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Abstract

We give an axiomatization of first-order logic enriched with the almost-
everywhere quantifier over finitely additive measures. Using an adapted
version of the consistency property adequate for dealing with this gen-
eralized quantifier, we show that such a logic is both strongly complete
and enjoys Craig interpolation, relying on a (countable) model existence
theorem. We also discuss possible extensions of these results to the almost-
everywhere quantifier over countably additive measures.

Keywords: generalized quantification, almost-everywhere quantifier, com-
plete axiomatization, Craig interpolation.

MSC 2010: 03C80 03B48 03C40 03B70

1 Introduction

Generalized quantifiers were first studied by Mostowski in [21], where an ex-
tension of first-order logic with numerical quantifiers was investigated, and by
Fuhrken and Vaught in their works [10, 29] devoted to the quantifier there
exist uncountably many. Generalizing these approaches, Lindström in [19] in-
troduced the concept of generalized quantifier and proved general results about
it. The topic was brought again to the attention of logicians a few years later
when Keisler, relying on a refined construction of uncountable models, proved
in [14] a concrete completeness theorem for first-order logic with the quantifier
there exist uncountably many, and when Barwise published his works [5, 6] on
abstract logics.

Several generalized quantifiers have been studied since then, based on dis-
crete and continuous measure theory as well as probability theory. For instance,
Keisler introduced in [16, 3] a logic with a probabilistic quantifier over first-
order structures enriched with a probability measure, and Barwise, Kaufmann
and Makkai studied in [4] an enrichment of first-order logic and of infinitary
logic with a weak form of the second-order generalized quantifier for almost
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all countable subsets proposed by Shelah in [25] (see also [17, 26, 7, 27]) Out-
side pure mathematics, generalized quantifiers have also been considered in
philosophy [1, 28], artificial intelligence [23, 11], as well as linguistic and natu-
ral languages [22, 2]. More recently, quantifier rank hierarchies for logics with
generalized quantifiers have been studied [12, 18] capitalizing on the work of
Lindström (see [19]).

In this paper we investigate first-order logic enriched with a generalized
almost-everywhere quantifier (over finitely additive measures), expressing that
a property holds everywhere except on a negligible set. We follow a qualitative
approach in the sense that we do not explicitly use measure terms to character-
ize almost-everywhere. This qualitative approach complements the quantitative
approaches developed for instance in [16, 11]. Observe that the logic with prob-
abilistic quantifiers investigated in [16] does not have universal and existential
quantifiers.

More concretely, we propose an axiomatization for first-order logic enriched
with the almost-everywhere quantifier over finitely additive measures, and prove
that it is strongly complete and enjoys Craig interpolation. The proofs rely on
an adapted version of the consistency property over a finite collection of sig-
natures, adequate for dealing with the almost-everywhere quantifier and for
the proof of interpolation. The fact that the almost-everywhere quantifier is a
particular case of a monotone quantifier, see [20, 30] and [13], can be noted in
the definition of the consistency property. We show that the model existence
theorem holds for consistency properties maximal with respect to a given col-
lection of signatures. The notion of maximality had to be relativized since the
consistency property used in the interpolation proof is not maximal in the usual
sense.

This paper continues the study of almost-everywhere quantification started
in [9], where a monadic second-order axiomatization of the almost-everywhere
quantifier over supported structures (structures for which there is a largest
null set), is presented and shown to be complete. However, unlike [9], we do
not assume that our structures have to be supported. Observe that almost-
everywhere quantification was first studied in the context of first-order logic
in [1, 8] in a very restricted setting where it was applied only to implications
and where no calculus was provided.

The paper is organized as follows: Section 2 introduces the language, the
semantics and an axiomatization for first-order logic enriched with the almost-
everywhere quantifier over finitely additive measures, L (AE). It then shows
the validity of some formulas useful in the soundness and completeness proofs,
as well as the soundness of useful entailments. Some auxiliary proof-theoretic
results are also established. The section ends with the proof of the soundness
of the given axiomatization. Section 3 gives an adapted definition of the con-
sistency property suitable for proving the model existence theorem for L (AE).
Capitalizing on this result, it is shown in Section 4 that L (AE) is strongly
complete, and in Section 5 that L (AE) enjoys Craig interpolation. Finally, Sec-
tion 6, briefly discusses some points and issues that appear when trying to find
an axiomatization for the almost-everywhere quantifier over countably additive
measures.
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2 Language, Semantics and Deduction

We start by presenting the language, the semantics and an axiomatization for
L (AE). We denote first-order logic (with equality) by L .

A signature Σ for L (AE) is a first-order signature, that is, 〈F, P, τ〉 where F
is a set of function symbols, P is a set of relation symbols, and τ is a function
assigning to each symbol a natural number corresponding to its arity. The
elements of F with arity 0 are the constants. With respect to the language of
L (AE) we follow Keisler [15] for the choice of logical symbols of L .

Definition 2.1 Assume fixed a given signature Σ for L (AE) and a countably
infinite set X of individual variables. Terms are generated in the usual way
from Σ and X. The set of L (AE) formulas over Σ is inductively defined as
follows:

• p(t1, . . . , tn) is a formula for every p in P wth arity n and terms t1, . . . , tn;

• t1 ∼= t2 is a formula for all terms t1 and t2;

• ¬ϕ, ∀xϕ, ∃xϕ, AExϕ, and SExϕ are formulas for every formula ϕ;

• ϕ1 ∧ ϕ2 and ϕ1 ∨ ϕ2 are formulas for all formulas ϕ1 and ϕ2. 4

Notation 2.2 Given a formula ϕ of L (AE), a term t and a variable x, when t
is free for x in ϕ, we denote by [ϕ]xt the formula obtained by replacing the free
occurrences of x in ϕ by t. ♦

The following notation will be useful in the sequel, namely to simplify the
presentation of deductive systems and the definition of the consistency property.

Notation 2.3 Given a formula ϕ of L (AE), the formula ϕ¬ is inductively
defined as follows:

• if ϕ is atomic then ϕ¬ is ¬ϕ;

• (¬ϕ1)¬ is ϕ1;

• (ϕ1 ∧ ϕ2)¬ is ¬ϕ1 ∨ ¬ϕ2;

• (ϕ1 ∨ ϕ2)¬ is ¬ϕ1 ∧ ¬ϕ2;

• (∀xϕ)¬ is ∃x(¬ϕ);

• (∃xϕ)¬ is ∀x(¬ϕ);

• (AExϕ)¬ is SEx(¬ϕ);

• (SExϕ)¬ is AEx(¬ϕ). ♦
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The structures for L (AE) are first-order structures enriched with the col-
lection of measure zero sets of a finitely additive measure over its domain. We
impose that the domain has nonzero measure.

Definition 2.4 An (interpretation) structure I for L (AE) over a signature Σ
is a tuple 〈D, ·F , ·P ,N〉 where:

• D is a non-empty set;

• 〈D, ·F , ·P 〉 is a first-order structure, that is:

– for each f in F with arity n, fF : Dn → D;

– for each p in P with arity n, pP : Dn → {0, 1};

• N is a non-empty set of subsets of D closed under finite union, with D
not in N . 4

The closure under finite union of the elements of N is required due to the
finite additive character of underlying measures.

Definition 2.5 Satisfaction in a structure I for L (AE) over a signature Σ,
given an assignment ρ over I, is defined in the usual way as for first-order logic,
with the following extra clause:

Iρ  AExϕ if there is N ∈ N such that
(
|ϕ|xIρ

)c ⊆ N
where |ϕ|xIρ (the extent of ϕ relative to x in I with assignment ρ) is defined by1

|ϕ|xIρ = {d ∈ D | Iρxd  ϕ}.

Similarly for satisfaction of the quantifier SExϕ which is defined as for ¬AEx¬ϕ,
that is,

Iρ  SExϕ if |ϕ|xIρ 6⊆ N for each N ∈ N .

Validity and entailment in L (AE) over Σ, denoted by �L (AE),Σ, are defined as
expected, that is, Γ �L (AE),Σ ϕ whenever I  Γ implies I  ϕ for every structure
I for L (AE) over Σ. 4

When there is no ambiguity we may simply write �Σ or � for entailment and
omit the reference to L (AE). Intuitively SExϕ means that ϕ holds significantly
with respect to x or that ϕ is relevant with respect to x.

For the sake of an example, consider an interpretation structure for L (AE)
over a signature with only one binary predicate symbol e, and where the do-
main consists of the natural numbers, e is interpreted as the edge relation of a
graph, and the null sets are the finite subsets of natural numbers. Then AExϕ

1Throughout this paper, given a variable x in X, an assignment ρ over a structure I, and
an element d in the domain of I, the assignment ρxd takes x to d and behaves as ρ elsewhere.
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means that the extent of ϕ is cofinite, i.e. its complement is finite. Also, SExϕ
means that the extent of ϕ is infinite. In this context, the sentence stating
that there are infinitely many vertices with finite degree can be expressed by
SExAEy¬e(x, y).

Observe that L (AE) is a conservative extension of first-order logic and
so inherits its expressive power, see Proposition 2.7. We omit the proof of
Lemma 2.6, since it follows straightforwardly by induction on ϕ.

Lemma 2.6 Given a first-order formula ϕ over a signature Σ, a structure 〈D, ·F ,
·P ,N〉 for L (AE) over Σ, and an assignment ρ over the structure, 〈D, ·F , ·P 〉ρ 
ϕ if and only if 〈D, ·F , ·P ,N〉ρ  ϕ. ♦

In the proof of the following proposition we denote entailment in first-order
logic over a signature Σ by �L ,Σ.

Proposition 2.7 Entailment in L (AE) for first-order formulas coincides with
entailment in first-order logic.

Proof. Let Γ ∪ {ϕ} be a set of first-order formulas over a signature Σ.

(1) Suppose that Γ �L (AE),Σ ϕ. Let 〈D, ·F , ·P 〉 be a first-order structure over
Σ, and ρ an assignment over 〈D, ·F , ·P 〉 such that 〈D, ·F , ·P 〉ρ  Γ. Observe
that 〈D, ·F , ·P , {∅}〉 is a structure for L (AE) over Σ. So 〈D, ·F , ·P , {∅}〉ρ  Γ by
Lemma 2.6. Then 〈D, ·F , ·P , {∅}〉ρ  ϕ since Γ �L (AE),Σ ϕ. Hence 〈D, ·F , ·P 〉ρ 
ϕ by Lemma 2.6, as we wanted to show;

(2) Suppose that Γ �L ,Σ ϕ. Let 〈D, ·F , ·P ,N〉 be a structure for L (AE) over
Σ, and ρ an assignment over 〈D, ·F , ·P ,N〉 such that 〈D, ·F , ·P ,N〉ρ  Γ. Then
〈D, ·F , ·P 〉ρ  Γ by Lemma 2.6. So 〈D, ·F , ·P 〉ρ  ϕ since Γ �L ,Σ ϕ. Hence
〈D, ·F , ·P ,N〉ρ  ϕ by Lemma 2.6, as we wanted to show. �

The following proposition, which shows the validity of some formulas of
L (AE) and establishes some entailments in this logic, is useful not only to better
understand the logic at hand, but also when showing that the axiomatization
for L (AE), proposed in Definition 2.9, is sound.

Proposition 2.8 In the context of L (AE), the following formulas are valid:

1. (∀x(ϕ⇒ ψ))⇒ ((AExϕ)⇒ AExψ);

2. (AEx(ϕ⇒ ψ))⇔ (ϕ⇒ AExψ) where x does not occur free in ϕ;

3. (AExϕ)⇒ AEy[ϕ]xy where y does not occur free in ϕ and is free for x in ϕ;

4. AEx(x ∼= x);

5. ((AExϕ1) ∧ (AExϕ2))⇒ AEx(ϕ1 ∧ ϕ2);

6. (AExϕ)⇒ SExϕ;
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7. (SExϕ)⇒ ∃xϕ;

8. (AExϕ)⇔¬SEx¬ϕ;

9. ((SEx1ϕ1) ∧ (AEx2ϕ2) ∧ (AEx3ϕ3))⇒ ∃x([ϕ1]x1
x ∧ [ϕ2]x2

x ∧ [ϕ3]x3
x ) where x

does not occur free in SEx1ϕ1, AEx2ϕ2 and AEx3ϕ3 and is free for x1, x2

and x3 in ϕ1, ϕ2 and ϕ3 respectively;

and the following entailments hold:

1. ϕ,ϕ⇒ ψ |= ψ;

2. ψ ⇒ ϕ |= ψ ⇒ ∀xϕ whenever x does not occur free in ψ;

3. ϕ |= AExϕ.

Proof. Let I be a structure for L (AE) and ρ an assignment over I. We just
prove that the formulas are valid since the proof that the entailments hold is
similar. In fact:

1. Suppose that Iρ  ∀x(ϕ⇒ ψ) and Iρ  AExϕ. Let N in N be such that(
|ϕ|xIρ

)c
⊆ N . Then(

|ψ|xIρ
)c

= {d | Iρxd 6 ψ}
= {d | Iρxd 6 ψ and Iρxd  ϕ} ∪ {d | Iρxd 6 ψ and Iρxd 6 ϕ}
⊆ {d | Iρxd 6 ϕ⇒ ψ} ∪ {d | Iρxd 6 ϕ}
= ∅ ∪

(
|ϕ|xIρ

)c
=

(
|ϕ|xIρ

)c
⊆ N

and so Iρ  AExψ.

2. Suppose that Iρ  AEx(ϕ ⇒ ψ) and Iρ  ϕ where x does not occur free

in ϕ. Let N in N be such that
(
|ϕ⇒ ψ|xIρ

)c
⊆ N . Then(

|ψ|xIρ
)c

= {d | Iρxd 6 ψ}
= D ∩ {d | Iρxd 6 ψ}
= {d | Iρxd  ϕ} ∩ {d | Iρxd 6 ψ}
= {d | Iρxd  ϕ and Iρxd 6 ψ}
= {d | Iρxd 6 ϕ⇒ ψ}
=

(
|ϕ⇒ ψ|xIρ

)c
⊆ N

and so Iρ  AExψ. For the other direction suppose that Iρ  ϕ⇒ (AExψ)
where x does not occur free in ϕ. Consider two cases:

a) Iρ  ϕ. Let N in N be such that
(
|ψ|xIρ

)c
⊆ N . Then Iρ  AEx(ϕ⇒
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ψ) since
(
|ψ|xIρ

)c
=
(
|ϕ⇒ ψ|xIρ

)c
as we showed above;

b) Iρ 6 ϕ. Let N be a set in N . Then(
|ϕ⇒ ψ|xIρ

)c
= {d | Iρxd 6 ϕ⇒ ψ}
= {d | Iρxd  ϕ and Iρxd 6 ψ}
= ∅
⊆ N

and so Iρ  AEx(ϕ⇒ ψ);

3. Assume that Iρ  AExϕ. Denote by N the set in N such that
(
|ϕ|xIρ

)c
⊆

N . The results follows since |ϕ|xIρ = |[ϕ]xy |
y
Iρ (observe that y does not

occur free in ϕ and is free for x in ϕ).

4. Observe that |x ∼= x|xIρ = D and so
(
|x ∼= x|xIρ

)c
= ∅. Since N is non

empty then there is a set in it containing
(
|x ∼= x|xIρ

)c
. Therefore Iρ 

AEx(x ∼= x).

5. Assume that Iρ  (AExϕ1) ∧ (AExϕ2). Denote by N1 and N2 the sets in

N such that
(
|ϕ1|xIρ

)c
⊆ N1 and

(
|ϕ2|xIρ

)c
⊆ N2. Since

(
|ϕ1 ∧ ϕ2|xIρ

)c
=(

|ϕ1|xIρ ∩ |ϕ2|xIρ
)c

=
(
|ϕ1|xIρ

)c
∪
(
|ϕ2|xIρ

)c
⊆ N1 ∪ N2 ∈ N because N is

closed under finite union, we conclude that Iρ  AEx(ϕ1 ∧ ϕ2).

6. Suppose that Iρ  AExϕ. Then
(
|ϕ|xIρ

)c
⊆ N for some set N in N .

Observe that (N)c is not contained in any set in N , because otherwise D

would be in N . Since (N)c ⊆
((
|ϕ|xIρ

)c)c
= |ϕ|xIρ, then there is no set in

N in which |ϕ|xIρ is contained. Hence Iρ  SExϕ.

7. Suppose that Iρ  SExϕ. Observe that |ϕ|xIρ is not ∅ since otherwise it
would be contained in any set N in N . So Iρ  ∃xϕ.

8. Observe that Iρ  AExϕ if and only if there is N ∈ N with
(
|ϕ|xIρ

)c
⊆ N

if and only if there is N ∈ N with | ¬ϕ|xIρ ⊆ N if and only if Iρ 6 SEx¬ϕ
if and only if Iρ  ¬SEx¬ϕ.

9. Suppose that Iρ  SEx1ϕ1, Iρ  AEx2ϕ2 and Iρ  AEx3ϕ3 where x
does not occur free in SEx1ϕ1, AEx2ϕ2 and AEx3ϕ3 and is free for x1,
x2 and x3 in ϕ1, ϕ2 and ϕ3 respectively, and let N1 and N2 in N be

such that
(
|ϕ2|x2

Iρ

)c
⊆ N1 and

(
|ϕ3|x3

Iρ

)c
⊆ N2 and so (N1)c ⊆ |[ϕ2]x2

x |xIρ
and (N2)c ⊆ |[ϕ3]x3

x |xIρ. Observe that |ϕ1|x1
Iρ 6⊆ N1 ∪N2 since Iρ  SEx1ϕ1.

Hence |[ϕ1]x1
x |xIρ∩(N1 ∪N2)c 6= ∅ and so |[ϕ1]x1

x |xIρ∩|[ϕ2]x2
x |xIρ∩|[ϕ3]x3

x |xIρ 6=
∅. �
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Notice that removing the requirement that D is not in N in the definition of
structure for L (AE), Definition 2.4, affects the validity of the formula presented
in item 6. The non-emptiness of N is important for the validity of items 2, 4
and 7.

We now provide an Hilbert-style axiomatization for L (AE), denoted by
H(AE), obtained by enriching an axiomatization for L (the axioms and rules for
first-order logic with equality in the axiomatization for Lω1ω proposed in [15])
with three axioms for the almost-everywhere quantifier.

Definition 2.9 The axiom system H(AE) is composed of the axioms:

TAUT: All instances of propositional tautologies;

∀i: (∀xϕ)⇒ [ϕ]xt whenever t is free for x in ϕ;

Ne: ¬ϕ⇔ ϕ¬;

Es: ∀y∀x((x ∼= y)⇒ (y ∼= x));

Er: ∀x(x ∼= x);

Ea: ∀x((ϕ ∧ (x ∼= t))⇒ [ϕ]xt ) whenever t is free for x in ϕ;

plus:

AEe: (AExϕ)⇒ ∃xϕ;

SEe: (SExϕ)⇒ ∃xϕ;

SEf: ((SEx1ϕ1) ∧ (AEx2ϕ2) ∧ (AEx3ϕ3)) ⇒ ∃x([ϕ1]x1
x ∧ [ϕ2]x2

x ∧ [ϕ3]x3
x ) where x

does not occur free in SEx1ϕ1, AEx2ϕ2 and AEx3ϕ3 and is free for x1, x2

and x3 in ϕ1, ϕ2 and ϕ3 respectively;

and of the following inference rules:

MP:
ϕ1 ϕ1⇒ϕ2

ϕ2
;

∀Gen:
ψ⇒ϕ
ψ⇒∀xϕ whenever x does not occur free in ψ. 4

Given a signature Σ, the derivation, in the context of L (AE) and Σ, of a
formula ϕ from a set of formulas Γ, is defined in the usual way, and denoted
by Γ `Σ ϕ. We say that a formula ϕ is a theorem of L (AE) in the context of
Σ whenever `Σ ϕ. When there is no ambiguity we omit the reference to the
signature and simply say that ϕ is derived from Γ, denoted by Γ ` ϕ, or if it is
the case, that ϕ is a theorem.

We start by noting that the Deduction Theorem still holds, under some con-
ditions, in this enriched context of first-order logic with the quantifier AE. For
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that we need to recall the following notions.

Given a set Γ of formulas of L (AE), γ ∈ Γ, and a derivation ϕ0 . . . ϕn from
the set of hypothesis Γ, a formula ϕi in the derivation is said to depend on the
hypothesis γ if: either ϕi is γ; or ϕi is obtained by applying ∀Gen to a formula
ϕj which depends on γ; or ϕi is obtained by applying MP to formulas ϕj and ϕk,
and at least one of these depends on γ. An application of ∀Gen in a derivation is
said to be an essential generalization over a dependent of γ if ∀Gen is applied to
a formula that depends on γ and the variable being generalized occurs free in γ.

Proposition 2.10 Given a signature Σ and a set Γ ∪ {ϕ,ψ} of formulas of
L (AE) over Σ, if there is a derivation for Γ ∪ {ψ} `Σ ϕ where no essential
generalizations were made over dependents of ψ, then Γ `Σ ψ ⇒ ϕ.

Proof.
Assume that there is a derivation for Γ ∪ {ψ} `Σ ϕ where no essential gen-
eralizations were made over dependents of ψ. The proof follows by complete
induction on the length of the derivation. Base. Then, the length of the deriva-
tion is 1 and one of the following cases occur:

(1) ϕ is ψ. Then Γ `Σ ψ ⇒ ϕ;

(2) ϕ either is in Γ or is an instance of an axiom. Then Γ `Σ ϕ. Since
Γ `Σ ϕ⇒ (ψ ⇒ ϕ) then Γ `Σ ψ ⇒ ϕ.

Step. Assume that the length of the derivation is n+ 1 where n is not 0. The
proof follows by case analysis:

(a) ϕ is the conclusion of an application of MP. Let ϕ′ be such that ϕ results
from the application of MP to ϕ′ ⇒ ϕ and ϕ′. Then, there are a derivation for
Γ ∪ {ψ} `Σ ϕ′ ⇒ ϕ and a derivation for Γ ∪ {ψ} `Σ ϕ′, both with length less
than n+1 and such that no essential generalizations were made over dependents
of ψ. So, by the induction hypothesis Γ `Σ ψ ⇒ (ϕ′ ⇒ ϕ) and Γ `Σ ψ ⇒ ϕ′.
Hence Γ `Σ ψ ⇒ ϕ by TAUT and MP;

(b) ϕ is the conclusion of an application of ∀Gen. Then either (i) ϕ does
not depend on ψ or (ii) the variable being generalized does not occur free in
ψ. Assume (i) holds. Then Γ `Σ ϕ and so the result follows by MP since
Γ `Σ ϕ ⇒ (ψ ⇒ ϕ). Assume now that (ii) holds and ϕ is ϕ′ ⇒ ∀xϕ′′ where
x does not occur free in ϕ′. Then by the induction hypothesis and then ∀Gen
Γ `Σ ψ ⇒ (ϕ′ ⇒ ∀xϕ′′). �

Note that this form of the Deduction Theorem also holds for first-order
logic, see [24], and is more general than the usual one found in the literature
since neither ψ nor ϕ need to be a sentence. The difference between the proof
of Proposition 2.10 and the proof of the usual form of the deduction theorem
for first-order logic, is in case (b). In the proof of the usual form it follows
immediately by applying the induction hypothesis and, then, since x does not
occur free in ψ, ∀Gen.
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In the sequel we also use the following admissible form of ∀Gen,

if Γ `Σ ϕ then Γ `Σ ∀xϕ.

Proposition 2.11 The following formulas are theorems of L (AE):

1. (∀x(ϕ⇒ ψ))⇒ ((AExϕ)⇒ AExψ);

2. ((AExϕ1) ∧ (AExϕ2))⇒ AEx(ϕ1 ∧ ϕ2);

3. (ϕ⇒ AExψ)⇒ AEx(ϕ⇒ ψ) where x does not occur free in ϕ;

4. (AExϕ)⇒ AEy[ϕ]xy with y not occurring free in AExϕ and free for x in ϕ;

5. (SExϕ)⇔¬AEx¬ϕ;

6. AEx(x ∼= x).

Proof.
1. We show first that ∀x(ϕ1 ⇒ ϕ2),AExϕ1,¬AExϕ2 ` ⊥. Indeed:

1. ∀x(ϕ1 ⇒ ϕ2) Hyp
2. AExϕ1 Hyp
3. ¬AExϕ2 Hyp
4. SEx¬ϕ2 Ne + TAUT + MP 3
5. ∃x(ϕ1 ∧ ¬ϕ2) SEf + TAUT + MP 2, 4
6. ¬∀x(ϕ1 ⇒ ϕ2) Ne + TAUT + MP 5
7. ⊥ TAUT + MP 1, 6

and so ` (∀x(ϕ1 ⇒ ϕ2))⇒ ((AExϕ1)⇒ AExϕ2).

2. Observe that
AExϕ1,AExϕ2,¬AEx(ϕ1 ∧ ϕ2) ` ⊥

since
AExϕ1,AExϕ2,¬AEx(ϕ1 ∧ ϕ2) ` ∃x((¬ϕ1 ∨ ¬ϕ2) ∧ ϕ1 ∧ ϕ2)

by SEf, and
∃x((¬ϕ1 ∨ ¬ϕ2) ∧ ϕ1 ∧ ϕ2) ` ⊥.

3. We show first that

¬ϕ,¬AEx(ϕ⇒ ψ) ` ⊥ and AExψ,¬AEx(ϕ⇒ ψ) ` ⊥

where x does not occur free in ϕ. For ¬ϕ,¬AEx(ϕ ⇒ ψ) ` ⊥ note that
¬ϕ,¬AEx(ϕ ⇒ ψ) ` ∀x(¬ϕ) and ¬ϕ,¬AEx(ϕ ⇒ ψ) ` ∃xϕ. With respect to
AExψ,¬AEx(ϕ ⇒ ψ) ` ⊥ note that AExψ,¬AEx(ϕ ⇒ ψ) ` ∃x(ϕ ∧ ¬ψ ∧ ψ).
Hence ϕ⇒ AExψ,¬AEx(ϕ⇒ ψ) ` ⊥ and so ` (ϕ⇒ AExψ)⇒ ¬AEx(ϕ⇒ ψ).

4. We show first that AExϕ,¬AEy[ϕ]xy ` ⊥ where y does not occur free in AExϕ
and is free for x in ϕ. Indeed:

1. AExϕ Hyp
2. ¬AEy[ϕ]xy Hyp

3. SEy¬[ϕ]xy Ne + TAUT + MP 2

4. ∃y(¬[[ϕ]xy ]yy ∧ [ϕ]xy) SEf + TAUT + MP 1, 3

5. ⊥ TAUT + MP 4

10



and so ` (AExϕ)⇒ AEy[ϕ]xy .

5. The result follows straightforwardly taking into account that SExϕ,AEx¬ϕ `
⊥ by using SEf, and ¬AEx¬ϕ,¬SExϕ ` ⊥ by using Ne and SEf.

6. Observe that ¬AEx(x ∼= x) ` ⊥ since ¬AEx(x ∼= x) ` ∃x¬(x ∼= x) by SEe. So
` AEx(x ∼= x). �

As could be expected from the definition of H(AE) in Definition 2.9, there
is a close relationship between the AE quantifier and the ∀ quantifier, as we see
in Proposition 2.12.

Proposition 2.12 The following formulas are theorems of L (AE):

1. ∀xϕ⇒ AExϕ;

2. (AEx(ϕ⇒ ψ))⇒ ((AExϕ)⇒ AExψ).

Proof.
1. Indeed:

1. ∀xϕ Hyp
2. ϕ ∀i 1
3. ϕ⇒ (x ∼= x⇒ ϕ) TAUT
4. x ∼= x⇒ ϕ MP 2, 3
5. ∀x((x ∼= x)⇒ ϕ) ∀Gen 4
6. ∀x((x ∼= x)⇒ ϕ)⇒ (AEx(x ∼= x)⇒ AExϕ) Prop. 2.11, item 1
7. AEx(x ∼= x)⇒ AExϕ MP 5, 6
8. AEx(x ∼= x) Prop. 2.11, item 6
9. AExϕ MP 8, 7

is a derivation for ∀xϕ ` AExϕ. Hence, by the Deduction Theorem, ` ∀xϕ ⇒
AExϕ.

2. Note that:

1. AEx(ϕ⇒ ψ) Hyp
2. AExϕ Hyp
3. (AEx(ϕ⇒ ψ))⇒ (AExϕ⇒ (AExϕ ∧AEx(ϕ⇒ ψ))) TAUT
4. ((AExϕ) ∧AEx(ϕ⇒ ψ))⇒ AEx(ϕ ∧ (ϕ⇒ ψ)) Prop. 2.11, item 2
5. AEx(ϕ ∧ (ϕ⇒ ψ)) MP∗ 1, 2, 3, 4
6. (ϕ ∧ (ϕ⇒ ψ))⇒ ψ TAUT
7. ∀x((ϕ ∧ (ϕ⇒ ψ))⇒ ψ) ∀Gen 6
8. ∀x((ϕ ∧ (ϕ⇒ ψ))⇒ ψ)⇒ (AEx(ϕ ∧ (ϕ⇒ ψ))⇒ AExψ) Prop. 2.11, item 1
9. AExψ MP∗ 7, 5, 8

and so the result follows by applying the Deduction Theorem, twice. �

Note that some steps of the derivation in the proof of Proposition 2.12 may
be in fact comprised of several steps. We compress them in just one step in
order to make the proof more readable. With the same purpose, from now on,
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we allow ourselves to use derived rules in our derivations and assume that they
consist of just one step.

We now turn our attention to an admissible rule of generalization for the
AE quantifier, called AEGen rule.

Proposition 2.13 Given a set Γ∪{ψ,ϕ} of formulas of L (AE) over a signature
Σ, if Γ `Σ ψ ⇒ ϕ and x does not occur free in ψ then Γ `Σ ψ ⇒ AExϕ.

Proof.
Assume that there is a derivation for Γ `Σ ψ ⇒ ϕ with length α. Then:

...
α. ψ ⇒ ϕ

α+ 1. ψ ⇒ ∀xϕ ∀Gen α
α+ 2. (∀xϕ)⇒ AExϕ Proposition 2.12, item 1
α+ 3. ψ ⇒ AExϕ TAUT + MP α+ 1, α+ 2

is a derivation for Γ `Σ ψ ⇒ AExϕ. �

We now show that a variant of rule AEGen, not involving implication, is
admissible. We will also denote it by AEGen.

Proposition 2.14 Given a set Γ∪ {ϕ} of formulas of L (AE) over a signature
Σ, if Γ `Σ ϕ then Γ `Σ AExϕ.

Proof.
Let α be the length of a derivation for Γ `Σ ϕ. Then:

...
α. ϕ

α+ 1. ∀xϕ ∀Gen, α
α+ 2. (∀xϕ)⇒ AExϕ Proposition 2.12, item 1
α+ 3. AExϕ MP α+ 1, α+ 2

is a derivation for Γ `Σ AExϕ as we wanted to show. �

Capitalizing on the previous propositions we can show that the following
formulas are theorems of L (AE).

Proposition 2.15 The following formulas are theorems of L (AE):

1. (AEx(ϕ⇒ ψ))⇒ (ϕ⇒ AExψ) where x does not occur free in ϕ;

2. (AExϕ)⇒ ϕ where x does not occur free in ϕ;

3. AEz((AExϕ)⇒ [ϕ]xz ) if z is free for x in ϕ and does not occur free in ϕ;

4. (AExϕ)⇒ SExϕ.
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Proof.
1. In fact:

1. AEx(ϕ⇒ ψ) Hyp
2. ϕ Hyp
3. AExϕ Proposition 2.14
4. (AEx(ϕ⇒ ψ))⇒ ((AExϕ)⇒ AExψ) Proposition 2.12, item 2
5. AExψ MP∗ 1, 3, 4

and so the result follows by applying the Deduction Theorem twice.

2. In fact:

1. (AExϕ)⇒ (∃xϕ) AEe
2. ∀x(((¬ϕ) ∧ (x ∼= x))⇒ (¬ϕ)) Ea
3. (¬ϕ)⇒ (¬ϕ) Er + ∀i∗ + TAUT + MP∗ 2
4. (¬ϕ)⇒ ∀x(¬ϕ) ∀Gen 3
5. (∃xϕ)⇒ ϕ Ne + TAUT∗ + MP∗ 4
6. (AExϕ)⇒ ϕ TAUT + MP∗ 1, 5

as we wanted to show.

3. Indeed

1. ((AExϕ)⇒ AEz[ϕ]xz )⇒ AEz((AExϕ)⇒ [ϕ]xz ) Prop. 2.11, item 3
2. (AExϕ)⇒ AEz[ϕ]xz Prop. 2.11, item 4
3. AEz((AExϕ)⇒ [ϕ]xz ) MP 1, 2

as we wanted to show.

4. Indeed:

1. AExϕ Hyp
2. ¬SExϕ Hyp
3. (¬SExϕ)⇔AEx¬ϕ Ne
4. AEx¬ϕ MP 2, 3
5. (AExϕ) ∧AEx¬ϕ TAUT + MP 1, 4
6. AEx(⊥) Prop. 2.11 item 2 + TAUT + MP
7. ∃x(⊥) AEe + MP 6
8. ∀x(((¬⊥) ∧ (x ∼= x))⇒ (¬⊥)) Ea
9. (¬⊥)⇒ (¬⊥) Er + ∀i∗ + TAUT + MP∗ 8

10. (¬⊥)⇒ ∀x(¬⊥) ∀Gen 9
11. (∃x⊥)⇒ ⊥ Ne + TAUT∗ + MP∗ 10
12. ⊥ MP 7, 11

and the result follows by contradiction. ♦

The next proposition is essential in the proof of the completeness theorem,
Theorem 4.2. We omit its proof since it follows by a standard induction on the
length of a derivation.
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Proposition 2.16 Given a signature Σ, a countable set C of symbols not in Σ,
a set Γ∪{ϕ} of formulas of L (AE) over Σ and a derivation δ with formulas over
the signature ΣC obtained by enriching Σ with the elements of C as constants,
for Γ `ΣC ϕ, then there exists a derivation with the same length as δ for Γ `Σ ϕ.♦

We end the section showing that the axiomatization H(AE) proposed in
Definition 2.9 is sound.

Theorem 2.17 Let Γ∪ {ϕ} be a set of formulas of L (AE) over a signature Σ.
If Γ `Σ ϕ then Γ �Σ ϕ.

Proof. The proof follows by complete induction on the length of the deriva-
tion. Base. The length is 1. Consider the following cases: (1) ϕ is in Γ. Then it
is immediate to conclude that Γ �Σ ϕ; (2) ϕ is an instance of an axiom. Then
taking into account that valid first-order formulas are also valid in L (AE), and
taking into account Proposition 2.8, we can conclude that �Σ ϕ and so that
Γ �Σ ϕ. Step. Assume that the length of the derivation is m where m is
greater than 1. Then ϕ is the conclusion of an application of a rule to a finite
number ϕ1, . . . , ϕm of premises. Hence, by the induction hypothesis Γ �Σ ϕi
for i = 1, . . . ,m and so, since {ϕi : i = 1 . . . ,m} �Σ ϕ, taking into account
Proposition 2.8, we can conclude that Γ �Σ ϕ. �

3 The Model Existence Theorem

In the sequel, given a signature Σ and a set C, we denote by ΣC the signature ob-
tained by adding C, as constants, to Σ. Moreover by a basic term over Σ and C
we mean either a constant symbol in ΣC or a term of the form f(c1, . . . , cm)
for c1, . . . , cm in C and an m-ary function symbol f in Σ. We denote by
T (ΣC) and L(ΣC) the set of basic terms over Σ and C, and the set of the sen-
tences over ΣC , respectively.

The completeness and the interpolation proofs rely on the existence of a
model for a particular set of sentences. In order to prove the existence of
that model we adapt to L (AE) the notion of consistency property previously
considered in the literature for instance in the context of Lω1ω (see [15]).

Definition 3.1 A consistency property S for L (AE) over signatures Σ1, . . . ,Σn

and a countably infinite set C of constant symbols not in the signatures, is a
collection of sets

s = s(1) ∪ . . . ∪ s(n)

where each s(k) is a subset of L(ΣkC) with a finite number of constants of C,
such that:

• if s′ is a subset of s then s′ is in S;

• either ϕ or ¬ϕ is not in s;
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• if ¬ϕ is in s then s ∪ {ϕ¬} is in S;

• if ϕ1 ∧ ϕ2 is in s then s ∪ {ϕi} is in S for each i in {1, 2};

• if ϕ1 ∨ ϕ2 is in s then s ∪ {ϕi} is in S for some i in {1, 2};

• if ∀xϕ is in s then for all c in C, s ∪ {[ϕ]xc} is in S;

• if ∃xϕ is in s then for some c in C, s ∪ {[ϕ]xc} is in S;

• if AExϕ is in s then s ∪ {[ϕ]xc} is in S for some c in C;

• if SExϕ is in s then s ∪ {[ϕ]xc} is in S for some c in C;

• if SEx1ϕ1, AEx2ϕ2 and AEx3ϕ3 are in s(k) for some k in {1, . . . , n} then
s ∪ {[ϕ1]x1

c ∧ [ϕ2]x2
c ∧ [ϕ3]x3

c } is in S for some c in C;

• if c1
∼= c2 is in s and c1 and c2 are in C then s ∪ {c2

∼= c1} is in S;

• for each c in C and basic term t over Σk and C, if c ∼= t and [ϕ]xt are in s
then s ∪ {[ϕ]xc} is in S;

• for each basic term t over Σk and C there is c in C with s∪{c ∼= t} in S.4

The consistency property is defined over a collection of signatures instead
of just over one signature, since the proof of interpolation considers more than
one signature and it is important to not mix symbols of the different signatures
in the sentences used in the consistency property.

Not all consistency properties are necessarily closed under deduction, but
maximal consistency properties are. A consistency property S for L (AE) over
Σ1, . . . ,Σn and C, is maximal, if

s ∪ {ϕ ∨ ¬ϕ} is in S

for every s in S and sentence ϕ in L(Σ1C) ∪ . . . ∪ L(ΣnC).

Proposition 3.2 Let S be a maximal consistency property for L (AE) over
Σ1, . . . ,Σn and C, s in S, k in {1, . . . , n}, δ a derivation ψ1 . . . ψm with formulas
over ΣkC and hypothesis in s, x1 . . . xa a sequence with no repetitions of the
free variables of the formulas in δ, and c1 . . . ca a sequence with no repetitions
of constants of C not occurring in δ. Then, for all i = 1, . . . ,m,

s ∪ {[ψi]
~xψi
~cψi
} ∈ S

where ~xψi is the subsequence of x1 . . . xa with the free variables of ψi, and ~cψi
is the subsequence of c1 . . . ca corresponding to ~xψi .
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Proof.
The proof follows by complete induction on the length m of the derivation:

Base. Let the derivation be ψ. Consider the following cases (we omit the proof
of the other cases since they follow either similarly or straightforwardly):

1. ψ is in s. Then ψ is a sentence and s ∪ {ψ} is s;

2. ψ is an instance of Ne. Assume that ψ is (¬SExϕ)⇔ AEx(¬ϕ) and suppose

by contradiction that s∪{[ψ]
~xψ
~cψ
} is not in S. Hence s∪{¬[ψ]

~xψ
~cψ
} is in S by the

maximality of S. Consider two cases:

(a) s ∪ {¬((¬SEx[ϕ]
~xψ
~cψ

) ⇒ AEx(¬[ϕ]
~xψ
~cψ

))} is in S. Therefore s ∪ {¬SEx[ϕ]
~xψ
~cψ
,

¬AEx(¬[ϕ]
~xψ
~cψ

)} is in S, and so, by definition of the consistency property, s ∪

{AEx(¬[ϕ]
~xψ
~cψ

),¬AEx(¬[ϕ]
~xψ
~cψ

))} is in S, which is a contradiction;

(b) s∪{¬((AEx(¬[ϕ]
~xψ
~cψ

))⇒ (¬SEx[ϕ]
~xψ
~cψ

))} is in S. Therefore s∪{AEx(¬[ϕ]
~xψ
~cψ

),

SEx[ϕ]
~xψ
~cψ
} is in S, and so by definition of the consistency property there is c in C

such that s∪{∃x(¬[ϕ]
~xψ
~cψ
∧¬[ϕ]

~xψ
~cψ
∧[ϕ]

~xψ
~cψ

)} is in S, which leads to a contradiction.

3. ψ is an instance of AEe, that is, ψ is of the form (AExϕ) ⇒ ∃xϕ. Suppose

by contradiction that s ∪ {[ψ]
~xψ
~cψ
} is not in S. Then s ∪ {¬[ψ]

~xψ
~cψ
} is in S by the

maximality of S. Hence s ∪ {AEx[ϕ]
~xψ
~cψ
,∀x¬[ϕ]

~xψ
~cψ
} is in S, and so, taking into

account the condition for the almost-everywhere quantifier in the definition of
the consistency property, let c in C be such that

s′ = s ∪ {AEx[ϕ]
~xψ
~cψ
, [[ϕ]

~xψ
~cψ

]xc , ∀x¬[ϕ]
~xψ
~cψ
},

is in S. Therefore s′ ∪ {¬[[ϕ]
~xψ
~cψ

]xc} is also in S. Contradiction.

4. ψ is an instance of SEf, that is, ψ is of the form ((SEx1ϕ1) ∧ (AEx2ϕ2) ∧
(AEx3ϕ3))⇒ ∃x([ϕ1]x1

x ∧ [ϕ2]x2
x ∧ [ϕ3]x3

x ) where x does not occur free in SEx1ϕ1,
AEx2ϕ2 and AEx3ϕ3 and is free for x1, x2 and x3 in ϕ1, ϕ2 and ϕ3 respectively.

Suppose by contradiction that s∪{[ψ]
~xψ
~cψ
} is not in S. Then, by the maximality

of S, s ∪ {¬[ψ]
~xψ
~cψ
} is in S, and so s ∪ {SEx1ϕ1,AEx2ϕ2,AEx3ϕ3,∀x¬([ϕ1]x1

x ∧
[ϕ2]x2

x ∧ [ϕ3]x3
x )} is in S. Taking into account the condition for the almost-

everywhere quantifier in the definition of the consistency property, let c in C be
such that

s∪ {SEx1ϕ1,AEx2ϕ2,AEx3ϕ3, [ϕ1]x1
c , [ϕ2]x2

c , [ϕ3]x3
c , ∀x¬([ϕ1]x1

x ∧ [ϕ2]x2
x ∧ [ϕ3]x3

x )}

is in S, and denote this set by s′. This is a contradiction since s′∪{¬([[ϕ1]x1
x ]xc ∧

[[ϕ2]x2
x ]xc ∧ [[ϕ3]x3

x ]xc )} is not in S;

Step. Consider two cases:

1. ψm is obtained by MP from ψi and (¬ψi) ∨ ψn in the derivation, for i < n.

Then we can use the induction hypothesis to conclude that s∪{[ψi]
~xψi
~ci

,¬[ψi]
~xψi
~c′i
∨

[ψm]
~xψm
~c′m
} ∈ S where ~c′i and ~c′m agree on the common free variables of ψi and
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ψm. Hence either s ∪ {[ψi]
~xψi
~ci

,¬[ψi]
~xψi
~c′i
} ∈ S or s ∪ {[ψi]

~xψi
~ci

, [ψm]
~xψm
~c′m
} ∈ S. So

s ∪ {[ψm]
~xψm
~cm
} ∈ S;

2. ψm is of the form ψ′ ⇒ ∀xψ′′ where x does not occur free in ψ′ and is obtained
by ∀Gen from ψ′ ⇒ ψ′′ in position i in the sequence. Suppose by contradiction

that s∪{[ψ′]~xψm~cψm
⇒ [∀xψ′′]~xψm~cψm

} /∈ S. Then s∪{[ψ′]~xψm~cψm
, [∃x¬ψ′′]~xψm~cψm

)} ∈ S and

let c in C be such that s ∪ {[ψ′]~xψm~cψn
,¬[[ψ′′]

~xψm
~cψm

]xc} is in S. Denote by s′ the set

s ∪ {¬[[ψ′ ⇒ ψ′′]
~xψm
~cψm

]xc} which is in S. Note that ψ1 . . . ψi is a derivation for

ψ′ ⇒ ψ′′ from s′. Then s′ ∪{[ψ′ ⇒ ψ′′]
~xψi
~dψi
} ∈ S by the induction hypothesis for

any sequence d1 . . . da denoted by ~d with no repetitions of constants of C not

occurring in ψ1 . . . ψi. So in particular s′ ∪ {[[ψ′ ⇒ ψ′′]
~xψm
~cψm

]xc} ∈ S. Contradic-

tion. �

Given a consistency property S over Σ1, . . . ,Σn and C, and Γ∪{ψ} contained
in L(Σ1C) ∪ . . . ∪ L(ΣnC), we denote by

Γ `Σ1,...,Σn,C ψ

a derivation ψ1 . . . ψm for ψ from Γ where, for every i = 1, . . . ,m, each formula
ψi is in L(ΣkiC) for some ki in {1, . . . , n}. The following theorem is known as
the model existence theorem.

Theorem 3.3 Every set of sentences in a maximal consistency property for
L (AE) has a model.

Proof.
Let S be a maximal consistency property for L (AE) over Σ1, . . . ,Σn and C, and
s a set in S.

Let t1, t2, . . . be an enumeration of all the basic terms in T (Σ1C)∪ · · · ∪T (ΣnC),
and ϕ1, ϕ2, . . . an enumeration of all the sentences in L(Σ1C) ∪ · · · ∪ L(ΣnC).
Consider the following sequence s0, s1, . . . of sets in S inductively defined as
follows: s0 is s, and given sm in S, sm+1 is a set in S containing: (i) sm;
(ii) c ∼= tm+1 for some c ∈ C; and (iii) if sm ∪ {ϕm+1} is in S then containing

• ϕm+1;

• ψi for some i in {1, 2} if ϕm+1 is ψ1 ∨ ψ2;

• [ψ]xc for some c in C if ϕm+1 is either ∃xψ or AExψ or SExψ;

and denote by sω the set
⋃
m<ω sm. Observe that every formula in sω is a

sentence of L (AE) over some signature ΣkC with a finite number of constants
of C. Then, for every m,

if si `Σ1,...,Σn,C ϕm for some natural number i then ϕm ∈ sω, (†)

and
if ϕm 6∈ sω then ¬ϕm ∈ sω. (‡)
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In fact:

To show (†), consider the following cases: (i) i < m. Observe that si ⊆ sm−1.
Hence sm−1 ` ϕm and so sm−1 ∪ {ϕm} is in S by Proposition 3.2. So ϕm ∈ sω;
(ii) i ≥ m. Observe that si∪{ϕm} is in S by Proposition 3.2. Since sm−1∪{ϕm}
is a subset of si ∪ {ϕm}, then sm−1 ∪ {ϕm} is in S;

For the proof of (‡), suppose that ϕm /∈ sω and that ϕi is ¬ϕm. Let j be the
maximum of i and m. Observe that sj−1∪{ϕm} 6∈ S and that sj−1∪{ϕm∨¬ϕm}
is in S, since S is maximal. Hence sj−1 ∪ {¬ϕm} is in S by definition of the
consistency property. Therefore ¬ϕm is in sω.

Consider the binary relation ∼ω on C such that c1 ∼ω c2 if and only if c1
∼=

c2 ∈ sω. We omit the proof that ∼ω is a congruence relation since it follows
straightforwardly.

In the sequel, given a basic term t, we denote by ct the first constant of C in
the enumeration t1, t2, . . . of all the basic terms, such that ct ∼= t ∈ sω. The
extension of ct to all ground terms, denoted by c∗t , is inductively defined for
every ground term as follows: (i) c∗c′ is cc′ ; and (ii) c∗f(t1,...,tm) is cf(c∗t1

,...,c∗tm )

for every m-ary function symbol f and ground terms t1, . . . , tm. In order to
simplify the presentation we will also denote c∗t by ct.

Consider the following structure (D, ·F , ·P ,N ), denoted by Isω , where

• D is C∼ω , that is, the set {[c]∼ω : c ∈ C};

• fF ([c1]∼ω , . . . , [cn]∼ω) = [cf(c1,...,cn)]∼ω ;

• pP ([c1]∼ω , . . . , [cn]∼ω) = 1 if and only if p(c1, . . . , cn) ∈ sω;

• N is the collection of all the sets {[c]∼ω : ¬[ψ]xc ∈ sω} such that AExψ ∈ sω.

Then:

(a) ·F and ·P are well defined. We omit the proof of this case since it follows
straightforwardly by definition of the consistency property.

(b) N is closed under finite union. Assume that AExψ1 and AExψ2 are in sω
and let i, j and ` be such that ϕi is AExψ1, ϕj is AExψ2 and ϕ` is AEx(ψ1∧ψ2).
Denote the maximum of i, j and ` by m. Observe that AExψ1 and AExψ2 are
in sm. Hence sm `Σ1,...,Σn,C AEx(ψ1 ∧ ψ2) by Proposition 2.11 item 2. Thus
AEx(ψ1 ∧ ψ2) is in sω by (†) and so {[c]∼ω : ¬[ψ1 ∧ ψ2]xc ∈ sω} is in N by
definition of N . Since

{[c]∼ω : ¬([ψ1]xc ∧ [ψ2]xc ) ∈ sω} = {[c]∼ω : ¬[ψ1]xc ∈ sω} ∪ {[c]∼ω : ¬[ψ2]xc ∈ sω}

the result follows immediately.

(c) N is non-empty. Observe that AEx(x ∼= x) is in sω by (†). So N contains
at least the set {[c]∼ω : ¬[x ∼= x]xc ∈ sω} = ∅;

(d) D 6∈ N . Let AExψ and ϕj be such that AExψ ∈ sw and ϕj is AExψ. Then, by
definition of sj , there is c in C such that [ψ]xc is in sj . Hence {[c]∼ω : ¬[ψ]xc ∈ sω}
is not D since otherwise we will arrive to a contradiction.
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Let ρ be an assignment over Isω . Then:

(1) [cf(ct1 ,...,ctm )]∼ω = [cf(t1,...,tm)]∼ω and [c′]∼ω = [cc′ ]∼ω where t1, . . . , tm are
basic terms and c′ is in C. Observe that (i) cti

∼= ti ∈ sω for i = 1, . . . , n.
Therefore f(ct1 , . . . , ctm) ∼= f(t1, . . . , tm) ∈ sω. So c ∼= f(ct1 , . . . , ctm) ∈ sω if
and only if c ∼= f(t1, . . . , tm) ∈ sω; and (ii) c′ ∼= cc′ ∈ sω by definition of ct;

(2) [[t]]Isωρ = [c
[t]
~xt
~cρxt

]∼ω for every term t where ~xt is a sequence x1, . . . , xm

with the variables in t, and ~cρxt is the sequence cρ(x1), . . . , cρ(xm) where cρ(xi)

is a constant in C such that cρ(xi) ∈ ρ(xi) for i = 1, . . . , n. The proof follows
straightforwardly by induction on t;

(3) Isωρ  ψ if and only if [ψ]
~xψ
~c
ρ
xψ
∈ sω, for any formula ψ in L(Σ1C)∪· · ·∪L(ΣnC)

where ~xψ is a sequence x1, . . . , xm with the free variables in ψ, and ~cρxψ is the

sequence cρ(x1), . . . , cρ(xm) where cρ(xi) is a constant in C such that cρ(xi) ∈ ρ(xi)
for i = 1, . . . , n. The proof follows by induction on ψ:

(i) ψ is t1 ∼= t2. Observe that Isωρ  (t1 ∼= t2) if and only if [[t1]]Isωρ = [[t2]]Isωρ

if and only if by (2) above [c
[t1]

~xt1
~c
ρ
xt1

]∼ω = [c
[t2]

~xt2
~c
ρ
xt2

]∼ω , i.e. if and only if,

c
[t1]

~xt1
~c
ρ
xt1

∼ω c
[t2]

~xt2
~c
ρ
xt2

and since we have c
[t1]

~xt1
~c
ρ
xt1

∼ω [t1]
~xt1
~c
ρ
xt1

and c
[t2]

~xt2
~c
ρ
xt2

∼ω

[t2]
~xt2
~c
ρ
xt2

then [t1]
~xt1
~c
ρ
xt1
∼ω [t2]

~xt2
~c
ρ
xt2

, that is, [t1]
~xt1
~c
ρ
xt1

∼= [t2]
~xt2
~c
ρ
xt2
∈ sω. The state-

ment follows since [t1]
~xt1
~c
ρ
xt1

∼= [t2]
~xt2
~c
ρ
xt2
∈ sω if and only if [t1 ∼= t2]

~xψ
~c
ρ
xψ
∈ sω;

(ii) ψ is AExϕ. Then: (→) assume that Isωρ  AExϕ and let AExψ ∈ sω be such
that {[c]∼ω : [ψ]xc ∈ sω} ⊆ |ϕ|xIsωρ. Note that |ϕ|xIsωρ = {[c]∼ω : Isωρ

x
[c]∼ω

 ϕ}
which is equal by the induction hypothesis to {[c]∼ω : [ϕ]

~xϕ
~c
(ρx

[c]∼ω
)~xϕ
∈ sω} =

{[c]∼ω : [[ϕ]
~xψ
~c
ρ
~xψ

]xc ∈ sω}. Hence if [ψ]xc ∈ sω then [[ϕ]
~xψ
~c
ρ
~xψ

]xc ∈ sω for all c in C.

Observe that [ψ]xc has no free variables. We now show that ([ψ]xc ⇒ [[ϕ]
~xψ
~c
ρ
~xψ

]xc ) ∈

sω. Consider two cases: (a) [ψ]xc ∈ sω. Then the result follows immediately by
(†); (b) [ψ]xc 6∈ sω. Then ¬[ψ]xc ∈ sω by (‡), and so the result follows by (†).
Hence ([ψ ⇒ [ϕ]

~xψ
~c
ρ
~xψ

]xc ) ∈ sω for all c in C. So ∀x(ψ ⇒ [ϕ]
~xψ
~c
ρ
~xψ

) ∈ sω. Hence

AEx([ϕ]
~xψ
~c
ρ
~xψ

) ∈ sω, that is, [AExϕ]
~xψ
~c
ρ
xψ
∈ sω as we wanted to show; (←) assume

that [AExϕ]
~xψ
~c
ρ
xψ
∈ sω. Observe that [AExϕ]

~xψ
~c
ρ
xψ

= AExϕ since AExϕ is a sen-

tence. Then {[c]∼ω : [ϕ]xc /∈ sω} ∈ N . Note also that {[c]∼ω : [ϕ]xc /∈ sω} is equal

by the induction hypothesis to {[c]∼ω : Isωρ
x
[c]∼ω

6 ϕ} =
(
|ϕ|xIsωρ

)c
. Therefore(

|ϕ|xIsωρ
)c
∈ N and so Isωρ  AExϕ;

(iii) ψ is ∃xϕ. Then: (→) assume that Isωρ  ∃xϕ and let [c]∼ω be such that

Isωρ
x
[c]∼ω

 ϕ. Then [ϕ]
~xϕ
~c
(ρx

[c]∼ω
)~xϕ
∈ sω by the induction hypothesis. That
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is, [[ϕ]
~xψ
~c
ρ
~xψ

]xc ∈ sω. Observe that ∀x(¬[ϕ]
~xψ
~c
ρ
~xψ

) is not in sω. Hence, by (‡),

¬∀x(¬[ϕ]
~xψ
~c
ρ
~xψ

) ∈ sω and so [∃xϕ]
~xψ
~c
ρ
~xψ

is in sω; (←) the proof of this direction

follows similarly taking into account the construction of sω.

The remaining cases follow similarly.

So, by (3), every subset of sω has a model and so s has a model. �

4 Completeness

Capitalizing on the model existence theorem, Theorem 3.3, we show in this
section that L (AE) is strongly complete. Throughout this section we assume:

• a signature Σ with countably many function symbols;

• a countably infinite set C of constants not in Σ;

and define SC to be the collection of all consistent sets of sentences of L (AE)
over ΣC with finitely many constants of C.

Proposition 4.1 The collection SC is a maximal consistency property over Σ
and C.

Proof.
(1) SC is a consistency property over Σ and C. We show only the properties
relative to generalized quantifiers since the other properties follow similarly:

(a) Let s be a set in SC and assume that AExϕ is in s. Suppose by contradiction
that, for all c′ in C, s ∪ {[ϕ]xc′} is not in S, that is, s ∪ {[ϕ]xc′} ` ⊥. Let c be
a constant of C not in s ∪ {ϕ} (observe that C is infinite and the number of
constants of C occurring in s ∪ {ϕ} is finite). Hence s ∪ {[ϕ]xc} ` ⊥ and so
s ` ¬[ϕ]xc . Let ϕ1, . . . , ϕn be a derivation for s ` ¬[ϕ]xc and let y be a variable
not occurring, neither bound nor free, in ϕ1, . . . , ϕn. Then [ϕ1]cy, . . . , [ϕn]cy is a
derivation for s ` ¬[ϕ]xy and so s ` ∀y¬[ϕ]xy which contradicts the fact that s is
consistent since s ` ∃xϕ;

(b) Let s be a set in SC and assume that SExϕ is in s. The proof of this case
follows similarly to the proof of case (a) since (SExϕ)⇒ ∃xϕ is an axiom;

(c) Let s be a set in SC and assume that SExϕ, AExϕ1 and AExϕ2 are in s. Then
s ` ∃x(ϕ∧ϕ1 ∧ϕ2) and so the proof follows similarly to the proof of (a) above
and so is omitted;

(2) SC is maximal. Let s be a set in SC and ϕ a sentence, and suppose by con-
tradiction that s∪{ϕ∨¬ϕ} ` ⊥. Since ϕ∨¬ϕ is an instance of a propositional
tautology we have that s ` ϕ ∨ ¬ϕ, and so s ` ⊥ contradicting the fact that s
is in SC . �

Using the fact that SC is a maximal consistency property, Proposition 4.1,
and the model existence theorem, Theorem 3.3, we can now show that L (AE)
is strongly complete.
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Theorem 4.2 Given a set Γ ∪ {ϕ} of sentences of L (AE) over a signature Σ,
if Γ � ϕ then Γ ` ϕ.

Proof. Assume that Γ 6`Σ ϕ. Then Γ ∪ {¬ϕ} 6`Σ ⊥ and so Γ ∪ {¬ϕ} 6`ΣC ⊥
by Proposition 2.16. So Γ ∪ {¬ϕ} is in SC since it is consistent and has no
constants of C. Since SC is a maximal consistency property over Σ and C by
Proposition 4.1, the set Γ ∪ {¬ϕ} has a model by Theorem 3.3. Hence Γ 6�Σ ϕ
as we wanted to show. �

5 Interpolation

We now show that L (AE) enjoys Craig interpolation for a wide class of formulas.
Throughout the section we assume:

• signatures Σ1 and Σ2;

• a countable infinite set C of constants not in Σ1 ∪ Σ2;

and define SI to be the collection of all countable sets s(1) ∪ s(2) with a finite
number of constants of C such that:

1. s(i) is a set of sentences over ΣiC , for i = 1, 2;

2. for all sentences θ1 and θ2 over Σ1C ∩ Σ2C , if s(1) � θ1 and s(2) � θ2 then
θ1 ∧ θ2 is consistent.

Observe that the notion of maximality of a consistency property over more
than one signature, does not say anything with respect to mixed formulas, i.e.,
to formulas with connectives of different signatures. This is on purpose, since
the consistency property introduced above would not be maximal if this notion
would apply to all the formulas over Σ1C ∪ Σ1C .

Proposition 5.1 The collection SI is a maximal consistency property over
Σ1, Σ2 and C.

Proof.
(1) SI is a consistency property for Σ1, Σ2 and C. We only show that any subset
of a set in SI is also contained in SI , and that S satisfies the properties for the
generalized quantifiers, and refer the reader to [15] for the proof of conditions
similar to the remaining ones:

(a) Let s′ be a subset of a set s in SI . Observe that s′(1) ⊆ s(1) and s′(2) ⊆ s(2).

Suppose by contradiction that s′ is not in SI and so let θ′1 and θ′2 over Σ1C∩Σ2C
be such that s′(1) � θ

′
1, s′(2) � θ

′
2 and θ′1 ∧ θ′2 is inconsistent. Then s(1) � θ

′
1 and

s(2) � θ
′
2 which contradicts the fact that s is in SI ;

(b) Let s be a set in SI and assume that AExϕ is in s. Assume with no loss of
generality that AExϕ is in s(1). Suppose by contradiction that s ∪ {[ϕ]xc′} 6∈ SI
for all c′ in C and let c be a constant of C not in s ∪ {ϕ} (observe that C is
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infinite and the number of constants of C occurring in s∪{ϕ} is finite), and let
θ1 and θ2 be sentences over Σ1C ∩Σ2C such that s(1)∪{[ϕ]xc} � θ1, s(2) � θ2 and
θ1 ∧ θ2 � ⊥. Hence s(1) ∪ {∃xϕ} � θ1. Since s(1) � ∃xϕ then s(1) � θ1, which
contradicts the fact that s is in SI ;

(c) Let s be a set in SI and assume that SExϕ is in s. The proof of this case
follows similarly to the proof of case (b) since ` (SExϕ)⇒ ∃xϕ;

(d) Let s be a set in SI and assume that SExϕ, AExϕ1 and AExϕ2 are in s. Then
s ` ∃x(ϕ∧ϕ1 ∧ϕ2) and so the proof follows similarly to the proof of (b) above
and is omitted;

(2) SI is maximal. Let s be a set in SI and ϕ a sentence in L(Σ1C) ∪ L(ΣeC).
Suppose by contradiction that s ∪ {ϕ ∨ ¬ϕ} is not in SI . Assume with no
loss of generality that ϕ is in s(1) and let θ1 and θ2 over Σ1C ∩ Σ2C be such
that s(1) ∪ {ϕ ∨ ¬ϕ} � θ1, s(2) � θ2 and θ1 ∧ θ2 is inconsistent. Since s(1) �
s(1) ∪ {ϕ ∨ ¬ϕ}, we have that s(1) � θ1 which contradicts the assumption that
s is in SI . So s ∪ {ϕ ∨ ¬ϕ} is in SI . �

Finally, we can now establish that L (AE) enjoys interpolation.

Theorem 5.2 Given a set Γ ∪ {ϕ} of sentences over a signature Σ, if Γ �Σ ϕ
then there exists a sentence θ such that every constant, function and relation
symbol occurring in θ occurs both in Γ and in ϕ, and Γ �Σ θ and θ �Σ ϕ.

Proof. Let Σ1 and Σ2 be the signatures with the constant, function and re-
lation symbols of Σ occurring in Γ and ϕ respectively. Observe that, by the
model existence theorem, Theorem 3.3, each set in SI has a model. Note also
that Γ ∪ {¬ϕ} satisfies all the conditions for belonging to SI except possibly
condition 2. So, if it satisfies that condition then it would have a model by
Theorem 3.3. Since Γ∪ {¬ϕ} does not have a model (because Γ �Σ ϕ), then it
does not satisfy condition 2. So, let θ1 and θ2 be sentences over Σ1C ∩Σ2C such
that Γ � θ1, ¬ϕ � θ2 and θ1 ∧ θ2 is inconsistent, that is, {θ1, θ2} � ⊥. Hence
θ1 � ¬θ2 and so θ1 � ϕ. Let c1, . . . , cn be the constants of C in θ1, y1, . . . , yn
variables not in θ1, and θ the sentence (∀y1 . . . ∀yn[. . . [θ1]c1y1

. . . ]cnyn) over Σ1∩Σ2.
Then Γ � θ and θ � ϕ. �

6 Towards Countably Additive Measures

The question now is to extend the almost-everywhere quantifier to countably
additive measure structures. In these structures the collection of zero measure
sets is closed under countable union and so it seems necessary to go beyond
first-order logic as the base logic. In fact, in first-order logic there is no way to
even state that the null sets are closed under countable union. One plausible
candidate to base logic is the infinitary logic Lω1ω where it is possible to consider
infinite countable conjunctions. So, for the sake of argument, assume Lω1ω as
base logic, and let Lω1ω(AEc) to be the logic such that:
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• the language of Lω1ω(AEc) is the language of Lω1ω enriched with the
almost-everywhere quantifier AEc;

• an interpretation structure I for Lω1ω(AEc) is a structure for Lω1ω en-
riched with a non-empty set N of subsets of the domain, closed under
countable union, and such that the whole domain is not in N ;

• satisfaction of a formula whose main constructor is either AEc or SEc is
defined as for L (AE) in Definition 2.5, and for the other formulas it is
defined as in Lω1ω.

Remark 6.1 Observe that, given a structure I for Lω1ω(AEc) over a signature
Σ and an assignment ρ over I, if Iρ  SEcxϕ and {d} is contained in a null set
for every d ∈ |ϕ|xIρ, then |ϕ|xIρ is necessarily uncountable. 4

Proposition 6.2 Any structure for Lω1ω(AEc) that satisfies ¬∃x(SEc y(x ∼= y))
has an uncountable domain.

Proof. Assume that I  ¬∃x(¬AEc y¬(x ∼= y)). Then every element of the
domain is in a measure zero set of I. Suppose by contradiction that I has a
countable domain D. Then D is the union of a countable number of measure
zero sets and so is in N . Contradiction. So I must have an uncountable do-
main. �

Taking into account Proposition 6.2 it is straightforward to establish a
deep difference between Lω1ω(AEc) and Lω1ω since in Lω1ω the downward
Löwenheim–Skolem theorem (which says that if a set of formulas has a model
then it has a countable model) holds.

Proposition 6.3 The logic Lω1ω(AEc) does not satisfy the downward Löwenhe-
im–Skolem theorem.

Proof. Let ϕ be the formula ¬∃x(¬AEc y¬(x ∼= y)), intuitively representing
the semantic condition that all singleton subsets of the domain have measure
zero. Clearly ϕ is satisfiable, since the usual Lebesgue measure on the real line
has this property. However, it has no countable models, see Proposition 6.2. �

Observe that the reasoning in the proof of Proposition 6.3 above works just
as well if we take ϕ to be (¬∃x(¬AEc y¬p(x, y))) ∧ (∀x(p(x, x))) and assume
nothing at all about the interpretation of p.

So, proving the completeness of an axiomatics for Lω1ω(AEc), will involve
the construction of a very specific canonical model of uncountable cardinality.
Among the methods in the literature for constructing such a model, we em-
phasize as potentially useful, the sophisticated technique used by Keisler in the
completeness proof of first-order logic enriched with the generalized quantifier
there exist uncountably many x such that ϕ(x) in [14] (there, the canonical
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model is obtained as the uncountable union of countable models). However it
is not clear at this point how to adapt his construction to our case in order
to obtain an uncountable model fulfilling all the requirement needed, namely
for instance the closure under countable union of the set of null sets. Another
direction is to make AEc a second-order generalized quantifier, like for instance
the quantifier aa considered in [4, 25]. The model theory of Borel structures
developed in [26] seems also to be useful.
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