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We present a characterization of quantum phase transitions in termstbétheerlap function between two
ground states obtained for two different values of external parameier the examples of the Dicke afdy”
models, we show that the regions of criticality of a system are marked bgxthemal points of the overlap
and functions closely related to it. Further, we discuss the connectionsdrethvis approach and the Anderson
orthogonality catastrophe as well as with the dynamical study of the Ladtkaho for critical systems.

PACS numbers:

INTRODUCTION tween quantum states [2]. Therefore, it is a natural canelida
for a study of macroscopic distinguishability between guan

Quantum phase transitions (QPT) [1] have drawn a contUM States that define different macroscopic states of matte
siderable interest within various fields of physics in the re (different phases). When applied to cases of many-body sys-

cent years. They are studied in condensed matter physics bi&MS containing many degrees of freedom, the overlap (or, fi-
cause they provide valuable information about the noves typ 9€lity) might seem to be too coarse quantity, and not bearing
of finite-temperature states of matter that emerge in thevic Ny apparentinformation about the difference in order erop

ity of QPT [1]. Unlike the ordinary phase transitions, drive ties between quantum phases, to be of any use. Nevertheless

by thermal fluctuations, QPT occur at zero temperature and'€ Main result of this paper is that in some cases it is indeed
are driven by purely quantum fluctuations. In the parameteP0SSiPle to do so. The critical behavior of a system under-
space, the points of non-analyticity of the ground state end°iNg QPT is reflected in the geometry of its Hilbert space:
ergy density are referred to as critical points and define th@PProaching the QPT the overlap (distance) between neigh-
QPT. In these points one typically witnesses the divergencB0ng ground states shows a dramatic drop (increase). We
of the length associated to the two-point correlation figmot  Would like to notice that Cejnaet. al. [9] discussed the over-

of some relevant quantum field. An alternative way of char/@P entropy between the eigen-bases of a system's Hamilto-

acterizing QPT is by the vanishing, in the thermodynamicaffian and various physically relevant bases, in the context o
limit, of the energy gap between the ground and the first ex€nhanced decoherence effects in the regions of critidaléy
cited state in the critical points. Recently, a huge intenes also [10)).

raised in the attempt of characterizating QPT in terms of the ) i i
notions and tools of quantum information [2]. More specifi- " the following two sections, we conduct our analysis on
cally QPT have been studied by analyzing scaling, asymptotithe cases of two simple, yet physically relevant and mathe-
behavior and extremal points of various entanglement medhatically instructive, examples of the Dicke model and the
sures [3-7]. More recently, the connection between gedmetr X ¥ SPin-chain model. Next, we discuss the connection be-
Berry phases and QPT in the case of & model has been tween the scaling anq asymptotic behaviors and the sodcalle
also studied [8]. Anderson orthogonality catastrophe [11]. Moreover, the re

In this paper, we aim to provide yet another characterizalatlon with the dynamical study of decoherence and quantum

tion of the regions of criticality that define QPT. We shall cr|t|ca||ty [12]is br.|ef|y addressed. Finally, in the lagicsion
- : S : conclusions are discussed.

show how critical points can be individuated by studying a

surprisingly simple quantity: the overlap i.e., the scalad-

uct, between two ground states corresponding to two sfightl R, whereL is the number of external parameters determin-

different values of the parameters. The physical intuiben . ) oo .

. . Co ing system’s Hamiltonian. As the overlap function depends
hind this approach should be obvious: QPT mark the separa- : .
. ; . on the difference between parameters as well, we introduce
tion between regions of the parameter space which corréspon.

. . . 4 = q + 0q to denote the neighboring poigitand the differ-
to ground states having degply. different .structural P n.pier encedq. Following this notation, we denote the ground states
e.g., order parameters. This difference is here quantified b

the simplest Hilbert-space geometrical quantity i.e.,dber- ggrlg}(z)ﬁ\(/gﬁ;g?j'?r?thze |gé%w;nwﬁlegs;?t’ea!g%h(\ENLUHZC_
lap. Note that the square modulus of the overlap is noth: q P '

: - ) : . ; those evaluated in the critical poigt, we will denote ag,
ing but the fidelity, widely used in quantum information as (note that by combining two cases, we hae— Flqe+69))
a function that provides the criterion for distinguishékpibe- y 9 ' ' e 0d))-

Then, the overlap function is simply given by the scalar prod
uct(g(q)|g(g)) (note that all the results of this paper could be
easily formulated in terms of fidelity as well). We shall exam

*Current address: SQIG, Instituto de Telecomureagand Instituto Supe-  IN€ the behavior of the overlap as a functiongadnly, while

rior Técnico, P-1049-001 Lisbon, Portugal . keepingdq fixed and small.

For a generic point in parameter space we use label
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THE DICKE MODEL to show that for every, and not just smél, det(1 + A~1A)
does not vanish. Using the formulet(1 + A) = 1 +

Our first example is the Dicke model. It describes a dipoleTr4 + det A for 2 x 2 matrices, we getdet(1 + 121 '4) —

interaction between a single bosonic madend a collection 1 + Tr(A; ' A.) (note thatdet (A~ A) = [det A]~* det A —

of N two-level atoms. If forN atoms we introduce the col- 0). After a straightforward calculation, we obtain the réesul

lective angular momentum operatofs, s € {+, 2}, Dicke ~ Tr(A;'4,) = —Z [(s¢ + ¢5)%e + (s5 — cc)?e“ | . There-
+ —

Hamiltonian has the following form (we take= 1): fore, T(A_1A,) > 0 for every A and we can conclude that

R . D N (91g) o< (e_)*as(A — A.). In Ref. [13], it was shown
H\) = wo . +wila + —= (a' +a) <J+ + Jf) - (1) that when approaching the critical point from both normal
and super-radiant sides, the excitation energylrops as the
Parameten is the atom-field coupling strength and is the onesquare root ofA = |A — .|, which gives us the asymptotic
driving the QPT in this model. Therefore, we haye= A behavior of the overlap function in the vicinity of the criti
and denote the Hamiltonian's dependance on that parameal point: (g|g) o« A'/®. Although we have provided here
ter only. Parameters, andw stand for the atomic level- only the results for overlap function for the system in the-no
splitting and bosonic mode frequency, respectively, while mal phase, the analogous analysis for the super-radiasepha
describes the length of a collective spin vector, and is asgives us the same qualitative results, as the two grounesstat
sumed to be constant and equaljto= N/2. In the ther-  are again the Gaussian-type states, but with translatedeand
modynamical limit(N — oo), which is here equivalent to scaledr andy axes. Therefore, we omit it here.
(j — o), Dicke Hamiltonian undergoes a quantum phase
transition for the critical value of its parametgrgiven by 1
Ae = (wwp)/2. When\ < )., the system is in highly
unexcitednormal phase, whilex > X, defines thesuper-
radiant phase in which both the field and atoms become
macroscopically excited. The super-radiant phase is chara 0.7
terized by the broken symmetry given by the parity operator

0.6
I = exp(irN), N = (ata+.J, +): the ground state is dou-
bly degenerate. As shown in [13], by introducing bosonic op- 0-5
eratorsb through Holstein-Primakoff representation [14], the 5 R e T

above Dicke Hamiltonian (1) can be exactly diagonalized in
the thermodynamical limit. In the normal phase, its formis: FIG. 1: (color online) The overlap functiofy|g), equation (3), as a
A o . . function of A < )., taken for the resonant casg = w = 1 and
H"(\) = wob'd + wala + A (dT + @) (bT + b) — jwo. (2) A = 107°. Note the dramatic decreasing of the function as we
approach the point of criticality.

Its ground state isiy(z,y) = (%)% e V2RAR) R —

(z,y)] wherez and y are the real space coordinates as- We conclude this section by presenting the numerical re-

sociated to the modeg andb, A = U-'MU, M = sults for the overlap function in the normal phase. In Fig. 1
. . c —s we plot the overlap (3) between two ground states of Dicke

diage,e+] andU an orthogonal matrbl/ = [5 c |’ Hamiltonian for the resonant casg = w = 1 anddé\ =

(¢ = cos~,s = sin+y are given by the squeezing angle= 10-5. We see that it is almost constant and equal to unity for

(1/2) arctan[4\/wwy/(w? + w3)]). e+ represent the funda- wide range of\, apart from the very narrow area arouhd

mental collective excitations of the system and are given bywhen it drastically drops to zero. Such behavior of the over-

e2 = 1 (w2 + w2+ /(W — w?)? + 16A2w2w2 ) . From the lap function around the point of criticality can be ascritbed
above formula, we see that (\.) = ¢ = 0: the system the fact that the ground state far= \. becomes completely

delocalized along one of two rotated axes, as opposed to the
localized ground state outside of the point of criticalibgé
[13)).

becomes gapless and undergoes a QPR fer)..
The overlap, calculated between two ground statasdg,
is given by

[det A det Al L [detA]

7 [detA] [det(1+A—14)]2

o= A
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THE XY SPIN CHAIN
Note that the overlap is a function of bothandd . In the
limit (A — ), with A > 0 being fixeddet A = e e — 0, In the following section, we discuss the example of the one-
while det A > det A, = €962 > 0. The same holds dimensionalXY anisotropic spin-half chain in the external
for det(1 + A~'A), for a sufficiently smallé\ (note that magnetic field. Its Hamiltonian is given by the following ex-
limsy_o A~ = A~1). But in the present case, it is possible pression:



M

H(y,N)==>_ <H27&f&f+1+127&f&§’+1+/2\&5> (4 (@)
i=—M

The parametey € R defines the anisotropy, whikee R rep-

resents external magnetic field along thaxis, up to a factor

1. Thereforeg = (v,)). The operator$, o € {z,y,z}

are the usual Pauli operators. This Hamiltonian can be ex-

actly diagonalized by successively applying Jordan-Wigne

Furier and Bogoliubov transformation (see for example.[1])

This way, we obtain the following form of the Hamiltonian: (b)

H(y,\) = S0t Aw(blby — 1). The energies of one-

particle excitations are given hy;, = y/e? +~2sin® 2k,

with e, = cos 2% — X and N = 2M + 1 being the total
number of sites (spins). One-particle excitations arergwe
the fermionic operators;, = cos %dj, — isin %d' | with
cosf, = er/Ag. Finally, the ground statéy(v, \)), that
is defined as the state to be annihilated by each opebator
(bklg(y, X)) = 0), is given as a tensor product of qubit-like
states:

(©

M

967 A)=Qeos G 100410)-4= s S ul1) ) .- 6)

k=1

FIG. 2: (color online) (a) The overlap functiofy(q)|g(q)), as a

. . I . function of A and~, for N = 10° andd\ = &y = 10~ °. Note
In its space of parameters, the family of Hamiltonians IV€N e clear dips of the plot in the regions of criticality. &} (), v).

by equation (4) exhibits two regions of criticality, definied ©) SL (A 7).
the existence of gapless excitatio(i$: X X region of critical-
ity, for v = 0 and A € (—1,1); (i) XY region of criticality
given by the lines\ = +1. that define the first non-zero order of the Taylor expansion of
As in the previous example, let us first consider the exacthe overlap function (6). FunctionSy (\,~) and S}, (A, 7)
overlap function. From equation (5), it follows that the eixa are natural candidates for our study because they express th
overlap function between the ground staigsand|q) is: “rate of change” of the ground state, taken in the paint
~ They do not depend on the differenée, and although for
- O — Oy every finiteNV it is possible to findg small enough so that the
{9(a)lg(@) = H T ©) exact overlap is arbitrarily well approximated by the expre
=t sionexp(—3 5% (q)d¢?), functionsSy (A, ) andS}, (A, v) on
whered,, = 0;(g). Note the dependence on the number oftheir own capture the behavior of the(¢)|g(¢)) function and
sites N that is implicit in all the previous formulae from this are enough for our current study. They also allow for ana-
section. In Fig. 2(a), we present the numerical result okthi  lytic investigation, together with numerical one. In Fig¢b)
using the above equation (6), fof = 106 spins antbA =  and 2(c) we present the numerical results $gf()\,~) and
5y = 1075. We observe that the regions of criticality are S (), 7), respectively, fotv = 10° spins. Again, the regions
clearly marked by a sudden drop of the value of the overlaf criticality could easily be inferred by simply observibgth
function. As before, we ascribe this type of behavior to aplots. Note that in this case the relative difference betwhe
dramatic change in the structure of the ground state of theumerical values in the regions of criticality and elsevenier
system while undergoing QPT. much bigger than in the case of the exact overlap (see Fig.
In order to investigate the overlap function more quantita-2(a)). But nowpothplots are needed to detect both regions of
tively and relate its behavior to the existence of the regjion criticality. This is so because by moving along= 0, while
of criticality, we note that while the overlap depends on thekeeping|A| < 1, we do not move outside th& X region of
values of both the parametegsand the differenceélq, the  criticality and therefore do not expect the qualitative roge
regions of criticality are defined by the values of paranseterin the structure of the ground state, and consequently in the
only. Therefore, in the following we choose to study the func behavior ofS3 (), ~) as well. The same holds fai}, (A, v)
tions and theX'Y” region of criticality.

M

M

S¥A) =) (%ﬁ“)zﬁ%(%v) = ]ZW: <%9;)2, (7)

=1 P We first examine the scaling behavior 6§ (\,~) and
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S (A,7) with respect to number of spin¥. The numer- Now, we turn to more interesting cases of the relevant
ics present us with the following results. First, as expécte functions Sx (A,v) and S}, (A, ), in the XY and XX re-
Sx (A7) and S} (A, v) scale linearly withV when(y — 0) gions of criticality, respectively. Using Taylor expansso
and(A — =£1), respectively. In the regions of criticality, we of sine and cosine functions around zero, we see that in
have thatSy, (|A| = 1,7) o« ) given by k; = 1 behaves

for (v — 0) we still have S, (A ,7) x N, without being a 26,
function of A (we note here thas7,(|]A| < 1,7 = 0) = 0).  lke ( af) o N/(2my) as (N — oo) (see equation (8))

Such different behavior is a consequence of the fact thdewhi and thereforeSy (|A| = 1,7) < N2/~4%. We also see that the
the XY region of criticality defines the second order QPT, scaling factor depends on Finally, from (9), we also see that
X X is the example of the third order QPT. S%(A,y) < N.

We have also conducted a separate analytical study, con- The alternative way to examine the signatures of QPT is to
firming the above numerical results. First, we note that forook at the asymptotic behavior of two functions (7) near the
every pointg in parameter space, and evdnyite IV, partial  regions of criticality. From the numerical study we obtdiatt
derivatives(2%:) and (‘M are continuous functions of the the asymptotic behavior dfy; (), ) in the vicinity of critical
parameters. They can become infinite only in the thermodyp‘i'ntS)‘ =+1,7¢€(0,1],is g|ve]rvl by the following formula:
namical limit, when(N — o), and only in theregions of o~ (A7) & a(y, )/t = A|*»). From the study of the

criticality. By looking at the explicit form of derivatives (we scallng behavior, we already know thay, N) = a(y)N?
usexy = 22 k): and thata(y) o 1/42. Further, from numerics we have that
the exponentx(vy, N) is constant with respect tg and ap-
0, v(sin x,) proaches tax = 1 as(N — oo). Such asymptotic behavior,
(3/\) " [(coszy — N2 +12(sinzg)2]’ (8)  with constant exponent = 1 for all v € (0,1] could be

seen as a consequence of the fact that in that range of param-
eters theX'Y model belongs to the same class of universality.
90y | sin 2| (cos 2, — \) The numerics gives also the asymptotic behavio$ Hf\, v)
(37> == [( ®  inthe vicinity of v = 0 (with |A|] < 1) similar to the pre-
vious one,SY (A, ) o b(A, N)/+PAN) [ with the exponent
we see that only when the enerdy, (the denominator of 3(\, N) approaching t@ = 1 as(N — oo). But, the coeffi-
both of the above expressions) gets arbitrarily small (oo)ze cientb(\, N) depends only oV, and as noted before, scales
the derivatives (8) and (9) can become divergent. In othelinearly with it, b(A, N) o bN.
words, only whercos x;, gets arbitrarily close ta\, and ei-
ther~ or sin x;, get close to zero. That is, in the regions of
criticality. Note that we assume that for evely € N and QPT: ORTHOGONALITY CATASTROPHE, LOSCHMIDT

cosy — \)2 + 72 (sinzy)?]’

k € {1,... M}, equationcos z;, = X has no solution, which ECHO

presents a generic cas#’q that allow for the solutions of

this equation form a set of measure zero on the, 1) in- The above two examples represent a generic case of a

terval). Therefore, outside the regions of criticality; (\,y)  many-body system which exhibits continuous QPT only in the

andS}; (), ) scale linearly withV. thermodynamical limit. In the case of tB€Y model, as the
Regarding the regions of criticality, we first consider thenumber of spins increases, the overlap between two differ-

scaling behavior o7 (), ) in the vicinity of the X X criti- ent ground states (5) approaches to zero, no matter how small

cality. As there always emsﬂso such that in thd N — o) the difference in parameteds is, so that in thermodynami-
limit coszr, — A, then for suchr,, and every finitey, it cal limit each two ground states are mutually orthogonadyth
follows from (8) that 09 ko) — (ysinay,)~!, when(N —  live ina continuous tensor product space [15]. Such behavio
of systems having infinitely many degrees of freedom, when
the two physical states corresponding to two arbitrarigsel
sets of parameters (two arbitrarily similar physical diioras)
become orthogonal to each other, has been already studied in
many-body physics and is known as Andersmthogonal-
ity catastrophgl11]. From our study of theXY model, we
have seen that not only that every two ground states become
orthogonal in thermodynamical limit, but also the rate at“o
thogonalization” between two ground states of large, bitefin
. system, changes qualitatively and grows faster in the ijcin

o0). In other words, it does not scale wifki (note that al-
thoughky = ko(N) is a function of N, limy_,o sin g, =
sin arccos ). As all other derivatives are finite, we have that
SN(Al < 1,4 — 0) < N/~% Similar discussion can be
applied to the case of};()\,v) in the XY region of criti-
cality. Again, there exists a qubit defined By = 1 for
which coszy, — 1inthe (N — oo) limit, so that its exis-
tence could bring about the scaling 8%, (A, v) larger than
linear in thermodynamical limit. Using the Taylor expan-

sion of sine and cosine functions around zero (note that in 'ofthe reaions of criticality. This wav. the reqions of ot
that casesinxy, — 0 as well), from equation (9) we ob- g Y- Y, 9 y

00 ) of an infinite system are already marked by the scaling and
tain ( 7’“) X @y /7" — 0,(N — o0). In other words,  asymptotic behavior of the relevant functions of a finiteesi
SY(IAl=1,7) x N. system. Loosely speaking, the regions of criticality of QPT
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are given as regions where the orthogonality catastrophe ixlly different mechanisms in the case when two states belon

expressed on qualitatively greater scale. Notice thanthce to two different phases: one is a common decrease of the over-

the occurrence of a particular instance of Anderson-type orlap due to infinite number of sub-systems in thermodynamical

thogonality catastrophe was studied for the case of a systetimit, the other is characteristic for the case of QPT andiis d

in the vicinity of QPT [16]. to different structures of ground states in different quamt
Now we would like to establish an explicit connection phases.

between the sort of kinematical approach used in this pa-

per and the dynamical one of Ref. [12]. In order to do

so let us introduce the projected density of states function

D(w;q,q9) = (9(9)|6(w — H(q))|g(q)) that describes the ACKNOWLEDGMENTS.

spread of the ground state(q)) expressed in the eigenba-
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