least, by the ESDI Project OBLOG.The authors are grateful to their many colleagues in these five projects for many rewardinginteractions, specially to Hans-Dieter Ehrich, Udo Lipeck and Carlos Caleiro.AppendixFiberDefinition˚A1.˚Let F:CfiX be a functor and x an element of X. The fiber Cx of C over x is thesubcategory of C whose elements are mapped by F onto x and whose arrows are mapped ontothe identity morphism at x (idx).Concrete categoryDefinition˚A2.˚Let X be a category. A concrete category over X is a pair (C,U) where C is acategory and U:CfiX is a faithful functor.Definition˚A3.˚Let (C,U) be a concrete category over X. We say that a morphism m:U(c)fiU(c’)in X induces a morphism in C iff there is morphism h:cfic’ in C such that U(h)=m. If there issuch a morphism it is unique.Definition˚A4.˚A concrete category (C,U) over X is said to be amnestic iff Cx is a partial order foreach element x of X.Definition˚A5.˚Let (C,U) and (D,V) be concrete categories over X. A concrete functor from (C,U)into (D,V) is a functor F:CfiD such that U=V@F.Cofibration (and fibration)Definition˚A6.˚Let F:CfiX be a functor, m:xfix’ a morphism in X and c and element of C suchthat F(c)=x. A morphism f:cfic’ in C is said to be cocartesian by F for m on c iff F(f)=m and foreach pair of morphisms g:cfic’’ in C and n:x’fiF(c’’) in X such that n@m=F(g) there is a uniquemorphism h:c’fic’’ in C such that F(h)=n and h@f=g. We say that c’ is the target of thecocartesian morphism f. …Proposition˚A7.˚Let F:CfiX be a functor, m:xfix’ a morphism in X and F(c)=x. If f1 and f2 arecocartesian morphisms by F for m on c then their targets are isomorphic.

26A.Sernadas and C.Sernadas

Proof:Straightforward: use the couniversal property of f1 on f2 and itself (and vice-versa).…Proposition˚A8.˚Let F:CfiX be a functor, m1:xfix1 and m2:x1fix2 morphisms in X, and F(c)=x.If f1:cfic1 is cocartesian by F for m1 on c and f2:c1fic2 is cocartesian by F for m2 on c1 thenf2@f1:cfic2 is cocartesian by F on m2@m1 for c.Proof:Straightforward: Assume that m1:xfix1 and m2:x1fix2 are morphisms in X, f1:cfic1 is thecocartesian morphism by F for m1 on x, and f2:c1fic2 is the cocartesian morphism by F for m2on c1, we show that f2@f1:cfic2 is the cocartesian morphism by F for m2@m1 on c: let g:cfic3be any morphism in C and n2:x2fi x3 be any morphism in X such that F(c3)=x3 andn2@(m2@ m1)=F(g); consider the morphism n1:x1fi x3 such that n1=n2@m2; thus,F(g)=n1@m1; hence, there is a unique morphism h1:c1fic3 such that F(h1)=n1 and h1@f1=g;on the other hand, there is a unique morphism h2:c2fic3 such that F(h2)=n2 and h2@f2=h1;finally, we may conclude that there is a unique such that F(h2)=n2 and h2@(f2@f1)=g.…Definition˚A9. A functor F:CfiX is said to be a cofibration iff there is a cocartesian morphism byF for m on c, for every morphism m:xfix’ in X and every c of C such that F(c)=x. …Definition˚A10.˚Let F:CfiX be a cofibration. A cocleavage k for F maps each pair <m:F(c)fix’,c>onto a cocartesian morphism by F for m on c. A cocleavage is said to be a splitting of thecofibration iffk(idF(c),c)=idc;k(m’@m:F(c)fix’’,c)=k(m’:F(c’)fix’’,c’)@k(m:F(c)fiF(c’),c).…Fact/Definition˚A11.˚˚Let F:CfiX be a cofibration. Any splitting cocleavage k for F induces thefunctors:¥for each m:xfix’ in X, the transformation functor on m: Tm:CxfiCx’ such that Tm(c) is thetarget of the cocartesian morphism k(<m:F(c)fi x’,c>), and Tm(h:c1fi c2) is the uniquemorphism h’ in Cx’ such that h’@k(<m:F(c1)fix’,c1>)=k(<m:F(c2)fix’,c2>)@h;¥the indexing functor: I:XfiCat such that I(x) is the fiber Cx and I(m:xfix’) is Tm.Proof:See pages 255-256 of [Barr and Wells 90]. Note that the splitting property is essential only forestablishing the indexing functor.…Note that if the cofibration functor is F:CfiXop, then Tm:Cx’fiCx and I:XfiCatop.By duality we introduce the notion of fibration and obtain the corresponding results.Concrete isomorphismDefinition˚A12.˚Assume that H:CfiD and K:DfiC establish an isomorphism in Cat and thatF:CfiX and G:DfiX are functors. The isomorphism is said to be concrete˚with respect to F andG iff G@H=F and F@K=G.

Denotational Semantics of Object Specification Within an Arbitrary Temporal Logic Institution27

Proposition˚A13.˚Assume that H:CfiD and K:DfiC is a concrete isomorphism in Cat withrespect to F:CfiX and G:DfiX. Then H preserves cocartesian and cartesian morphisms.Proof:¥˚Let m:xfix’ be a morphism in X and c and element of C such that F(c)=x. Assume that f:cfic’is cocartesian by F for m:xfix’ on c. We want to show that H(f):H(c)fiH(c’) is cocartesian by Gfor m:xfix’ on H(c). Clearly, G(H(f))=m. We have to verify that this morphism satisfies theenvisaged couniversal property. Let g:H(c)fi d’’ be a morphism in D, and n:x’fi G(d’’) amorphism in X such that n@m=G(g). Consider the morphism K(g):cfiK(d’’) in C. Clearly,n@m=F(K(g))=G(g). By the couniversal property of f:cfi c’, there is a unique morphismh:c’fi K(d’’) such that h@f=K(g). Consider the morphism H(h):H(c’)fi d’’ in D. Then,H(h)@H(f)=H(h@ f)=H(K(g))=g and, clearly, G(H(h))=n. Moreover, H(h) is the uniquemorphism such that G(H(h))=n and H(h)@H(f)=g. Otherwise, we would be able to violate thecouniversal property of f:cfic’ mapping back via K.¥˚Preservation of cartesian morphisms follows by duality.…GaloiscorrespondenceDefinition˚A14.˚Let (C,U) and (D,V) be concrete categories over X and H:CfiD and K:DfiCconcrete functors over X. The pair <H,K> is said to be a Galois correspondence iff, for any c of Cand d of D, a morphism f:U(c)fiV(d) in X induces a morphism in C from c into K(d) iff f inducesa morphism in D from H(c) into d.…Definition˚A15.˚Let H:CfiD be a functor. We denote by H(|C|) the full subcategory of Dcontaining all elements of D in the range of H.Proposition˚A16.˚Let (C,U) and (D,V) be amnestic concrete categories over X and <H:CfiD,K:DfiC> a Galois correspondence. The restrictions of H and K to H(|C|) and K(|D|), respectively,are concrete isomorphisms: H*:H(|C|)fiK(|D|) and K*:K(|D|)fiH(|C|) are inverse to each other.Proof:See page 83 of [Adamek et al 90].…References[Ad�mek et al 90]J.Ad�mek, H.Herrlich and G.Strecker, Abstract and Concrete Categories, Wiley, 1990.[Asperti and Longo 91]A.Asperti and G.Longo, Categories, Types, and Structures, MIT Press, 1991.[Barr and Wells 90]M.Barr and C.Wells, Category Theory for Computing Science, Prentice-Hall, 1990.[Barringer et al 84]H.Barringer, R.Kuiper and A.Pnueli, "Now You May Compose Temporal LogicSpecifications", in Procs. of 16th ACM Symp. on Theory of Computing, 1984, 51-63.

28A.Sernadas and C.Sernadas

[Ehrich et al 91]H.-D.Ehrich, J.A.Goguen and A.Sernadas, "A Categorial Theory of Objects as ObservedProcesses", in J.deBakker, W.-P.deRoever and G.Rozenberg (eds), Foundations of Object-oriented Languages, Springer-Verlag, 1991, 203-228.[Emerson 90]E.Emerson, "Temporal and Modal Logic", in J.Leeuwen (ed), Handbook of TheoreticalComputer Science VOL B, 1990, 995-1072.[Fiadeiro et al 93]J.Fiadeiro, J.F.Costa, A.Sernadas and T.Maibaum, "Object Semantics of Temporal LogicSpecification", in M.Bidoit and C.Choppy (eds), Recent Trends in Data Type Specification:8th Workshop on Specification of Abstract Data Types - Selected Papers, Springer-Verlag,1993, 236-253.[Goguen 92]J.A.Goguen, "Sheaf Semantics for Concurrent Interacting Objects", MathematicalStructures in Computer Science, 2(2), 1992, 159-191.[Goguen and Burstall 84]J.A.Goguen and R.M.Burstall, "Introducing Institutions", in E.Clarke (ed), Logics ofProgramming Workshop, Springer-Verlag, 1984, 221-256.[Goguen and Burstall 92]J.A.Goguen and R.M.Burstall, "Institutions: Abstract Model Theory for Specification andProgramming", Journal of the Association for Computer Machinery, 39(1), 1992, 95-146.[Goldblatt 87]R.Goldblatt, Logics of Time and Computation, CSLI, 1987.[Manna and Pnueli 92]Z.Manna and A.Pnueli, The Temporal Logic of Reactive and Concurrent Systems,Springer-Verlag, 1992.[Meyer 88]B.Meyer, Object-Oriented Software Construction, Prentice-Hall, 1988.[Pnueli 77]A.Pnueli, "The Temporal Logic of Programs", in Procs. of the 18th IEEE Symp. onFoundations of Computer Science, 1977, 46-57.[Poign� 92]A.Poign�, "Basic Category Theory", in S.Abramsky, D.Gabbay and T.Maibaum (eds),Handbook of Logic in Computer Science VOL 1, Oxford University Press, 1992, 413-640.[Reisig 92]W.Reisig, "Elements of a Temporal Logic Coping with Concurrency", TUM, TechnicalReport 342/23/92, 1992.[Sernadas 80]A.Sernadas, "Temporal Aspects of Logical Procedure Definition", Information Systems, 5,1980, 167-187.

Denotational Semantics of Object Specification Within an Arbitrary Temporal Logic Institution29

[Sernadas and Ehrich 91]A.Sernadas and H.-D.Ehrich, "What is an Object, After All?", in R.Meersman, W.Kent andS.Khosla (eds), Object Oriented Databases: Analysis, Design and Construction, North-Holland, 1991, 39-69.[Sernadas et al 89a]A.Sernadas, J.Fiadeiro, C.Sernadas and H.-D.-Ehrich, "Basic Building Blocks ofInformation Systems", in E.Falkenberg and P.Lindgreen (eds), Information SystemConcepts: An In-depth Analysis, North-Holland, 1989, 225-246.[Sernadas et al 89b]A.Sernadas, J.Fiadeiro, C.Sernadas and H.-D.-Ehrich, "Abstract Object Types: A TemporalPerspective", in B.Banieqbal, H.Barringer and A.Pnueli (eds), Temporal Logic inSpecification, Springer-Verlag, 1989, 324-350.[Sernadas et al 92a]A.Sernadas, J.F.Costa and C.Sernadas, "An Institution of Object Behaviour", ADT-COMPASS’92, to be published.[Sernadas et al 92b]A.Sernadas, C.Sernadas and J.F.Costa, "Object Specification Logic", INESC/DMISTResearch Report, June 1992, submitted.[Tarlecki et al 89]A.Tarlecki, R.M.Burstall and J.A.Goguen, "Indexed Categories as a Tool for the Semanticsof Computation", Oxford University Computing Laboratory, Technical Monograph PRG-77, 1989.[Wegner 92]P.Wegner, "Dimensions of Object-oriented Modeling", IEEE Computer, 1992, 12-21.