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The subject of this thesis is the study of the concept of indistinguishability in quan-
tum mechanics and, in connection with it, the use of particle statistics in quantum
information processing. The first four chapters provide an overview of the thesis as well
as an introduction to the basic principles of quantum mechanics, with special emphasis
on systems of identical particles and quantum entanglement.

In the next three chapters, we present the use of particle statistics in specific quan-
tum information processing protocols. In chapter five, by using two pairs of entangled
particles we show that indistinguishability enforces a transfer of entanglement from the
internal to the spatial degrees of freedom. We also show that sub-ensembles selected by
measurements on internal degrees of freedom will in general have different amounts of
entanglement between the paths depending on the statistics (either fermionic or bosonic)
of the particles involved. This establishes a difference between fermions and bosons in
terms of their information processing power. In chapter six, we propose an entanglement
concentration scheme which uses only the effects of particle statistics of indistinguishable
particles. This establishes the fact that useful quantum information processing can be
accomplished by particle statistics alone. In chapter seven, we present an application
of particle statistics to the problem of optimal discrimination of some particular quan-
tum states. We show that we can achieve the best detection efficiency as calculated by
Helstrom. We discuss interesting applications of our method to detecting entanglement
and purifying mixed quantum states.

Chapter eight discusses the two-particle quantum walk on a line with entangled ini-
tial states. We show that quantum correlations shared initially between two particles
will in general lead to different values of the mean distance between two random walkers
when compared to a case of classically correlated initial state. We also show that the
use of initially non-entangled identical particles leads to the same results as in the case
of maximally entangled distinguishable particles. Finally, in chapter nine we discuss in
more detail quantum entanglement between systems of identical particles. We show how
indistinguishability of identical particles can on its own result in the creation of entan-
glement. We also suggest that the concept of indistinguishability of identical particles
could be seen as one of the foundational principles of the quantum theory.
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Chapter 1

Introduction

The subject of this thesis is the role of indistinguishability of identical particles in quan-

tum information processing. Since the advent of quantum mechanics indistinguishability

has been recognized as a key concept in founding and understanding the theory. It was

usually associated with the experimental arrangement. The specific and counterintuitive

quantum effects will happen via the interference phenomenon whenever two or more ways

through which the physical process we are observing can proceed are indistinguishable.

One of the best examples of such a situation is the well known double-slit experiment.

A particle (a photon or an electron, say) is directed towards a wall in which there are

two separate holes. The particle is allowed to take two different paths in order to reach

a screen positioned behind the wall. If the path taken by the particle is not observed1,

the famous interference pattern is obtained on the screen. This is contrasted with the

classical pattern obtained if the path of the particle has actually been observed.

In the context of identical particles (elementary particles such as electrons, pho-

tons etc.), the concept of indistinguishability of identical particles was, within quantum

mechanics, mainly used as an additional and well understood feature borrowed from

classical physics, which together with specific quantum features governs the behavior of

complex many-particle systems. The aim of this thesis is to show that this concept in

1Actually, if the experimental arrangement is such that it is in principle impossible to observe the
path.

2
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general is not at all well understood (and indeed, that strictly speaking it does not even

exist in classical physics at all, for example) and that it could be used both as one of the

founding principles of quantum mechanics as well as a new resource in quantum informa-

tion processing. It is suggested that the existence or non-existence of identical particles

in Nature could determine the fundamental features of our physical theory. Particular

quantum information processing protocols using only the effects of particle statistics,

that arise due to the indistinguishability of identical particles, are also proposed.

In the next section of this chapter, we give a summary of the thesis through a short

overview of each chapter in the text.

1.1 Summary of the thesis

The thesis has been organised into ten chapters, the first one being this introduction.

Chapter 2 gives a brief overview of the basic principles of quantum mechanics through

one of its axiomatic formulations. The aim of this approach is not to give an exhaus-

tive formal mathematical structure of the theory. It is our wish to emphasize, through

discussing the physical meaning of mathematical postulates of the theory, those phys-

ical assumptions and principles that are sufficient for building up the theory. We also

show, using a few examples, how it is possible to derive some of the most prominent fea-

tures and laws of quantum mechanics by using those postulates (physical assumptions)

only. The main argument of this discussion is that the concept of indistinguishability

is deeply rooted in the main principle of quantum mechanics, the principle of super-

position. Chapter 3 continues the discussion by formulating the theory of quantum

mechanics of identical particles. There are two main technical points of this chapter.

Firstly, to present two different types of particle statistics in quantum mechanics: bosonic

and fermionic. Secondly, to formulate the so-called formalism of the representation of

the second quantization, that will be mainly used throughout this thesis when identical

particles are concerned. In addition to that, we also discuss the fact that in quantum

mechanics, identical particles can be found in indistinguishable situations, as opposed to
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the case of classical mechanics. Chapter 4 gives a brief overview of quantum entangle-

ment. Here, we restrict ourselves (as mostly throughout the whole thesis) to bipartite

entanglement only. Also, in this chapter we treat the entanglement of distinguishable

particles, while the rest of the thesis is dedicated to the discussion of the entanglement

between indistinguishable identical particles.

The next three chapters present the specific quantum information processing proto-

cols that use the effects of particle statistics only. In Chapter 5, the basic links between

indistinguishability and entanglement are shown. A simple experimental scenario is

presented, involving two beam splitters and two pairs of entangled particles (entangled

in internal degrees of freedom, e.g. spin or polarization). It is demonstrated that the

transfer of entanglement from internal to external degrees of freedom is possible without

interaction, solely by bringing identical particles together (to different arms of a beam

splitter), and then separating them again. Unlike the standard entanglement swapping

scheme, here the transfer of entanglement is imposed by indistinguishability of identical

particles only. Moreover, we show that by performing the same selective measurements

on internal degrees of freedom on the output arms of beam splitters one can obtain dif-

ferent amounts of entanglement in paths depending on the statistics. We thus establish

a difference between bosons and fermions in terms of their information processing power.

The results of this chapter are described in:

• ”Spin-Space Entanglement Transfer and Quantum Statistics”, by Yasser Omar,

Nikola Paunković, Sougato Bose and Vlatko Vedral, Physical Review A, Volume

65, 062305 (2002).

In Chapter 6, it is shown in the example of specific entanglement concentration

scheme that links between indistinguishability and entanglement, and the effects of par-

ticle statistics, could further be exploited in some useful quantum information tasks. It

is published earlier in the paper:

• ”Entanglement Concentration Using Quantum Statistics”, by Nikola Paunković,
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Yasser Omar, Sougato Bose and Vlatko Vedral, Physical Review Letters, Volume

88, 187903 (2002).

Chapter 7 presents the specific quantum state discrimination protocol in which again

only the effects of particle statistics are used, this time to attain the optimal strategy

(strategy with maximal probability of success) allowed by the laws of quantum mechan-

ics. Moreover, we point out how this protocol can be applied to detecting entanglement

and purifying mixed quantum states. The results of this chapter are presented in:

• ”Optimal State Discrimination Using Particle Statistics”, by Sougato Bose, Artur

Ekert, Yasser Omar, Nikola Paunković and Vlatko Vedral, Physical Review A,

Volume 68, 052309 (20023).

The last section of this chapter contains the alternative proposal of the optimal

discrimination scheme in which states to be discriminated are encoded in spatial rather

than internal degrees of freedom, as was the case in the original protocol. This work has

been done in collaboration with Giuseppe Castagnoli, Fabio Bovino and Vlatko Vedral,

and is to be published as an article in the recent future.

In the next two chapters we present the current state of research into the connection

between quantum entanglement and indistinguishability of identical particles. The work

presented in Chapter 8 is done in collaboration with Sougato Bose, Yasser Omar and

Lana Sheridan and will be published in the near future as an article in an international

journal, while the work presented in Chapter 9 is expected to be published as a single

author article.

Chapter 8 deals with quantum walks. It is a basic study of a discrete time quan-

tum walk along a line with two particles. Classically, random walks with K particles

are equivalent to K independent single-particle random walks. However, in the quan-

tum case a walk with K particles may contain entanglement, thus offering a resource

unavailable in the classical scenario. In quantum walk on a line with two initially en-

tangled particles, the two-particle probability distribution of a joint property, such as
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the mean distance between the two of them, will no longer be a simple product of two

marginal one-particle probabilities. The initial entanglement between two particles will

result in correlations between the position measurements performed on each particle

independently. It is shown that this results in different values for the mean distance

between two particles as well as for the probability of finding at least one particle in po-

sition i after N steps of a walk, when compared to a case of classically correlated initial

states. A yet more interesting situation occurs in the case of two identical, initially non-

entangled, particles doing a quantum walk on the same line. The entanglement between

two particles is then enforced by their indistinguishability, thus resulting in the same

joint probability distribution as in the case of two entangled distinguishable particles.

Finally, Chapter 9 discusses in more details the bipartite entanglement between in-

distinguishable identical particles. First, we give a brief overview of existing proposed

measures for the amount of entanglement between identical particles. Then, we show by

explicit calculation how indistinguishability in itself can give rise to the creation of en-

tanglement between two identical particles. Using that fact as an argument, we discuss

the possibility of considering the concept of indistinguishability of identical particles as

having a fundamental status within the theory of quantum mechanics. We suggest that

the intuition of the existence of identical particles in Nature might be more basic than

the intuition of the existence of indistinguishable situations in experimental arrange-

ments, the intuition that was in Chapter 2 shown to be behind the main postulate of

quantum mechanics (and the principle of superposition).

In Chapter 10 we give some concluding remarks and future lines of research.



Chapter 2

The Basic Principles of Quantum

Mechanics

Quantum mechanics is a theory that describes those physical laws that govern the behav-

ior of the micro-world. It is remarkably successful theory in a sense that its predictions

agree with experiments to an extent that no classical theory ever did. Yet its picture of

physical reality has so many counterintuitive features that in the words of Roger Pen-

rose it ”makes absolutely no sense” [83]. Or, to cite another prominent physicist, the

Nobel Prize laureate Richard Feynman, who once said [35]: ”I think I can safely say

that nobody today understands quantum mechanics”. And this is precisely the main

problem of any quantum theory: how to understand it?

But, let us first ask ourselves what does it mean to ”understand” a certain physical

theory at all? The question of understanding a scientific theory is a difficult one and we

will not try to give a general answer to it. Nevertheless, we do believe that the under-

standing of a certain (physical) theory incorporates at least the following two criteria:

to see the theory as a logical consequence of some set of principles and assumptions that

are based upon our everyday experience, or are commonly accepted intuitions among

people (or scientists, at least), as well as to be able to see how it ”works” in physical

reality (to be able to explain the existing and predict new physical phenomena using the

7
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theory)1.

The main subject of this chapter is, to try through analysis of one of the existing

axiomatic formulations of quantum mechanics 2 to find out and isolate at least some of

those basic principles and assumptions that may help us understand the theory better.

There have been attempts to understand quantum mechanics along those lines before.

One such example is the recent suggestion by A. Zeilinger that adopts the information-

theoretic approach in search of the ”foundational principle for quantum mechanics”

[101, 21].

There are many axiomatic formulations of non-relativistic quantum mechanics. They

are all essentially the same, as they formalize the same theory, and for the purpose

of current research, each one of them is equally useful. The choice of the particular

axiomatization (given in a book [46]) is purely subjective: the author of this thesis

learnt quantum mechanics from that set of axioms. The two other axiomatizations (out

of many), very similar to the one adopted here, are given in the references [26, 85]. To

follow the axioms is not an aim, it is a method. Therefore we will skip some of the

rather technical proofs and focus on the physical side of the interpretation of the axioms

and postulates. We will also omit a presentation of the mathematical background of

quantum mechanics3.

1We say that we understand special relativity not because we understand the time dilatation and
the contraction of lengths, but because we do understand and accept its building principles: that the
laws of physics are equivalent in all inertial frame references, and that there must exist a finite speed
of transmitting the influence and information in Nature (which is, due to the first assumption, the
same in all inertial frame references). On the other hand, we understand the existence of the electro-
magnetic field not because it is our basic intuition, but mainly because we are familiar with it through
the extended study of its influence in the material world.

2Here, as throughout the whole thesis, we are concerned with non-relativistic quantum mechanics
only. It is our belief that most of counterintuitive features of the quantum world are already present
in non-relativistic theory and that to understand at least some of them it is not necessary to introduce
relativistic effects. Our belief is based on the fact that differences between classical and quantum
mechanics arise not due to new dynamical elements that have been introduced in the theory, but due
to new and essentially different relationships between the existing ones that we encounter in classical
mechanics as well.

3Reference [26] provides an excellent introduction to the basic rules of linear algebra that are used in
quantum mechanics. It is also one of the most prominent textbooks on quantum mechanics in general.
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2.1 Quantum Ensembles and Statistical Nature of

the Theory

Quantum mechanics is, in contrast to classical mechanics, essentially a probabilistic

theory. It gives predictions for the outcomes of a measurement of a certain physical

feature (quantity)4 performed on a set of identical physical systems. Therefore, those

predictions are given in terms of probability distributions only. In this section, we give

a brief overview of the basic concepts common to any statistical theory, paying special

attention to its role in quantum mechanics.

Any set of identical physical systems we shall call a statistical ensemble. It is a

statistical ensemble for which statistical predictions are made, not the particular physical

system: the term ”probability of a certain event” only makes sense when applied to a

large number of identical cases. Two ensembles are said to be equivalent if they give the

same probability distributions for every measurement variable (observable in quantum

mechanics). Therefore, in a statistical theory two equivalent ensembles are described by

the same mathematical entity.

We can mix statistical ensembles in a higher ensemble. If, for example, we have K

ensembles with Nk systems in each one of them (k = 1, . . .K), then the mixed ensemble

will consist of N =
∑K

k=1Nk systems. In this higher ensemble, we lose (”forget”)

the information concerning which individual system corresponds to which particular

ensemble out of those mixed ones.

There are two main types of ensembles we shall deal with: homogenous and mixed

(inhomogeneous) ones. A homogenous ensemble is defined as an ensemble that is not

equivalent to a mixture of several quantum ensembles out of which at least two are not

equivalent. Otherwise, the ensemble is mixed5.

4The term for a physical feature (quantity) in classical mechanics is variable while in quantum
mechanics we call it observable.

5As it will be shown in Chapter 4, mixed ensembles are not necessarily obtained by mixing several
ensembles that are not equivalent to each other. If each individual system of the ensemble is entan-
gled with some other system that is out of our reach, then the probability distributions generated by
measurements performed on the systems of our ensemble only are the same as probability distribu-
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When formulating any physical theory, one of the most important concepts is that

of a physical state. In classical physics, it is assigned to individual systems. In a sta-

tistical theory, such as quantum mechanics, we are forced to assign physical states to

(quantum) ensembles, rather than individual systems. We shall call the physical state

of a homogenous ensemble the pure state, while the physical state of mixed ensemble

we shall simply call a mixed state. To explain (rather than to define) the concept of the

physical state, we use the following explanation: a physical state in quantum mechanics

is a totality of all the features (properties) that determine the probability distributions

of all the possible measurements performed on a certain statistical ensemble of physical

systems6.

It is obvious that in the case of mixed states (both classical and quantum), only the

whole ensemble can be associated with its particular state. In the case of pure quantum

states though, it is an open question whether we can also interpret them as states of

particular systems. Since it is a question of interpretation, and is not of particular

significance to the argument discussed in this thesis, we decide to adopt the ”safer”

option and assign all the states in quantum mechanics to ensembles only. Yet, quite

often we do use the term ”the state of a system”, with the meaning: ”the state of

an ensemble which the system is from”7. There is one more argument that supports

the point of view in which quantum pure states are assigned to individual systems as

well. It has to do with the fact that states can be assigned to, and defined by, specific

preparation procedures.

Every physical theory has to be verified in a laboratory. And it is the laboratory

where we prepare the physical states and then test them (perform measurements to

verify the predictions of the theory). Therefore, within a physical theory at least, we

can assign states to preparation procedures as well. Thus, a pure state that represents a

tions generated by performing the same measurements on systems of an ensemble that is obtained by
mixing several ensembles that are not equivalent to each other. Therefore, our ensemble of particles is
equivalent to some other ensemble that is obtained by mixing several non-equivalent ensembles and we
also call it the mixed ensemble. Yet, such an ensemble is not obtained as an actual mixture of several
ensembles of which at least two are not equivalent.

6Often throughout this thesis we shall use a short term ”ensemble” to denote the ”statistical ensemble
of physical systems”.

7Additional problem with the concept of a state in relativistic formulations is discussed in [3, 4, 5, 6].
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homogenous ensemble would correspond to a particular preparation procedure in which

all the relevant factors that determine such a procedure are constant throughout the

whole preparation. In other words, each member of the system is prepared in the

same way8. The way to prepare a mixed state is then to vary in time the parameters

that determine the preparation procedure: different members of such an ensemble are

prepared in different ways. This way of looking at the physical states gives ground to

the interpretation that a pure quantum state should be assigned to individual systems

as well. As already mentioned, this question will not be of particular relevance to our

study, and therefore we will leave it open while in the current formulation we assign all

quantum states to statistical ensembles only.

Finally, we note that as in the case of physical states, we can also define observ-

ables (variables in classical physics) by the means of the corresponding measurement

procedures.

After this superficial analysis of the basic concepts of a statistical theory, such as

quantum mechanics, we list what we believe to be the main questions to be posed to a

mathematically formulated physical theory. The questions are:

1) What are the mathematical objects that represent states and observables?

2) How do we calculate probabilities of measurement outcomes?

3) How does the state of a system change in time?

In the rest of this chapter, we present the postulates of quantum mechanics that give

answers to the above questions, with a special emphasis on the superposition principle

8One of the main assumptions of the so-called ”hidden variable” interpretations is that in quantum
mechanics pure states do not correspond to homogeneous ensembles (and therefore cannot be assigned
to individual systems) precisely because the requirement of having the same preparation procedure for
each individual system in an ensemble is not satisfied in a laboratory. According to those interpretations,
the current stage of our technology, as well as our current physical theories, do not allow us to control
all the relevant factors (”hidden variables”) in a laboratory in order to prepare homogeneous ensembles.
The question of the possibility of the existence of local hidden variables will be discussed in Chapter 4.
At this stage, we only note that in this chapter we analyze the theory of quantum mechanics in which
pure states are assigned to homogeneous ensembles, and try to see whether there exists some intuitively
accepted principle(s) behind such a theory.
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and the concept of indistinguishability. In the case of pure states, the answer to the

first question is given by the first two postulates. The third postulate gives the answer

to the second question. The question of how a state of a quantum system changes in

time is conceptually more complicated than in classical physics. In quantum mechanics,

a state can change in two essentially different ways. If a system is not subjected to a

measurement, it evolves causally in time, just like in classical physics. The dynamics

of quantum mechanics in that case is given by Postulate VI. But, when subjected to a

measurement, the system undergoes an essentially non-deterministic change whose law

is governed by the requirement of Postulate III. The case of mixed states will be treated

in the last section of this chapter, Section 2.7.

Finally, we note that in this chapter, we discuss closed quantum systems only9. In

the next two chapters, especially in Section 3.1 and Section 4.1, we will discuss open

systems as well. Here, we only note that every open quantum system can be seen as

a sub-system of a larger closed system, therefore the description of open systems can

easily be derived from the discussion presented in this chapter.

2.2 States and Observables

In this section, we present the first two postulates of quantum mechanics that define the

mathematical objects that represent the two most important ingredients of every physical

theory: states and observables. Also, we discuss one of the main principles of quantum

mechanics, the superposition principle, seen as a (partial) consequence of Postulate I, as

well as the concept of indistinguishability that is argued to be the underlying concept

for the whole of quantum mechanics.

Postulate I (States): Every pure state of a quantum system is represented by some

vector of a unit norm in the Hilbert space H of that system, and vice versa, every vector

9Physical system is said to be closed if the change of its state does not influence the state of the
environment (ultimately, the rest of the Universe). Note that we require for a system to be more than
just dynamically closed as in quantum mechanics it is possible to change the state of a system even
when it does not interact with the environment (see Chapter 4).
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of a unit norm from H represents one possible state of that quantum system10.

The reason for the restriction to vectors of unit norms only is to simplify the formula

for calculating probabilities of measurement outcomes. It is actually the mathematical

expression of the requirement that the probabilities of a certain observable all add up to

one (in an ideal measurement when all detectors have unit efficiency). Alternatively, we

could choose to represent states with all the vectors from the Hilbert space H (except

the null vector), in which case each state would be represented by a whole ray in that

space. Yet, even with this restriction to unit vectors only, we still do not have the one

to one correspondence between physical states and their mathematical representatives

as each state is determined up to a phase factor only. In other words, vectors |ψ〉 and

eiλ|ψ〉, λ ∈ R represent the same physical state11.

Although it might look like a rather technical postulate defining the mathematical

structure of our theory, this is actually from the physical point of view a highly non-

trivial statement. It is often called the principle of superposition postulate (see for

example book [85], page 50). In fact, the principle of superposition says a bit more.

Apart from postulating that every (unit) vector from a Hilbert space H represents one

pure physical state (one homogenous ensemble), it also says that whenever a quantum

system can be found in either one of two pure states, |ψ1〉 or |ψ2〉, it can also be found

in a pure state a1|ψ1〉 + a2|ψ2〉 (|a1|2 + |a2|2 = 1, a1, a2 ∈ C).

The situation in classical physics is dramatically the opposite. There, a pure state

of a physical system (for the reasons of simplicity, we restrict ourselves to ”point-like”

bodies) is given by a vector (~r, ~p) in 6-dimensional phase space R6. Like in quantum

mechanics, here too every vector represents one pure state. Yet it is not true that,

whenever our system can be found in either one of two pure states, (~r1, ~p1) or (~r2, ~p2), it

can also be found in a pure state a(~r1, ~p1) + b(~r2, ~p2) (a 6= 0, b 6= 0). To see that, let us

imagine that our physical system (say, a billiard ball) can be found in either one of two

separated boxes, V1 or V2. Then, there exist infinitely many a’s and b’s so that vector

10Therefore, we often refer to H as to a ”state space” of a given system.
11We use so-called Dirac notation throughout most of this thesis.
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a~r1 + b~r2 is not in either one of them, even if ~r1 ∈ V1 and ~r2 ∈ V2.

We have seen from this simple example that, if we accept the superposition principle,

we have to in some sense ”enlarge” our state space. For in quantum mechanics the pure

state12 a|~r1〉+b|~r2〉 is different from |a~r1 +b~r2〉! And, this is exactly the statement of the

Postulate I - our state space is not R6 anymore, it is Hilbert space H. For that reason, we

will often throughout this thesis also refer to Postulate I as the Principle of Superposition

Postulate. Nevertheless, we would like here to stress that, to be able to obtain a complete

physical interpretation of some formal theory, one ultimately has to include all of its

postulates. In the case of the superposition principle in quantum mechanics, to get a

complete understanding of what kind of pure states the superpositions like a|~r1〉+ b|~r2〉
represent, we need more than Postulate I. We need to learn what states correspond

to different measurement outcomes of some observable quantity (Postulate III, that

defines probabilities of measurement outcomes), and that not all the states correspond

to some particular well defined outcome (Postulate II, that defines the mathematical

representatives of observables), to be able to have a more refined understanding of the

superposed states and the principle itself. Therefore, we need at least the first three

postulates to express the superposition principle. Yet, as we have said earlier, the aim of

this chapter is not to discuss the formal mathematical structure of quantum mechanics

but rather through discussing the physical meaning of the postulates, to isolate those

relevant physical principles that are sufficient for building up the theory.

The importance of the superposition principle in quantum mechanics can hardly be

overestimated. It will be argued throughout this thesis that it is the crucial principle

that brings about almost all the differences between classical and quantum mechanics,

as all the main features of quantum mechanics that make it distinct from any classical

theory can be derived from it. Namely, that some kind of so-called collapse of the state

should occur during the measurement process follows naturally from the superposition

principle: if a physical system can be in a pure state in which the result of a measurement

of a certain observable is not predetermined, then after performing such a measurement,

12|~r1〉 and |~r2〉 are states describing a system being in spatial positions defined by vectors ~r1 and ~r2
respectively.
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and naturally obtaining only one particular result out of those allowed, our physical

system will be in a state defined by this particular outcome13. Even more obviously, it is

natural to expect some kind of uncertainty relations once we assume the superposition

principle. To derive the exact form of the Heisenberg uncertainty relations, we obviously

need a stronger formal structure with a lot of other assumptions and postulates but,

as will be shown later in this chapter, Postulate I is the crucial one. It will also be

shown later in this chapter that the dynamical equation of quantum mechanics, the

Schrödinger equation, can be derived from the assumptions of which only the one stated

in the superposition principle is purely non-classical. Finally, quantum entanglement

and non-locality are direct consequences of the superposition principle for multi-particle

systems.

There is another prominent feature of quantum mechanics that could be seen as a

direct consequence of the superposition principle. It is the famous interference principle.

Here, we quote the definition of the interference principle from Peres’ book [85] (page

38):

If a quantum system can follow several possible paths from a given preparation to a

given test, the probability for each outcome of that test is not in general the sum of the

separate probabilities pertaining the various paths14.

The term ”path” in the above definition could be understood as representing a par-

ticular evolution in time (defined by the environment or the experimental set-up) from

some initial state |ψ0〉 to a state |ψ〉. So, if a state |ψ0〉 can both simultaneously evolve

13That a quantum state which is in a superposition of two states, say |~r1〉 and |~r2〉, does not have a
predetermined result of a position measurement is obvious; and for that state and the corresponding
measurement it is natural to expect some kind of collapse of the state. It is not though obvious at all
at this stage that the collapse of the state should occur in the case of performing the measurement of
some other observable, or in the case of superpositions of ”non-orthogonal” states. Here we only claim
that some kind of the collapse of the state is to be expected if one assumes the superposition principle.
The particular features and mathematical rules that govern this phenomena are, of course, beyond this
preliminary and heuristic consideration. Yet, all other assumptions needed to formulate the phenomena
of the collapse of the state are of a rather technical nature, or are natural assumptions not particulary
restricted to quantum mechanics.

14The subtle difference between the terms ”test” and ”measurement” that the author makes in this
book is not of crucial significance for the current argument, and therefore we may assume those two
terms have the same meaning.
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(follow both paths leading) to a state |ψ1〉, as well as to |ψ2〉, then the interference

principle states that in that case, the probability of obtaining result a when measuring

some observable Â, is not the sum of corresponding probabilities for obtaining the result

a when measuring Â in the states |ψ1〉 and |ψ2〉, respectively. Obviously, the opposite

is clearly in contradiction with the superposition principle: it would be impossible to

experimentally distinguish between the superposition and the mixture of two states, |ψ1〉
and |ψ2〉, if the rule of addition of probabilities were to be universal. In other words, the

superposition principle forces us to abandon the general rule of addition of probabilities

in order to be able to experimentally verify the existence of such states (superpositions)

in Nature.

The crucial connection between the above interference principle and the principle

of superposition is in the phrase ”can follow several possible paths”, which is (in the

case of two paths) understood as ”can both simultaneously evolve to”. The underlying

assumption is that they ”can both simultaneously evolve to” a superposition of two

states, of course. Yet, there is another assumption that is not stated in the above

definition (which is the common feature of most definitions of the interference principle).

It is the assumption that a system ”can follow several possible paths” if (and only

if) those paths are made indistinguishable. And by indistinguishable here we mean

that in principle no measurement performed either on the system or the environment

(ultimately, the whole Universe) can, without destroying the superposition, reveal which

of the allowed paths the system has actually taken15. Even more, the above assumption

of indistinguishability could be understood as the underlying one for a superposition

principle as well: the way to prepare the superposition of states is to perform such a

preparation procedure in which different paths (different evolutions obtained by different

preparation procedures) are made indistinguishable.

Of course, how to experimentally make different paths indistinguishable is not pre-

15The fact that no measurement can reveal which path the system has actually taken drives us to an
immediate conclusion that a system in a superposition is not following either of the ”allowed paths”, but
that the superposition of those ”allowed paths” itself is a new and unique path our system is following.
We therefore talk about the ”allowed paths” in the sense that, if we do decide to observe where our
system is, it will always ”collapse” onto one of those ”allowed paths”.
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scribed by the above definition, nor by Postulate I. The interference principle only states

some of the features of probabilities of measurement outcomes in the case where several

evolution paths are made indistinguishable, while the superposition principle states that

this is, in principle, possible to do. The question of whether all the unit vectors from

a given Hilbert space H could actually be realizable in the laboratory or in Nature in

general (whether every unit vector represents some physical state) still remains an open

question, but for the argument in this thesis this question is of no relevance. What is im-

portant is that quantum mechanics is a physical theory in which superpositions of states

are possible, and in which to prepare such states one has to make the corresponding

evolution paths indistinguishable.

Consider our argument the other way around. If we assume the indistinguishability

of different paths (preparation procedures), then we are forced to accept the existence

of superpositions: if it is possible to make different paths indistinguishable, then such

a preparation procedure corresponds to a pure state - a superposition of states (not a

mixture!). In that sense, we say that in quantum mechanics, the existence of indis-

tinguishable situations (paths) is postulated. This is so for the case of the double-slit

experiment, where it is postulated that no matter what measurement we perform on the

source of particles we cannot say, without destroying the superposition, which way the

particle has actually taken, as well as for any experiment where the superpositions of

different states are produced. Yet, whether it is possible to fully derive the principle of

superposition in quantum mechanics from the existence of indistinguishable situations,

remains an open question. It is the ”richness” of the superpositions that makes the whole

problem so complicated. We can, in principle, prepare an infinite number of superposi-

tions from two quantum states, |ψ1〉 and |ψ2〉, just by continuously varying the complex

amplitudes. And, for this infinite number of preparation procedures, we have to satisfy

the same indistinguishability criteria. We obviously need additional assumptions in or-

der to justify the complete superposition principle. Whether those assumptions are of a

purely mathematical character, or can be seen as particular physical assumptions that

are, or are not, valid in classical physics as well, is a question of immense importance if

we are to better understand quantum mechanics.
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We now present the next postulate of quantum mechanics, the postulate that defines

the mathematical structure of stochastic variables (observables) of a quantum system.

Postulate II (Observables): Every stochastic variable of a closed quantum system,

i.e. every observable, is represented by some hermitian operator defined on the state space

H, and vice versa, every hermitian operator in H represents some observable that is in

principle measurable16.

As already mentioned, as well as being able to assign different experimental prepa-

ration procedures to different pure quantum states, we can also assign different exper-

imental measurement procedures to different observables (only if we can measure the

values of a certain quantity of a physical system, are we able to say that that quantity

is observable). In fact, each measurement procedure, in the case of selective measure-

ment, can be seen as a preparation procedure as well. And as in the case of Postulate I,

Postulate II doesn’t tell us how to actually perform such a measurement in a physical

laboratory. It is also a question whether all hermitian operators actually correspond to

some realizable measurement procedure of a certain observable. Again, those questions

are of no particular relevance for the argument presented in this chapter (and the thesis

in general), therefore we will leave them aside. The only important fact for the current

discussion we have learned from Postulate II is the following mathematical property of

the hermitian operators:

Every hermitian operator Â can be expressed in terms of its real eigenvalues an, and

the corresponding projectors P̂n in the following form17:

Â =
∑

n

anP̂n. (2.1)

The importance of this formula (the spectral form of the hermitian operator) will be

16We will quite often throughout this thesis use the term observable for the hermitian operator
representing it.

17We restrict ourselves to the case of a discrete spectrum for reasons of simplicity. Generalization
to a case of a continuous spectrum is straightforward. All we have to do is replace the sum with the
corresponding integral.
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seen after we introduce in the next section Postulate III, the postulate that defines the

probabilities of measurement outcomes. Then, we will see that different eigenvalues an

correspond to different measurement outcomes (therefore they are real - we have chosen

hermitian operators precisely for this feature), and that different projectors P̂n define

the corresponding pure states.

In some textbooks (see for example [26], page 251 of Vol. 1) it is explicitly stated

in a form of a separate postulate that the only possible results of a certain observable

are the eigenvalues of a hermitian operator representing that observable. As it is a

direct consequence of Postulate III and the fact that the projectors P̂n sum up to one

(
∑

n P̂n = 1), we omit it in the current presentation.

We have established in this section, through the analysis of the superposition and

interference principles, the fundamental status of the concept that we shall call the

principle of indistinguishability, which runs as follows:

Interference effects will occur if and only if different evolution paths are made indis-

tinguishable, where by indistinguishable we mean that in principle no measurement can

determine which of the allowed paths a system has followed.

A slightly different criteria for observing the interference effects can be found in the

literature. In the famous textbook on quantum mechanics by Cohen-Tannoudji and

co-authors [26], on page 257 one can read the following statement:

”When the intermediate states of the system are not determined experimentally, it is

the probability amplitudes, and not the probabilities, which must be summed.”

The principle of indistinguishability is stronger than the above statement. It says

that even when the paths are not actually observed, but the experimental arrangement

is such that it is in principle possible to do so, interference effects will not occur. And

this is true since even if nobody looks at the detectors placed at the allowed paths (in

the case of a double-slit experiment, we may place them in front of two holes on a wall

that is placed in front of the screen) their quantum states will entangle with the state

of a particle and the interference will be lost (the basics of the theory of entanglement
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is presented in Chapter 3)18.

Of course, it is always possible to restate all the statements involving the principle of

indistinguishability in terms of observations and measurements. The reason for insisting

on this terminology is that we find the concept of indistinguishability to be basic enough

that it can be seen as a building concept in understanding quantum theory. Also,

by using this terminology we partially recover the situation from classical physics in

which the description of physical reality does not depend on whether the observations

are actually done or not19. Therefore, this approach enables us to make a distinction

between classical and quantum - type theories in a rather simple fashion:

Quantum mechanics is a theory in which the existence of indistinguishable situations

is allowed.

2.3 Measurement in Quantum Mechanics

As already mentioned and heuristically suggested by the superposition principle de-

scribed in the previous section, quantum mechanics is essentially a probabilistic theory:

it only gives probabilities for obtaining different measurement outcomes for a general

measurement. The next postulate to be stated, Postulate III, gives the analytical for-

mula for these probabilities. In this section, we will see that by using only the first three

postulates it is possible to establish a correspondence between different mutually orthog-

onal sets of states and different measurement outcomes, make a correspondence between

different preparation and different (selective) measurement procedures, and derive the

famous Heisenberg uncertainty relations.

Before we present Postulate III, let us first define the probability p(an, Â, |ψ〉) of

18Note that instead of macroscopic detectors, we could have introduced two other particles, each
assigned to one of the two paths allowed, in such a way that their states become entangled to the state
of our system. Even if we do not observe any of those two particles at all, if we let them fly away after
the interaction has taken place so that they are out of our reach, the interference effects will be lost!

19We would like to emphasize here that we do not see this analysis as being a general solution to the
so-called measurement problem in quantum mechanics.
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obtaining the result an when measuring observable Â in a state20 |ψ〉. As already men-

tioned, states in quantum mechanics are assigned to ensembles of quantum systems: only

when we have a number of systems to make measurements on are we actually able to

talk about probabilities. Let us therefore choose N systems from a certain homogenous

ensemble described by a pure state |ψ〉 and let Nn be a number of systems that gave

result an, when certain observable Â was measured on that ensemble. We will call the

ratio Nn/N the relative frequency of an event defined by the result an. Then:

p(an, Â, |ψ〉) = lim
N→∞

Nn

N
. (2.2)

Now, we can proceed with Postulate III and its consequences.

Postulate III (Probability of a Measurement Outcome): The probability of

obtaining the result an when measuring observable Â in the state |ψ〉 is given by the

formula:

p(an, Â, |ψ〉) = ||P̂n(Â)|ψ〉||2 (2.3)

Here P̂n(Â) is a projection operator that projects an arbitrary state onto a subspace

spanned by eigenvectors of the observable Â whose eigenvalue is an (eigenspace for an

eigenvalue an).

The immediate consequence of Postulate III is that the system in a state |ψ〉 has a

sharp value an, p(an, Â, |ψ〉) = 1, if and only if |ψ〉 is an eigenvector of the observable

Â with an eigenvalue an. For the reasons of formal completeness of the theory, we need

here to introduce one more postulate about the measurements on individual quantum

systems.

Postulate IV (Measurement on Individual Quantum Systems): If the prob-

ability of obtaining the result an while measuring observable Â in the state |ψ〉 is equal to

20We restrict ourselves here to pure states only, although the same definition also applies to any state,
pure and mixed.
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one, then every individual system that is in the state |ψ〉 will necessarily give the result

an.

This is a rather technical postulate. Without it, we would not be able to say that

whenever p(an, Â, |ψ〉) = 1, Nn = N (see equation (2.2)), as even if Nn < N the limit

limN→∞
Nn

N
can be equal to 1. The immediate consequence of Postulate IV is, obviously,

that whenever p(an, Â, |ψ〉) = 0 it is impossible to obtain result an when measuring Â

in the state |ψ〉, and vice versa.

This way, we have established the correspondence between different measurement

outcomes an of an observable Â and the sets of pure states (eigenspaces for different

eigenvalues an) for which the occurrence of those results is certain.

The next step is to see how the state of a system changes upon measurements. This

will allow us to establish the correspondence between measurement and preparation

procedures. But first, let us define the individual-system quantum measurement. There

are three requirements relevant for individual-system measurements (see for example

[19]):

(i) In each measurement a result is obtained and their relative frequencies, in the limit

of infinite number of measurements, reproduce the probability values predicted by

quantum mechanics (given by Postulate III, equation (2.3)).

(ii) The results are repeatable, i.e. an immediately repeated measurement of the same

observable on the same individual system gives the same result with certainty.

(iii) Possible results on compatible observables21 are preserved in each measurement.

If all three requirements are satisfied, we have ideal measurement (see [45]). If the

third is not, but the first two are, then we are dealing with non-ideal first-kind or re-

21Two observables Â and B̂ are said to be compatible if and only if their commutator is zero,
[Â, B̂] = 0. If two observables are compatible then they have at least one common eigenbasis. The set of
observables Â1, Â2, · · · ÂK form a complete set of compatible observables if and only if each two of them
are compatible and all of their common eigenspaces are one-dimensional (in other words, the whole
set has only one common eigenbasis). This way, we say that a complete set of compatible observables
defines a new complete observable given by their common eigenvectors.
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peatable measurements. Finally, if only requirement (i) is valid, one has second-kind or

non-repeatable measurements (see [79], [23]). The second requirement (ii) is crucial in

deriving the formula for a state-change after performing the (individual-system) quan-

tum measurement. It says that our system will have to be in a state that is within an

eigenspace corresponding to the result obtained. If our observable is complete (having

all eigenspaces one-dimensional), then the state after the measurement is uniquely deter-

mined by the outcome obtained. Consequently, if the third requirement (iii) is satisfied,

then regardless of whether we measure the complete observable or not, the state after

the measurement is uniquely determined by the outcome and the initial state. This is

so because the third requirement preserves not only results of the particular measure-

ment that was actually performed, but also the results of all the possible compatible

measurements. In other words, since the set of all observables that commute with the

measurement observable defines a complete observable, applying the same logic as before

we get that the state of the system after the measurement is again unique. The formula

that gives the state of a system after obtaining the result an in a measurement of an

observable Â is:

|χn〉 =
1

||P̂n|ψ〉||
P̂n|ψ〉, (2.4)

where |ψ〉 is the state before the measurement. The formal proof of this statement is,

although somewhat lengthy, elementary in all of its steps and is based on the reasoning

given above, therefore we omit it here (for detailed proof, see [45]).

From the above analysis, we now see how measurement can be used as a prepa-

ration procedure of a pure state. It is a direct consequence of the fact that for cer-

tain measurements (either ideal or first-kind measurements of a complete observable),

the resulting state is uniquely determined by the measurement outcome. Therefore,

the only thing we have to do in order to prepare a homogeneous (pure) ensemble

that corresponds to one of the eigenvectors (say, |ψk〉) of the complete observable Â

(Â =
∑

n an|ψn〉〈ψn|, n 6= m ⇒ an 6= am) is to select those systems that gave the result

an. The mixed state ensembles are then prepared in the usual fashion, as described in
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the first section of this chapter.

At the end of this section we formulate and prove the famous Heisenberg uncer-

tainty relations. They are stated in terms of expectation values and uncertainties. The

expectation value 〈Â〉|ψ〉 of an observable Â in a state |ψ〉 is defined by:

〈Â〉|ψ〉 =
∑

n

anp(an, Â, |ψ〉). (2.5)

Obviously, we have that (see the equations (2.1) and (2.3)):

〈Â〉|ψ〉 = 〈ψ|Â|ψ〉 =
∑

n

an〈ψ|P̂n|ψ〉. (2.6)

The uncertainty ∆Â|ψ〉 of an observable Â in a state |ψ〉 is defined by:

∆Â|ψ〉 = 〈(Â− 〈Â〉|ψ〉)2〉
1

2

|ψ〉. (2.7)

If it is obvious that the expectation value or the uncertainty of a certain observable Â

is obtained for a given state |ψ〉, we shall use the simplified notation, writing 〈Â〉 and

∆Â instead.

Theorem (Heisenberg Uncertainty Relations): Let Â and B̂ be two arbitrary

observables in a state space H of a quantum system, and let |ψ〉 be an arbitrary vector

from H. Then:

∆Â∆B̂ ≥ 1

2
|〈[Â, B̂]〉|. (2.8)

Proof: Let us define auxiliary observables Â
′

and B̂
′

as:

Â
′

= Â− 〈Â〉Î, (2.9)

B̂
′

= B̂ − 〈B̂〉Î, (2.10)
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where Î is identity operator on H, and auxiliary vectors |u〉 and |v〉 as:

|u〉 = Â
′|ψ〉, (2.11)

|v〉 = B̂
′ |ψ〉. (2.12)

From the Schwartz inequality, we have:

〈u|u〉〈v|v〉 ≥ |〈u|v〉|2. (2.13)

Since 〈u|u〉 = 〈ψ|(Â2 − 2Â〈Â〉 + 〈Â〉2)|ψ〉 = ∆Â2 (and analogously for |v〉), all we

have to prove is that |〈u|v〉|2 ≥ 1
4
|〈[Â, B̂]〉|2. Too see that, let us write the (unique)

decomposition of a linear operator Â′B̂′ onto its hermitian and skew-hermitian parts:

Â′B̂′ =
1

2
(Â′B̂′ + B̂′Â′) +

1

2
(Â′B̂′ − B̂′Â′). (2.14)

Taking the expectation values, we get:

〈ψ|Â′B̂′|ψ〉 =
1

2
〈ψ|(Â′B̂′ + B̂′Â′)|ψ〉 +

1

2
〈ψ|[Â′, B̂′]|ψ〉. (2.15)

On the left-hand side, we have a complex number, that is decomposed into its real

and imaginary part (first and second term in the sum on the right-hand side of the

equation respectively). Therefore, its norm can be expressed as:

|〈ψ|Â′B̂′|ψ〉|2 =
1

4
|〈ψ|(Â′B̂′ + B̂′Â′)|ψ〉|2 +

1

4
|〈ψ|[Â′, B̂′]|ψ〉ψ〉|2

≥ 1

4
|〈ψ|[Â′, B̂′]|ψ〉|2 =

1

4
|〈ψ|[Â, B̂]|ψ〉|2 (2.16)

(the last step is a consequence of bilinearity of the commutator). Since 〈u|v〉 = 〈ψ|Â′B̂′|ψ〉,
we obtain the result:
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∆Â2∆B̂2 ≥ 1

4
|〈[Â, B̂]〉|2, (2.17)

which, after taking the square root, gives (2.8).

We have thus proved the so-called generalized Heisenberg uncertainty relations. To

obtain the magnitude of the right-hand side of the equation (2.8), we need to know

the expression for the commutator of the corresponding observables. This will be given

in the next section by Postulate V. Together with Postulate VI, it represents Dirac’s

approach (see [29]) that we have adopted in this thesis.

2.4 Quantization Postulate

The Quantization Postulate defines the transition from classical variables to quantum

observables. Thus, one often refers to it as the quantization of classical mechanics (or

its variables), or as the first quantization (in the next chapter, we shall introduce the so-

called second quantization which is a useful mathematical tool in describing composite

quantum systems of identical particles). To state it, let us remind ourselves of one of

the fundamental functions in classical mechanics, the Poisson Bracket.

Let A and B be two arbitrary classical variables defined on N -particle phase space

(A = A(~r1, · · · ~pn), B = B(~r1, · · · ~pn)). Then, the Poisson bracket of two variables A and

B, denoted as {A,B}, is defined in a following way:

{A(~r1, · · · ~pn), B(~r1, · · · ~pn)} =

N∑

n=1

(
∂A

∂~rn

∂B

∂~pn
− ∂A

∂~pn

∂B

∂~pn
). (2.18)

Postulate V (Quantization of Classical Variables): The transition from clas-

sical variables of a physical system into observables from a state space H is given so that

the following requirements are satisfied:

1) a linear combination of variables goes into the same linear combination of corre-



CHAPTER 2. THE BASIC PRINCIPLES OF QUANTUM MECHANICS 27

sponding observables;

2) the product of two variables goes into the symmetrized product of corresponding

observables: ÂB̂ → 1
2
(ÂB̂ + B̂Â);

3) every Poisson bracket goes into the commutator of the corresponding observables

multiplied by −i/~;

4) the transition is continual, i.e. every variable that is a limit of a series of variables

goes into the observable that is also a limit of a series of corresponding observables;

5) the fundamental set of variables goes into the fundamental set of observables.

The ”fundamental set of variables” from requirement 5) is understood in terms of the

Hamiltonian formulation of classical mechanics: if a physical system has K degrees of

freedom, then the fundamental set consists of K generalized coordinates and K canoni-

cally conjugated impulses. The definition of the fundamental set of quantum observables

is rather technical, and is given in Appendix A. The essence of the definition is that

the fundamental set of observables defines a state space H of our quantum system in a

similar sense to that in which the fundamental set of variables defines the phase space

of the corresponding classical system: it defines a complete orthonormal basis22 of the

system’s state space H as a common basis of a complete set of compatible observables.

The most prominent pair of canonically conjugated observables is by far position and

momentum (x̂, p̂x). Since its Poisson Bracket equals 1, the corresponding commutator

is then:

[x̂, p̂x] = i~, (2.19)

from which we get the fundamental Heisenberg uncertainty relation between coordinate

and its conjugated impulse (see equation (2.8)):

22Since in quantum mechanics we are mostly restricted to the use of othonormal bases, we will quite
often use the shorter term basis instead.
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∆x̂∆p̂x ≥
~

2
. (2.20)

Although it defines quantitative relations between quantum observables, Postulate V

does not actually bring new features into the quantum-mechanical description of physical

reality that are different from those already known in classical physics. It is a formal

formulation of the well known correspondence principle: it prescribes how to model the

quantum world in order to preserve already well established and experimentally verified

laws of classical physics. Nevertheless, it tells us a lot about quantum mechanics itself.

Not only that this new theory of the micro-world reproduces the classical laws in the so-

called classical limit, but the concepts and dynamical elements it deals with are those of

classical physics: dynamical degrees of freedom are the same in both theories. Therefore,

although some new and better theories (like relativistic quantum mechanics, quantum

field theories, super-symmetry, quantum gravity or string theories, to name only the

few) might introduce some new elements in our description of physical reality that have

no counterparts in classical physics, they will still have to inherent intrinsically quantum

features which (at least some of them) occur solely due to our different (and we hope

better) understanding of the already existing concepts. We hope that our current study

of one of such concepts, the concept of indistinguishability, may be one of those small

steps towards this objective.

2.5 Dynamical Law of Quantum Mechanics

The next postulate enables us to formulate the dynamical law of quantum mechanics.

Again, we follow Dirac’s approach [29], in which the dynamical law is given by the

evolution operator (defined by Postulate VI), from which we then deduce the well known

Schrödinger equation.

Postulate VI (State Evolution): If not subjected to a measurement, the state of a

closed quantum system changes in time so that the following requirements are satisfied:
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a) The state of a quantum system changes causally in time within its state space;

b) During the change of state, the superpositions are preserved;

c) The number of physical systems in the quantum ensemble is conserved in time;

d) The change of the state is a continuous function of time.

Requirement a) is sometimes called the principle of causality in quantum mechanics.

It says that the state of a system at a moment in time t > t0 is uniquely determined by

the initial state of the system (the state at a moment t0), as well as by the structure of the

system and the external field (the environment). It says that there is no indeterminism

in the evolution of the system, as long as it is not subjected to a measurement. It also

says that the number of sub-systems our system consists of is preserved23.

Requirement b) is the only one that is specific to quantum theory. It requires that

for an arbitrary decomposition of an initial state, each of its components evolve indepen-

dently of each other. In other words, if the initial state in a moment t0 can be written

as

|ψ(t0)〉 = c1|φ(t0)〉 + c2|χ(t0)〉, (2.21)

then for t > t0, we have

|ψ(t)〉 = c1|φ(t)〉 + c2|χ(t)〉, (2.22)

where |φ(t)〉 and |χ(t)〉 are the states of the system at a moment t, if the initial states

were |φ(t0)〉 and |χ(t0)〉, respectively. Yet, although it is expressed in a purely ”quantum-

mechanical language”, requirement b) seems like a natural assumption once we accept

the superposition principle.

23Note that this is different from the number of systems in an ensemble. The number of subsystems is
preserved because it is required that the evolution happens within a state space of our system, which in
the case of a system consisting ofN subsystems is a space that is the tensor product of the corresponding
subsystem state spaces (see the next chapter for the definition of a multi-particle state space).
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Requirement c) is also a natural one, since we are dealing with non-relativistic theory

in which the creation and annihilation processes are banned. If all the members of one

ensemble are always present, then it means that each one of them will always give one of

the allowed outcomes when a certain observable is measured. Formally, this requirement

can be expressed as:

∑

n

p(an) =
∑

n

||P̂n|ψ〉||2 =
∑

n

〈ψ|P̂n|ψ〉 = 〈ψ|
∑

n

P̂n|ψ〉 = 〈ψ|ψ〉 = 1. (2.23)

In other words, the norm of a state-vector is preserved in time (for t > t0):

〈ψ(t)|ψ(t)〉 = 1. (2.24)

Requirement d) is the well known assumption of continuity that was recognized in

Newtonian times and even before.

We have thus seen that Postulate VI enables us to define a so-called evolution operator

Û with the following properties:

1) Operator Û acts in the state space H of the system, so that |ψ(t)〉 = Û(|ψ(t0)〉)
(from the requirement a)). It depends on the structure of the system and the

external field, as well as on the initial moment of time and the time difference,

Û = Û(t− t0, t0);

2) It is linear (from b));

3) It preserves norm (from c)).

It is well known from linear algebra that if a linear operator preserves norms of

vectors, than it is a unitary operator as well. Thus, we can write the following integral

form of the dynamical law of quantum mechanics in the case of closed quantum systems:
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|ψ(t)〉 = Û(t− t0, t0)|ψ(t0)〉. (2.25)

To derive the Schrödinger equation, let us start from the obvious relation (for t2 >

t1 > t0):

Û(t2 − t0, t0) = Û(t2 − t1, t1)Û(t1 − t0, t0), (2.26)

which, if we replace t1 with t, and t2 with t+ ∆t, becomes:

Û(t+ ∆t− t0, t0) = Û(∆t, t)Û(t− t0, t0). (2.27)

Suppose Û is an analytic function (as most functions in physics are). Then, we can

develop it into its first order Taylor series around t. Replacing ∆t with dt, and writing

Û(t+ ∆t− t0, t0) = Û(t− t0, t0) + dÛ(t− t0, t0), we get:

Û(t− t0, t0) + dÛ(t− t0, t0) = Û(dt, t)Û(t− t0, t0). (2.28)

Since every unitary operator Û can be expressed in terms of some hermitian operator

Ĥ in the following way:

Û = eiĤ =
∞∑

n=0

(iĤ)n

n!
, (2.29)

then, taking only the first two terms (zeroth and first one) from the right-hand side of

this equation, we obtain the first order evolution operator, Û(dt, t) = Î− i
~
dtĤ24. Thus,

we get:

Û(t− t0, t0) + dÛ(t− t0, t0) = Û(t− t0, t0) −
i

~
dtĤÛ(t− t0, t0), (2.30)

24We have replaced Ĥ from the last equation with dt
~
Ĥ , where ~ = h

2π
is a real number, the famous

Planck constant h divided by 2π.
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which, after rearranging, gives the following differential equation for the evolution oper-

ator :

i~
dÛ(t− t0, t0)

dt
= Ĥ(t)Û(t− t0, t0). (2.31)

Multiplying the above equation by |ψ(t0)〉 from the right, we immediately get the

Schrödinger equation:

i~
d|ψ(t)〉
dt

= Ĥ(t)|ψ(t)〉. (2.32)

We call the operator Ĥ(t) the Hamiltonian of the system. To see that it is physically

the Hamiltonian (that it can be obtained from the classical Hamiltonian with the use of

the quantization postulate), one has to change the mathematical description from the

so-called Schrödinger picture (in which we were working up to now) to the Heisenberg

picture. There, the evolution is ”carried” by observables rather than by state vectors.

It can be shown that the law of motion in Heisenberg picture is then25:

i~
dÂH(t)

dt
= [ÂH(t), ĤH(t)] + i~

∂ÂH(t)

∂t
, (2.33)

where ∂ÂH(t)
∂t

= Û †(t)∂ÂS(t)
∂t

Û(t).

This is exactly the equation we would get if we were to directly quantize the following

classical equation of motion26 :

dA(t)

dt
= {A(t), H(t)} +

∂A(t)

∂t
. (2.34)

Therefore, Ĥ(t) is the Hamiltonian of the system, and equation (2.32) is Schrödinger

25We skip the proof that is straightforward and uses only the definition of observables in Heisenberg
picture: ÂH(t) = Û †ÂS(t)Û , where ÂH(t) and ÂS(t) are hermitian operators for an observable Â(≡
ÂS(t)) in Heisenberg and Schrödinger picture, respectively.

26The quantization postulate in the form presented in Section 2.4 prescribes how to quantize classical
variables only, not the equations as well. We could have extended it to quantize equations, but the
given analysis proves it to be unnecessary.
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equation, which completes our proof.

2.6 Internal Degrees of Freedom

The last postulate in this chapter introduces the existence of so-called internal degrees

of freedom, the most prominent example of which is certainly spin. In fact, it allows us

to discriminate between different types of quantum particles by constructing different

state spaces assigned to each type of particle. The difference between different types of

particles is therefore given not only by different Hamiltonians that govern their evolution

in time, but also by the different structure of their state spaces27.

Postulate VII (Internal Degrees of Freedom): Every quantum particle can

have (apart from orbital) internal degrees of freedom. They are represented in quantum

mechanical formalism through one or more additional factor spaces.

Theoretically, the existence of spin can be seen as a consequence of the structure

of irreducible representations of the corresponding symmetry group of the space-time

(Galileo in the non-relativistic case, and Poencaré group in the relativistic case, see

[94, 34]). The fundamental status of spin and internal degrees of freedom in quantum

mechanics is still an open question. The basic intuitions that lie behind its existence are

still (at least to the author of this thesis) shadowed by mathematics and formal reasoning.

Therefore, although the use of internal degrees of freedom (spin and polarization) will be

at the heart of the work presented in this thesis, we will not discuss its fundamental status

within quantum mechanics further. We would like to note, though, that with respect

to the superposition principle and the concept of indistinguishability, the existence of

internal degrees of freedom doesn’t seem to be a closely related issue. Nevertheless, the

connection between spin and statistics, first introduced by Pauli [80], provides grounds

for future research in that direction.

27Without introducing internal degrees of freedom, all of the state spaces for different particles would
be isomorphic to each other due to the fact that they are all obtained by the quantization of the same
set of classical variables. Spaces obtained by the quantization of classical variables only are often called
orbital spaces, while the whole state space of one particle includes all the kinematic degrees of freedom:
both orbital and internal ones.
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2.7 Quantum Mixtures

In the final section of this chapter before the Conclusion, we present a short overview

of the mixed state formalism. As already mentioned in Section 2.1 of this chapter,

mixed states correspond to inhomogeneous ensembles, and the relevant questions to be

answered are: what mathematical objects are used to represent mixed states, what are

the probabilities of the measurement outcomes and how does a mixed state evolve in

time and change upon measurement?

Let us first remind ourselves that inhomogeneous ensembles are prepared by mixing

K homogeneous ensembles28, each represented by the corresponding pure state |ψk〉, with

the statistical weights: wk = Nk

N
, k = 1, . . .K (with Nk being the number of elements

in the k-th ensemble, and N =
∑K

k=1Nk). Since ”mixing” means ”forgetting” which

homogeneous ensemble each particular system originally belonged to, we can calculate

the probability of obtaining the result an, when measuring an arbitrary observable Â on

the above mixed state given by the set {(wk, |ψk〉)|k = 1 · · ·K}, as an average probability

of obtaining the same result in pure states that build up the mixed state:

p(an, Â, {(wk, |ψk〉)|k = 1 · · ·K}) =

K∑

k=1

wkp(an, Â, |ψk〉)

=
K∑

k=1

wk||P̂n|ψk〉||2 =
K∑

k=1

wk〈ψk|P̂n|ψk〉

=

K∑

k=1

wkTr(|ψk〉〈ψk|P̂n) = Tr[

K∑

n=1

wk|ψk〉〈ψk|)P̂n]. (2.35)

Therefore, we find that a mixed state can be represented by an operator:

28In the case of closed quantum system, mixed states can only be obtained by mixing different
homogeneous ensembles. In the case of open systems, we shall see in the next two chapters that mixed
states can be obtained even without actually mixing different ensembles. Of course, we could also mix
different inhomogeneous ensembles to obtain new inhomogeneous ensemble, but then those ensembles
obtained are ultimately, in the case of closed systems, equivalent to a mixture of a several homogeneous
ensembles.
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ρ̂ =

K∑

k=1

wk|ψk〉〈ψk|. (2.36)

Operators of this form are called statistical operators29 and it can be proven that

they are always positive with unit trace. Another theorem from linear algebra states

that every statistical operator (linear positive operator with unit trace) can be expressed

in the form (2.36), where wk ≥ 0 and 〈ψk|ψk′ 〉 = δk,k′ . Therefore, we get our mathe-

matical representation of mixed states, as each statistical operator can be interpreted

as a mixture of different pure states. Note that in obtaining formula (2.36) we did not

assume orthogonality of pure states |ψk〉: pure states we are mixing do not have to

be orthogonal. But, each statistical operator can be written in the same form (2.36),

with the corresponding pure states being orthogonal. Therefore, every statistical opera-

tor can represent a mixed state obtained by mixing the corresponding pure orthogonal

states. We have seen one more specific feature of quantum mechanics: the ambiguity of

mixing procedures. It is possible to prepare the same mixed state by mixing different

ensembles: whenever we mix non-orthogonal pure states, we obtain a state represented

by a statistical operator that can be interpreted as a mixture of different pure states,

this time orthogonal to each other. Therefore, by mixing such orthogonal states, we

obtain an ensemble that gives the same probability distribution for the measurement

outcomes for each observable that can in principle be measured - the two ensembles are

equivalent (see Section 2.1). Actually, it can be proven (see for example [74], page 104)

that ρ̂ =
∑

i pi|ψi〉〈ψi| =
∑

j qj |ϕj〉〈ϕj| if and only if:

√
pi|ψi〉 =

∑

j

uij
√
qj |ϕj〉, (2.37)

for some unitary matrix uij .

Next, we shall describe how mixed states change in time. We shall see that those

formulae are again, as in the case of the formula for the probability of a measurement

29Vectors |ψk〉 need not be orthogonal. The only restriction in the definition of statistical operators

is that wk ≥ 0 and
∑K

k=1
wk = 1.



CHAPTER 2. THE BASIC PRINCIPLES OF QUANTUM MECHANICS 36

outcome (2.35), basis invariant (as trace is a basis invariant function). This supports

the conclusion that two different mixing procedures that are represented by the same

statistical operator correspond to the same mixed state. The proofs of the following

formulae are quite basic and are based on the corresponding formulae for the pure

states, therefore we omit them.

First, we present the integral and the differential form of the dynamical law (evolu-

tion) for the mixed states:

ρ̂(t) = Û(t− t0, t0)ρ̂(t0)Û
†(t− t0, t0), (2.38)

i~
dρ̂(t)

dt
= [Ĥ(t), ρ̂(t)]. (2.39)

If subjected to a measurement of an observable Â =
∑

n anP̂n, a system in a mixed

state ρ̂ goes to the state:

ρ̂′ =
∑

n

P̂nρ̂P̂n, (2.40)

while in the case of selective measurement, with the result an being obtained, to a state:

ρ̂′n =
1

Tr(ρ̂P̂n)
P̂nρ̂P̂n. (2.41)

Therefore, we have seen that in quantum mechanics mixed states are represented by

statistical operators, positive hermitian operators operators with a unit norm30.

30Often, we shall use the synonyms for the term statistical operator such as density operator or
density matrix (in a sense of a matrix representation of a corresponding operator in a certain basis).
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2.8 Conclusion

In this chapter we have tried to present, in a rather non-rigorous way, one of the formal

axiomatic formulations of non-relativistic quantum mechanics. From those axioms, we

managed to formulate the answers to the most important questions the physical theory

has to deal with: how to represent physical (pure and mixed) states, how to represent

measurement observables, how to obtain the predictions of the measurement processes

(how to calculate the probability distributions of measurement outcomes when an arbi-

trary observable is measured in an arbitrary state) as well as how the state of a physical

system changes in time in general (whether subjected to a certain measurement pro-

cedure or not). We concentrated our discussion on closed systems, while the natural

generalization to open systems will be briefly given in the next two chapters.

We have also isolated one of the most important building blocks of quantum the-

ory, the superposition principle, as a consequence of mainly the first three postulates.

Furthermore, we have conjectured, in a rather informal analysis, that once the superpo-

sition principle is accepted, all the main characteristic features of quantum mechanics

that make it essentially different from classical mechanics should follow at least in a

qualitative way. Whether it is possible to derive the exact quantitative quantum me-

chanical rules solely by using the superposition principle together with some additional

general assumptions remains an open question.

We have also pointed out the importance of the principle of indistinguishability as

an underlying one to the superposition principle. It says that whenever superpositions

of states are created, whether in the laboratory or in Nature in general, one requirement

has to be satisfied: that it is in principle impossible, without in fact destroying the su-

perposition, to determine which path out of those allowed31 the system has followed. The

superposition principle contains more information than the principle of indistinguisha-

bility - it introduces different complex probability amplitudes - and it is conjectured that

31We repeat here the definition of the ”allowed paths” given previously in Section 2.2: we talk about
the ”allowed paths” in the sense that, if we do decide to observe where our system is, it will always
”collapse” onto one of those ”allowed paths”.
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in order to derive it one needs other physical assumptions, some of which will probably

again be characteristic for quantum mechanics only. Yet, the principle of indistinguisha-

bility is seen to be one of those ”basic” intuitively accepted concepts (though with the

meaning slightly changed: we define it through a new term that we named the ”allowed

paths”; but this is how our concepts evolve in time through acquiring knowledge anyway)

that may help us to better understand quantum mechanics. The work presented in this

thesis is devoted to the analysis of the principle of indistinguishability, mainly through

its application to the case of identical particles, and within the framework of quantum

information processing. In the next chapter, we therefore give a brief overview of the

formal structure of quantum mechanics when applied to systems of identical particles.



Chapter 3

Quantum Mechanics of Identical

Particles

In the previous chapter, we presented an overview of the basic principles of quantum

mechanics. Through our discussion, we isolated the principle of indistinguishability

as one of the basic principles for the whole theory that underlines the superposition

principle.

One of the most prominent applications of the concept of indistinguishability in quan-

tum mechanics, apart from formulating the principle of indistinguishability discussed in

the previous chapter, is within the framework of identical particles. It will be shown

in this chapter, as well as throughout this thesis, that quantum mechanics allows for

identical particles to be found in indistinguishable situations. This feature results in a

treatment of identical particles in quantum mechanics that is diametrically the opposite

of the one we encountered in classical mechanics. In this chapter, we present the basic

principles of quantum mechanics of systems of identical particles.

In the first section of this chapter, we present the basics of the quantum-mechanical

description of composite systems. In Section 3.2, through the formal discussion of the

notion of identical particles in quantum mechanics, we present the last postulate of the

theory, the Postulate of Identical Particles. In Section 3.3, we present the formalism of

39



CHAPTER 3. QUANTUM MECHANICS OF IDENTICAL PARTICLES 40

the representation of the second quantization, a useful mathematical description of sys-

tems of identical particles that we will use a great deal throughout this thesis. Finally,

in the last section of this chapter, we formally define the notion of indistinguishable

situations for the case of identical particles. We also discuss the fact that identical par-

ticles in classical mechanics cannot be found in indistinguishable situations. From that

discussion, we formulate an alternative definition of identical particles that includes the

requirement of being able to put them in indistinguishable situations. We formulate this

requirement as the requirement for a physical theory in which the existence of identi-

cal particles is assumed. This way, we propose the criteria for distinguishing between

physical theories like classical mechanics, a theory in which neither formal structure in-

volving phase space as a state space nor the dynamical law given by Newton equations

(or any of its equivalent presentations) allow for such description of identical particles,

and quantum mechanics in which it is possible to do so.

3.1 Quantum Mechanics of Composite Systems

In order to present the theory of quantum mechanics of identical particles, first thing

we need to know is how to treat a general composite quantum system, a system that

consists of N quantum sub-systems (not necessarily identical ones).

From the Postulate V (quantization postulate of quantum mechanics, see Section 2.4

of the last chapter), we have learnt that with each system i (i = 1, . . .N), we can as-

sign the corresponding Hilbert space Hi by quantizing that system’s classical variables.

The first question to be answered is then: What is the relation between each particle’s

state space Hi and the overall state space H1...N of the composite system? The main

characteristic of different systems is that they introduce new dynamical degrees of free-

dom. Therefore, our question is actually equivalent to the question of how to in general

introduce new dynamical degrees of freedom in quantum-mechanics. This question we

already encounter in the case of a single quantum system, as its orbital Hilbert space

is obtained by the quantization of three sets of classical variables {ri, pi} (i = x, y, z),
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each defining the corresponding one-dimensional degree of freedom. Therefore, we will

use the simplest case of introducing the orbital Hilbert space of two-dimensional system

to present the general rule of how to introduce new dynamical degrees of freedom in

quantum mechanics.

Let Hx and Hy be the Hilbert spaces corresponding to degrees of freedom defined by

x-axis and y-axis. Our first guess for the overall Hilbert space may be the orthogonal

sum of the corresponding Hilbert spaces: Hxy = Hx+̇Hy. We see that in this space,

apart from the basic commutation relations [x̂, p̂x] = [ŷ, p̂y] = i~ that are satisfied

by the definition of the Hilbert spaces Hx and Hy, additional commutation relations

[x̂, p̂y] = [ŷ, p̂x] = 0 (imposed by the zero value of the corresponding Poisson Brackets)

are also satisfied. But, the superposition principle could not be formulated in such space.

There would not be enough space for both superpositions like |α~i〉+ |β~j〉 and states like

|(α~i + β~j)〉 (α, β ∈ R)1. But the tensor product of two corresponding spaces is big

enough to contain all the superpositions. It is actually defined as a space that contains

all the possible superpositions.

Therefore, if Hx and Hy are the Hilbert spaces for the x and y degree of freedom, the

overall Hilbert space for the both degrees of freedom is defined as their tensor product,

Hxy = Hx ⊗Hy, with the corresponding basis {|α〉x ⊗ |β〉y|α, β ∈ R}2.

One may pose the formal question of deriving the tensor product structure of the

overall Hilbert space. The orthogonal sum does not satisfy the superposition principle,

but how do we formally rule it out by using the postulates only? It is the Postulate III

(the postulate that defines the probabilities of the measurement outcomes) that tells us

that we need vectors like |(α~i+β~j)〉xy to represent states of a system sitting in a position

(α~i + β~j). Postulate II (defining the observables) requires that this vector, as well as

|α~i〉xy and |β~i〉xy, is an eigenvector of the corresponding measurement observable (the

observable that measures the position of the system), and therefore those three vectors

1In Hx alone, the superposition principle is satisfied since observable x̂ is defined, with its eigenbasis
{|α〉x|α ∈ R}. There, states like |(α1 + α2)〉x (an eigenvector of x̂ with eigenvalue (α1 + α2)) and
|α1〉x + |α2〉x (which is not and eigenvector of x̂) are different. The same holds for Hy.

2The basis in Hx is {|α〉x|α ∈ R} and in Hy is {|β〉y|β ∈ R}.
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must be orthogonal. But, in an orthogonal sum of Hx and Hy, vector |α~i〉xy + |β~j〉xy is

not orthogonal to vectors |α~i〉xy and |β~j〉xy. Therefore, we need a richer structure, and

it is the tensor product structure.

From the above analysis, we conclude that for two systems, 1 and 2, with their

corresponding Hilbert spaces H1 and H2, the overall Hilbert space is given as a tensor

product:

H12 = H1 ⊗H2. (3.1)

The Hilbert space H12 is given in terms of its orthonormal basis {|i〉1 ⊗ |j〉2|i =

1, . . . |H1|; j = 1, . . . |H2|}3, that we shall often call the uncorrelated basis of a tensor

product Hilbert space H12
4. We see that apart from the states of the form of a tensor

product of two vectors |ψ〉1⊗|ϕ〉2 (we call them separable pure states), there exist states

that cannot be written in this form. We call them entangled pure states. The general

form of entangled pure states in a tensor product Hilbert space are given by:

|ψ〉12 =
∑

i,j

ci,j|i〉1 ⊗ |j〉2, (3.2)

where {|i〉1} is a basis in H1, and {|j〉2} in H2, and where cij ∈ C. In the next chapter

we will present the basic features of such states, and we will see there that they represent

typical quantum-mechanical states that have no counterpart in classical physics.

If Â1 and B̂2 are two observables in Hilbert spaces H1 and H2 respectively, then

the corresponding observables in the Hilbert space H12 are Â1 ⊗ Î2 and Î1 ⊗ Â2 (Î1 and

Î2 being identity operators in H1 and H2)
5. The general form of an observable in a

composite Hilbert space H12 is:

3|H1| is the dimension of the Hilbert space H1, and similar for |H2|.
4For the formal definition of a tensor product space, see [26].
5Often throughout this thesis, when it is obvious what are the domains of a single-system operators

like Â1 ⊗ Î2 are, we will for the reasons of simplicity write Â1 instead. Also, we will often omit the
symbol for tensor product ⊗ and instead of |i〉1 ⊗ |j〉2 write |i〉1|j〉2, or even simpler |i, j〉12.



CHAPTER 3. QUANTUM MECHANICS OF IDENTICAL PARTICLES 43

Â12 =
∑

i,j

aijÂ1(i) ⊗ B̂2(j), (3.3)

with aij ∈ C. Note that the eigenvectors of the composite observable need not be

separable states in general.

In the general case of a system consisting of N particles with corresponding Hilbert

spaces Hi, the overall Hilbert space H1...N is given as a tensor product of all N corre-

sponding Hilbert spaces.

At the end of this section, we briefly present the quantum-mechanical description of a

sub-system of a composite physical system. Every composite (in general multi-particle)

physical system can be divided into two parts: the system S that we are interested in,

and the rest of the composite system that we will call the environment E. We will

assume that the joint system (S+E) is closed, otherwise it is always possible to enlarge

the environment to a closed system. As we have seen at the end of Section 2.1, the

relevant questions for a description of a physical system are:

1) What are the mathematical objects that represent states and observables?

2) How do we calculate probabilities of measurement outcomes?

3) How does the state of a system change in time?

In the case of a closed system (S + E), we have seen that:

1) The general state is given by the statistical operator ρ̂SE defined on the Hilbert state

space HS ⊗ HE of the joint system (S + E), while the observables are given by

hermitian operators ÂSE defined on the same space;

2) Probabilities are given in terms of projectors {P̂n} of an observable ÂSE by the

formula:

p(an, ÂSE, ρ̂SE) = TrSE(P̂nρ̂SE); (3.4)
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3) When subjected to a measurement, system (S + E) undergoes the change (in the

case of a selective measurement) given by:

ρ̂′SE =
1

TrSE(ρ̂SEP̂n)
P̂nρ̂SEP̂n, (3.5)

3′) The integral form of the evolution is given in terms of the unitary operator ÛSE(t−
t0, t0) by the equation:

ρ̂SE(t) = ÛSE(t− t0, t0)ρ̂SE(t0)Û
†
SE(t− t0, t0). (3.6)

To find the quantum-mechanical description of the system S only (to give the answers

to the above questions in the case of the system S), one has to apply the above rules on

the composite system (S + E). After a straightforward calculation the answers are (for

a detailed discussion of this matter, see for example [74]):

1) The general state is given by the statistical operator:

ρ̂S = TrE(ρ̂SE) (3.7)

defined on the Hilbert state space HS, where TrE(·) is partial trace. The measure-

ment quantities, that in the case of closed systems we call observables, are given

in terms of so-called POVM elements that we describe in the next item;

2) Probabilities are given in terms of measurement operators M̂n by the formula:

p(an, {M̂n}, ρ̂S) = TrS(M̂
†
nM̂nρ̂S), (3.8)

with
∑

n M̂
†
nM̂n =

∑
n Ên = ÎS. Positive operators Ên define the so-called POVM

(Positive Operator-Valued Measurement). The positive operators (POVM ele-

ments) Ên need not be orthogonal in general. This is the case when a general

orthogonal measurement, given by the projectors {P̂n}, is performed on the joint

system (S + E);
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3) When subjected to a measurement, system (S + E) undergoes the change (in the

case of a selective measurement) given by:

ρ̂′S =
1

TrS(M̂nρ̂SM̂
†
n)
M̂nρ̂SM̂

†
n, (3.9)

3′) The integral form of the evolution is given in terms of the operators Êk(t − t0, t0)

by the so-called Operator Sum Representation:

ρ̂S(t) =
∑

k

Êk(t− t0, t0)ρ̂S(t0)Ê
†
k(t− t0, t0). (3.10)

Operators Êk(t − t0, t0) are often called operation elements and they satisfy the

relation
∑

k Ê
†
kÊk = ÎS.

The differences between descriptions of a closed system (S + E) and its sub-system

S are due to the fact that in general sub-system S is not a closed system. The main

difference is that the system (S +E) can, from an initially uncorrelated state |s0〉S|e0〉E
evolve to an entangled state of the form (3.2). In the next chapter, we will discuss the

physical nature of entanglement in more detail as some of the most counterintuitive

features of quantum mechanics are associated with entangled states.

3.2 Postulate of Identical Particles

The way identical particles are defined in both classical and quantum physics is the same,

and is done in terms of so-called internal and external properties. Internal properties

represent those inherent features of each particle whose values cannot be changed, like

mass, charge, type of spin, etc. External properties represent those features of a system

whose values can be changed in time. They define dynamical degrees of freedom of each

particle and are represented by corresponding observables. Identical particles are then

those particles that have the same values of all internal properties, while external ones

can vary in time.
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Therefore, the system consisting of N identical particles is invariant with respect to

any permutation of its particles. In other words, particle exchange is not observable -

it is one of the basic symmetries of a physical system consisting of identical particles.

In quantum mechanics, we interpret this as: ”In a system of N identical particles all

configurations that can be obtained by applying some permutation of particles must

correspond to the same physical state”. Although it sounds like a quite natural require-

ment for any description of systems of identical particles, we note here that in classical

mechanics, even though the same definition of identical particles is assumed, as well as

the fact that particle exchange is not observable, configurations obtained by different

permutations of identical particles are described by different states. We will address

and discuss this issue in more detail in the last section of this chapter, as well as in

Chapter 9. In this section, we are going to present the basic mathematical consequences

of that requirement in quantum mechanics. We will start with considering two identical

particles only. The generalization to the case of N particles is then straightforward.

Let us have two identical particles, 1 and 2, with the corresponding Hilbert spaces

H1 and H2, respectively. If the particles are identical, then their state spaces also

have to be isomorphic. In other words, there exists a bijective transformation Ĵ1→2

(Ĵ1→2 : H1 → H2, we call it natural isomorphism) so that:

Ĵ1→2|i〉1 = |i〉2. (3.11)

Here, |i〉1 and |i〉2 are eigenvectors for the same eigenvalue i of an arbitrary pair of

complete observables Â1 and Â2 (defined in H1 and H2, respectively) that represent

the same physical quantity for systems 1 and 2. Since they represent the same physical

quantity, observables Â1 and Â2 have to have the same sets of eigenvalues, and since

they are both complete, the corresponding eigenstates |i〉1 and |i〉2 must represent the

same physical state of the two identical systems.

Let us now define the so-called exchange operator Ê12, the operator that represents

particle exchange in quantum mechanics:
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Ê12(|i〉1 ⊗ |j〉2) = (Ĵ−1
1→2|j〉2) ⊗ (Ĵ1→2|i〉1) = |j〉1 ⊗ |i〉2. (3.12)

We can now mathematically express the requirement that a pure state |ψ〉12 of two

identical particles is invariant with respect to particle exchange:

Ê12|ψ〉12 = eiϕ|ψ〉12, (3.13)

since in quantum mechanics vectors |ψ〉12 and eiϕ|ψ〉12, ϕ ∈ [0, 2π), represent the same

pure state. On the other hand, Ê12 is obviously involution (Ê2
12|ψ〉12 = |ψ〉12), therefore

we immediately reach to a conclusion that either ϕ = 0, or ϕ = π. In the first case, we

have:

Ê12|ψS〉12 = |ψS〉12, (3.14)

and we will call vectors |ψS〉12 symmetric vectors. If ϕ = π, then we have the definition

of anti-symmetric vectors |ψA〉12, for which:

Ê12|ψA〉12 = (−1)|ψA〉12. (3.15)

Every linear combination of symmetric vectors is again a symmetric vector, and

the same holds for anti-symmetric vectors. Therefore, the corresponding sets of all

symmetric and anti-symmetric vectors form Hilbert spaces as well, and we will call

them the symmetric (HS
12) and anti-symmetric (HA

12) subspace of a two-particle Hilbert

space H12. The projector onto the symmetric subspace is given by:

Ŝ12 =
1

2
(Î12 + Ê12), (3.16)

while the projector onto the anti-symmetric subspace is given by:
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Â12 =
1

2
(Î12 + Ê12). (3.17)

That those two operators are indeed projectors, and that they do project onto sym-

metric and anti-symmetric subspaces (that Ê12Ŝ12|ψ〉12 = Ŝ12|ψ〉12 and Ê12Â12|ψ〉12 =

(−1)Â12|ψ〉12) is easy and elementary to prove and therefore we omit those proofs here.

In the case of N identical particles, the analogous analysis can be done. The pure

state |ψ〉1...N must be invariant up to a phase factor for an arbitrary permutation p (rep-

resented by the operator P̂ ) from the permutation group SN . Since every permutation

can be obtained as a composition of a certain number of transpositions (given by the

operators P̂i,j, i, j ∈ {1, . . .N}), we immediately obtain that for every p ∈ SN either:

P̂ |ψS〉1...N = |ψS〉1...N , (3.18)

or:

P̂ |ψA〉1...N = (−1)τ(p)|ψA〉1...N , (3.19)

where τ(p) is the parity of the permutation. The vectors |ψS〉1...N we shall call the

symmetric vectors forN particles defining the symmetrical subspace HS
1...N of a composite

space H1...N , and analogously for |ψA〉1...N and HA
1...N . The corresponding projectors are

given by:

Ŝ =
1

N !

∑

p∈SN

P̂ , and

Â =
1

N !

∑

p∈SN

(−1)τ(p)P̂ . (3.20)

We have seen from the analysis presented in this section that from the above require-

ment imposed on systems of identical particles6 it follows that we have to, in the case

6Requirement that all the configurations of N identical particles which can be obtained from one
another by applying some permutation p ∈ SN must be represented by the same physical state.
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of pure states, restrict ourselves to either symmetric or antisymmetric vectors only. On

the other hand, since SN is a symmetry group of our system of N identical particles,

than for every permutation p ∈ SN , its representation P̂ in H1...N commutes with the

evolution operator Û(t):

[Û(t), P̂ ] = 0. (3.21)

The mathematical consequence of the above equation is that HS
1...N and HA

1...N are in-

variant subspaces for the evolution operator Û(t): if a state vector is initially symmetric

(anti-symmetric), than it stays within its subspace HS
1...N (HA

1...N) of definite symmetry.

Even more, every observable B̂ of the system of N identical particles has to commute

with all the permutations as well: we cannot ”collapse” our states of N identical par-

ticles onto states that are not either symmetric or anti-symmetric. Therefore, only the

symmetric hermitian operators7 can represent observables for systems of N identical

particles.

The states from two subspaces HS
1...N and HA

1...N correspond to two different types of

particles. This is the content of the last postulate of quantum mechanics. It is given in

terms of bosons and fermions, identical particles having integer and half-integer spins,

respectively.

Postulate VIII (Postulate of Identical Particles): The state space of N iden-

tical bosons is HS
1...N , while the state space of N identical fermions is HA

1...N .

The connection between the spin and the symmetry of the corresponding state space

of a system of identical particles is given here as a postulate. As mentioned before in

Chapter 2, Pauli [80] was the first to, using relativistic arguments, theoretically explain

this connection. For the purposes of the discussion presented in this thesis, this deeper

connection has little role to play, therefore we omit to present it here. Nevertheless, we

do believe that further study of this topic may bring some light to better understanding

of the role of the concept of indistinguishability in quantum mechanics, in particular in

the case of identical particles.

7Hermitian operator is said to be symmetric if and only if (∀p)p ∈ SN ⇒ [B̂, P̂ ] = 0.
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Bosons and fermions obey different statistics. Apart from being different from each

other, they exhibit strong differences from the classical Maxwell-Boltzmann statistics,

as the treatment of identical particles in classical mechanics is essentially different from

the one in quantum mechanics. Chapters 5− 8 of this thesis are dedicated to the study

of the role of particle statistics in quantum information processing. Our aim is, through

that study, to better understand the concept of indistinguishability of identical particles

in quantum mechanics, as well as to develop new technics and paradigms in the field of

quantum information processing.

3.3 The Representation of the Second Quantization

Given symmetric HS
1,...N and anti-symmetric HA

1,...N subspaces of a Hilbert space H1,...N of

N identical particles (that we will often call bosonic and fermionic spaces, respectively),

one may pose a question of finding a natural (symmetrically adopted) basis in each of the

two spaces. Since particles are identical, each Hilbert space Hi (i = 1 . . . N) is isomor-

phic to the ”canonical” space H that is defined by the type of the particles considered.

Given the basis {|n〉} in H, the natural isomorphisms Ĵi (see the previous section of

this chapter) define the corresponding bases |n〉i = Ĵi|n〉 (i = 1, . . .N ;n = 1, . . . |H|) in

Hi. Then, we can construct one uncorrelated basis {|n1〉1|n2〉2 . . . |nN〉N}8 in the total

Hilbert space H1,...N of N particles (see Section 3.1). Unfortunately, those vectors are in

general neither symmetric nor anti-symmetric (they are in general not invariant under

the permutations of particles), so in order to give the answer to the above question, we

need to introduce new vectors. As opposite to the vectors from the uncorrelated basis,

these vectors will in general have the form of entangled vectors defined by the equa-

tion (3.2) from Section 3.1. This mathematical consequence of the quantum-mechanical

formalism will bring about huge differences in the treatment of identical particles in

quantum mechanics when compared to the case of classical mechanics. We will discuss

this matter in more detail throughout the rest of this thesis. In this section, we will con-

8Throughout this section, we use index i to count particles, therefore i = 1, . . .N . Quantum number
ni counts the basis vectors of the i-th Hilbert space Hi, therefore ni = 1, . . . |H|.
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centrate on the mathematical aspect of the problem of finding a symmetrically adopted

basis in bosonic and fermionic space, respectively. This will enable us to introduce the

so-called formalism of the representation of the second quantization that we will use

throughout the following chapters of this thesis.

The states from bosonic and fermionic spaces have to be invariant (up to a sign in the

case of anti-symmetric fermionic states) under the exchange of particles. Therefore, let

us put the vectors of the uncorrelated basis {|n1〉1|n2〉2 . . . |nN 〉N} into groups in which

all the elements (uncorrelated basis vectors) consist of the same sets of one-particle basis

vectors |ni〉 (i ∈ {1, . . . N}), bearing in mind that the same index n can appear more

then once (n = ni = nj for i 6= j, for example). Let us then choose an arbitrary vector

|n1〉1|n2〉2 . . . |nN〉N from each group and act on it with projectors onto the symmetric

and anti-symmetric subspaces. We obtain the sets of vectors:

|n1n2 . . . nN〉S = cSn1...nN
Ŝ|n1〉1|n2〉2 . . . |nN〉N , (3.22)

|n1n2 . . . nN〉A = cAn1...nN
Â|n1〉1|n2〉2 . . . |nN〉N , (3.23)

where n1n2 . . . nN is one combination (with repetition) of the set {1, . . . |H|} and cS,An1...nN

are normalization constants.

It can be shown that the set of vectors {|n1n2 . . . nN〉S} forms a basis in the bosonic

space HS
1,...N of symmetric vectors. In the case of anti-symmetric vectors |n1n2 . . . nN 〉A

from the fermionic space HA
1,...N , the situation is a bit more complicated. In fact, some

of the vectors are null-vectors, while the other form a basis in the fermionic space. The

reason that some of the vectors are actually null-vectors is due to the famous Pauli

Exclusion Principle for the systems of identical fermions:

In a system consisting of N identical fermions it is impossible to find two fermions

in the same state.

Mathematically, it means that (∀i, j)i 6= j ⇒ ni 6= nj , where ni and nj are quantum
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numbers defining the state |n1n2 . . . nN〉A. To prove it, let us take an uncorrelated vector

|n1〉1|n2〉2 . . . |nN〉N for which for some i and j, ni = nj . According to the Pauli Exclusion

Principle, then it must be:

Â|n1〉1|n2〉2 . . . |nN〉N = 0. (3.24)

P̂ij leaves the uncorrelated state invariant (ni = nj),

|n1〉1|n2〉2 . . . |nN〉N = P̂ij |n1〉1|n2〉2 . . . |nN〉N , (3.25)

and ÂP̂ij = 1
N !

∑
p∈SN

(−1)τ(p)P̂ P̂ij = − 1
N !

∑
p′∈SN

(−1)τ(p
′
)P̂

′

= −Â, where P̂
′

= P̂ P̂ij,

(−1)τ(p
′
) = −(−1)τ(p) and we used the fact that by multiplying the whole group with an

element from that group we obtain the same group again. From the above two equations,

we get the result (3.24).

Therefore, only the vectors for which quantum numbers ni are different from each

other are non-zero vectors and it can be proven that those vectors form a basis in the

fermionic space. If, to represent each vector |n1n2 . . . nN 〉A, we use a specific set of ni-s

for which i < j ⇒ nj < nj , then we can express the basis of the fermionic space in the

following way:

|n1 < n2 < . . . < nN 〉A =
1√
N !
Â|n1〉1|n2〉2 . . . |nN〉N , (3.26)

where the constant cAn1...nN
is written explicitly as 1/

√
N ! (which can be easily verified).

This way, we have constructed a symmetrically adopted basis for the bosonic space

HS
1,...N , given by:

|n1n2 . . . nN〉 =
N !√

N1!N2! . . .
Ŝ|n1〉1|n2〉2 . . . |nN〉N , (3.27)

with cSn1...nN
= N !√

N1!N2!...
(as can be easily computed). The numbers Ni represent the

numbers of states |ni〉 in the state |n1n2 . . . nN 〉. The symmetrically adopted basis for
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the fermionic space HA
1,...N , given by9:

|n1 < n2 < . . . < nN〉 =
1√
N !
Â|n1〉1|n2〉2 . . . |nN〉N . (3.28)

Next step in introducing the formalism of the representation of the second quantiza-

tion is to define a new Hilbert space called Fock space, which allows for the description

of an arbitrary number of identical particles10. Given the symmetrical bosonic and anti-

symmetrical fermionic spaces HS
1,...N and HA

1,...N of N particles, the bosonic and fermionic

Fock space of the second quantization is defined as:

FB,F
II = H0 ⊕

∞∑

N=1

HS,A
1,...N , (3.29)

where B stands for bosons and F for fermions, and the sum is the orthogonal sum of

vector spaces (
∑

=
∑⊕). Space H0 consists of one vector only, |0〉. We call it the

vacuum state11. We can now rewrite our bosonic and fermionic symmetrically adopted

bases in HS
1,...N and HA

1,...N given by the equations (3.27) and (3.28) respectively, into the

so-called occupation number basses for bosons and fermions in the Fock space FB,F
II :

{|ν1, ν2, . . .〉|
|H|∑

m=1

νm <∞}. (3.30)

Occupation number νm represents the number of particles in the state |m〉. Therefore,

m = 1 . . . |H|. Since the number of particles we can describe can only be finite, we impose

the constraint
∑|H|

m=1 νm <∞.

9We have dropped superscripts S and A as with this notation, two sets of vectors are already uniquely
defined.

10Within non-relativistic quantum mechanics, which we are discussing here, the number of the par-
ticles is conserved, therefore the superpositions of vectors from different subspaces that correspond to
different definite numbers of particles are not allowed. In the relativistic formulations of quantum me-
chanics though, this feature of being able to describe states without a definite number of particles gives
yet another advantage to the use of the Fock space.

11Note that |0〉 is not a null-vector, 〈0|0〉 = 1. Also, note that the notion of the vacuum is a relative
one, depending on our decomposition of multi-particle Hilbert spaces into the corresponding factor-
spaces (see [96]).



CHAPTER 3. QUANTUM MECHANICS OF IDENTICAL PARTICLES 54

Obviously, while the occupation numbers νm can have arbitrary values in the case of

bosons, in the case of fermions due to the Pauli exclusion principle it can be either 0 or

1.

Next, we introduce the-so called annihilation and creation operators for bosons (b̂

and b̂†) and fermions (â and â†), respectively12. In the case of bosons, we have:

b̂m|ν1, ν2, . . . , νm, . . .〉 =
√
νm|ν1, ν2, . . . , νm − 1, . . .〉,

b̂†m|ν1, ν2, . . . , νm, . . .〉 =
√

(νm + 1)|ν1, ν2, . . . , νm + 1, . . .〉, (3.31)

while for fermions the corresponding operators are defined by:

âm|ν1, ν2, . . . , νm, . . .〉 = νm(−1)s(m)|ν1, ν2, . . . , νm − 1, . . .〉,

â†m|ν1, ν2, . . . , νm, . . .〉 = (1 − νm)(−1)s(m)|ν1, ν2, . . . , νm + 1, . . .〉, (3.32)

where s(m) =
∑m−1

l=1 νl.

From the above equations, it is clear where the name annihilation (creation) operator

comes from: its action on an arbitrary vector from the occupation basis annihilates

(creates) a particle in a state given by that operator.

From the above definitions, one can easily derive the commutation relations between

annihilation and creation operators for bosons and fermions. In the case of bosons, we

have:

[̂bm, b̂l]− = [̂b†m, b̂
†
l ]− = 0

[̂bm, b̂
†
l ]− = δml, (3.33)

where [̂bm, b̂l]− = b̂mb̂l − b̂l, b̂m is a commutator. On the other hand, the corresponding

12Formally speaking, only annihilation operators need to be defined. The relations for creation
operators can be derived using the fact that they are adjoins of annihilation operators.
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relations for fermions are given in terms of anti-commutators [âm, âl]+ = âmâl + âl, âm:

[âm, âl]+ = [â†m, â
†
l ]+ = 0

[âm, â
†
l ]+ = δml. (3.34)

Using the definition of the symmetrical bases given by (3.27) and (3.28), and the

definition of the occupation basis (3.30) as well as the above commutation relations, one

can write the following relations for bosons and fermions respectively:

|ν1, ν2, . . .〉 = |n1n2 . . . nN 〉 =
1√

N1!N2! . . .
b̂†n1
b̂†n2

. . . b̂†nN
|0〉,

|ν1, ν2, . . .〉 = |n1 < n2 < . . . < nN〉 = â†n1
â†n2

. . . â†nN
|0〉. (3.35)

The numbers Ni represent the numbers of states |ni〉 in the state |n1n2 . . . nN 〉.

Finally, we present the transformation relations for bosonic and fermionic operators.

As they are the same for both types of particles, we will present only the formulae for

bosons. If the basis change in the one-particle space H is given by the equations:

|q〉 =

|H|∑

m=1

Uqm|m〉, (3.36)

then the transformation rules for annihilation and creation operators are given by:

b̂q =

|H|∑

m=1

U∗
qmb̂m,

b̂†q =

|H|∑

m=1

Uqmb̂
†
m. (3.37)

In this section, we have introduced the basic mathematical constituents and relations

that characterize the formalism of the representation of the second quantization: Fock

space, occupation basis, annihilation and creation operators, and their commutation
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and transformation relations. In the last section of this chapter, we will discuss in more

detail the concept of indistinguishability of identical particles in classical and quantum

mechanics.

3.4 Indistinguishability of Identical Particles

Through the analysis of the notion of identical particles given in Section 3.2, we have

seen that in quantum mechanics particle exchange leaves the state of N identical parti-

cles invariant (up to a sign). This was a mathematical consequence of the requirement

that the particle exchange is unobservable. On the other hand, we have also mentioned

that as the same definition of identical particles holds in classical mechanics, one would

expect that the same requirement for the states of identical particles should hold as well:

if particle exchange is unobservable then all permutationally invariant configurations of

N identical particles should be described by the same physical state. Yet, in classical

mechanics we use different pure states to represent the same physical configuration13:

state (~r1, ~p1, ~r2, ~p2), representing particle 1 in the position ~r1 having momentum ~p1 and

particle 2 in the position ~r2 having momentum ~p2, and the state (~r2, ~p2, ~r1, ~p1) repre-

senting particle 1 in the position ~r2 having momentum ~p2 and particle 2 in the position

~r1 having momentum ~p1 are in general two different states, although they represent the

same physical configuration.

One may ask if this is an actual contradiction of the theory: is it possible to make

false predictions in a theory in which two different mathematical objects represent the

same physical situation? The answer to this question is, in the case of classical mechan-

ics, obviously no. But it is interesting to look for the reasons why this is so and why we

13In this section, as throughout most of this thesis, we will for reasons of simplicity discuss the two-
particle case only. In the current discussion, similar to the case of entangled particles that we will present
in the next chapter, generalization to an arbitrary number of particles is actually not straightforward
(as opposed to the case of our analysis from the previous sections of this chapter). The problems
of generalization to an arbitrary number of particles in the current case is actually of similar origin
to the case of entangled quantum states where only bipartite entanglement is fully mathematically
characterized. We believe though, that similarly to the entanglement case, our restricted analysis
presented here can still give us a good insight into the notion of indistinguishability of identical particles.
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have apparent redundancy in classical mechanics. The reason can be found in the law of

motion of classical mechanics: in a closed system consisting of N particles, the dynamics

is governed by Newton equations which, being second-order ordinary differential equa-

tions, have the unique solution for given initial conditions. In other words, individual

trajectories of particles in 6-dimensional phase space do not intersect and are uniquely

determined by the values of the external parameters of each particle at any moment

of time. Therefore, the values of external parameters at any moment of time can be

regarded as unique labels attached to each individual particle of the system that way

distinguishing them from each other. We may say our distinction between internal and

external properties in classical mechanics is somewhat artificial and that all the prop-

erties are in some sense internal, which leads us to a conclusion that identical particles

actually do not exist in classical mechanics.

It is precisely the fact that the external parameters (position and momentum) at a

certain moment in time uniquely determine a particle’s trajectory in a closed system

that removes the apparent contradiction. The particle exchange, which we required to be

unobservable, is an actual physical process which happens in space and time and which

besides our two systems might include a third system as well, a system ”that brings

about the exchange” (the environment). Therefore, although we might not be able to

observe the difference between two situations (before and after the particle exchange

has been done) by only looking at two particles, if we consider the whole closed system,

we would be able to track each particle’s trajectory back (and forth) in time that way

preserving their identity. In plain words, if we have two identical particles with the

coordinates (~r1, ~p1) and (~r2, ~p2) at the moments in time t0 (before the exchange) and

t1 (after the exchange), then by observing the whole closed system (two particles plus

the environment) we would be able to uniquely determine each system’s trajectory and

see whether the particle found in the point (~r1, ~p1) at t1 has a trajectory containing the

same point (~r1, ~p1) at the moment t0 (no exchange), or the point (~r2, ~p2) at the moment

t0 (exchange did happen).

As we have seen from the above analysis, due to the specific form of the dynami-
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cal law in classical mechanics, identical particles always keep their identity in spite of

having the same values of internal properties, as we can distinguish them from each

other by the values of their external properties at any moment in time. In the case of

quantum mechanics, the situation is exactly the opposite. Dynamical law, given by the

Schrödinger equation for example, allows for identical particles to be found in indistin-

guishable situations: although the overall state of N particles is uniquely determined

by the initial state, the partial one-particle states can overlap. Therefore, in quantum

mechanics both the law of motion as well as the mathematical structure of the state

space allow for identical particles to be found in indistinguishable situations.

As we have already discussed in the previous chapter, we see this ability of quantum

mechanics to describe indistinguishable situations not just as a convenient but also as

one of the fundamental features that to a great extent determines the whole structure of

the theory. In the case of identical particles, one may argue that as opposed to classical,

quantum mechanics allows for the existence of identical particles and to try to see how

much this requirement on its own can determine the structure of the theory.

Let us then try to formalize our intuition of the notion of identical particles. We

propose that our intuition leads us to the conclusion that identical particles are those

particles where the values of the internal properties are all the same and that can be

put in a situation in which they lose their identity, which can happen if they are found

in an indistinguishable situation in which it is not possible to identify the particle by

the values of any of its external properties (like position, momentum, spin along z-axis,

etc.).

In order to give the above statement in a more formal way, let us introduce the

spaces of external properties of a single particle. There are K of them, where K is the

total number of all the external properties of a single particle that can in principle be

measured. The elements of those spaces correspond to the measurement outcomes of

the external properties assigned to each space. We will denote with V k a volume in

the one-particle space of the k-th external property as a set of the possible outcomes of

a measurement, and we will be interested in the probability of finding the result of a
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measurement within that volume. Now, we proceed with the definitions.

Definition 1 (Identical Particles): Particles are identical if (and only if) the

following requirements are satisfied:

1) All of their internal properties have the same values;

2) They can be put in a situation in which they lose their identity.

Definition 2 (Identity of Particles): Identical particles lose their identity in

indistinguishable situations only.

Definition 3 (Indistinguishable Situations): Two identical particles are said

to be in an indistinguishable situation if (and only if) for every external property k ∈
{1, . . .K} that can actually be measured on both particles, each of the one-particle results

is with certainty found within some volume V k, yet there exist no volumes V k
1 and V k

2

so that V k
1 ∪ V k

2 = V k and V k
1 ∩ V k

2 = ∅ and that one of the results obtained is with

certainty in the volume V k
1 and the other with certainty in the volume V k

2 .

Definitions 1 and 2 could have been joined into one, as according to Definition 2,

losing particles’ identity is a synonym for finding them in indistinguishable situations.

As one of our aims is to better formulate the concepts that are the closest to our common

intuition, we left both definitions (and terms) to better emphasize the features that we

assume identical particles should posses.

In the following chapters, through the analysis of the behavior of identical particles

in specific quantum information protocols, and especially in Chapter 9, we shall see that

in quantum mechanics, to put identical particles in an indistinguishable situation it is

enough to satisfy the requirement of Definition 3 for the spatial degrees of freedom only.

In other words, it is enough to make identical particles indistinguishable by the means

of their positions and momentums14 for the other properties to automatically follow the

same behavior. Therefore, we formulate the alternative, weak formulation of Definition

3:
14Note that since spatial (orbital) degrees of freedom are both position in a 3d space as well as

momentum, the particles have to be indistinguishable by the means of both of those external properties.
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Definition 3a (Indistinguishable Situations): Two identical particles are said

to be in an indistinguishable situation if (and only if) the requirements of Definition 3

are satisfied for spatial degrees of freedom (position and momentum).

On the other hand, in Chapter 9 we shall also see that in quantum mechanics, the

external properties of the two identical particles put in an indistinguishable situation can

satisfy an even stronger requirement than the one from Definition 3: no external prop-

erty has a predetermined value (in the sense that correlations between two one-particle

measurement outcomes for each external property violate local realism). Therefore, we

formulate another, strong alternative to Definition 3, while we postpone further discus-

sion of this notion after we introduce in more detail entangled states and discuss their

properties:

Definition 3b (Indistinguishable Situations): Two identical particles are said

to be in an indistinguishable situation if no external property has a predetermined value

(if the correlations between two one-particle measurement outcomes for each external

property violate local realism).

In the above definitions, we have tried to formalize our intuition of the notion of

identical particles. As the definition of identical particles reduces to the concept of in-

distinguishable situations, we proposed three alternatives for that concept when applied

to the case of identical particles. The rest of the thesis (apart from the next chapter)

is dedicated to the study of specific situations where identical particles are put into

indistinguishable situations. Through that study, we will try to better understand the

meaning of the concept of indistinguishable situations when applied to the systems of

identical particles (and in general). Although it will stay as an open question, we hope

that the limited study presented in this thesis will help us to better understand the

relation between the three alternative definitions of identical particles and choose the
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one that would best correspond to our intuition15. It is obvious that:

Definition 3b⇒ Definition 3 ⇒ Definition 3a.

The question is what additional principles (A) and (B) we need to introduce in order to

achieve the other implications:

Definition 3a+ (A) ⇒ Definition 3, and

Definition 3 + (B) ⇒ Definition 3b.

We see Definition 3 as the one that best fits our current intuition of indistinguishable

situations of identical particles. Yet, as we have already mentioned, our study will

suggest that the set of assumptions (A) may be of a purely general nature and that

actually Definition 3a may be already strong enough, together with some common and

non-quantum assumptions to reproduce the treatment of identical particles we encounter

in quantum mechanics. On the other hand, we believe that Definition 3b is too strong: we

believe that all our intuition says is that two identical particles are in an indistinguishable

situation when we cannot identify them by the means of the values of their external

properties. Violating local realism seems to us a too strong requirement. Also, to

actually show the violation of local realism (see the next chapter), one needs to perform

measurements in different bases and exploit the full richness of the structure of Hilbert

spaces. As we have mentioned in the previous chapter, we believe one needs additional

non-trivial assumptions in order to, together with the principle of indistinguishability,

derive the principle of superposition. We believe the same assumptions are needed in

order to derive Definition 3b from Definition 3 and therefore we believe Definition 3b is

too strong.

The reason to insist on finding the ”right” definition for identical particles is that,

as we have already mentioned in the previous chapter, we find the concept of indis-

15We note that through that process, not only we will better understand our current intuition of the
concept of indistinguishability of identical particles, we will actually actively build a new intuition that
better fits with our newly gained experience.
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tinguishability basic enough so that through its understanding we can also better un-

derstand quantum mechanics - the theory of which one of the main characteristics, as

opposed to classical mechanics, is that (see Section 2.2):

Quantum mechanics is a theory in which the existence of indistinguishable situations

is allowed.

Analogously, when applied to the case of identical particles, the concept of indistin-

guishability in quantum mechanics (given through our definitions 1 - 3) might run like

this:

Quantum mechanics is a theory in which the existence of identical particles is allowed.

That the first of the above two statements is actually more general than the second

is clear even without a deeper formal analysis: the former allows the existence of indis-

tinguishable situations in general, while the latter is concerned with identical particles

only. To see it in a more formal way, let us briefly return to the case of two identical

particles in a pure state and try to take a closer look at some physical properties of such

states imposed by the requirement of indistinguishability given by Definition 3. For the

reason of simplicity, let us assume there exists only one external property (K = 1), and

let v ∈ V be a value of that property. Let also, at the initial moment in time t0 two

particles have different values of their external property, v1(t0) and v2(t0). That way, we

say that at the moment t0 two identical particles can be distinguished by the value of

their external property. If, at some later moment in time t1 > t0 two particles are found

in an indistinguishable situation, than it means that we cannot distinguish them by the

means of their external property. According to Definition 3 , it means that if we have

measured the external property and obtained the results v1(t1) and v2(t1), than there

exist no unique paths (in the space of external property) that would without intersection

connect v1(t1) with v1(t0) and v2(t1) with v2(t0), or vice versa (In the case v1(t1) = v1(t0)

and v2(t1) = v2(t0), the first situation would correspond to the case when the particle

exchange did occur, while the opposite would mean that the particle exchange did not
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occur)16. Therefore, both paths that lead from the initial to the final state are allowed17.

We have seen from the above analysis that by accepting the existence of indistin-

guishable situations we actually allow for identical particles to be found in an indis-

tinguishable situations. On the other hand, we find it easier to accept that identical

particles can be found in indistinguishable situations than the more general principle

of indistinguishability: our intuition is already deeply influenced by classical mechanics

which negates the possibility of the existence of indistinguishable situations, while the

idea of identical particles is as old as the idea of (elementary) particles itself, and we

believe we have presented sufficient arguments to support the idea of indistinguishability

in the case of identical particles. Therefore, we propose that the existence of identical

particles (as understood in definitions 1 - 3) is one of those fundamental principles on

which quantum mechanics is based.

In this chapter, we have presented the basic principles of quantum mechanics of

identical particles. Without going into details, we gave the basic rules of quantum-

mechanical description of composite systems and then applied them to the systems of

identical particles. The main result of that analysis was that the states of identical

particles must be represented by either symmetrical or anti-symmetrical vectors in or-

der to satisfy the requirement of the state invariance under the particle permutations

(particle exchange is unobservable). This allowed us to formulate the last postulate of

quantum mechanics, the Postulate of Identical Particles. In Section 3.3, we have further

developed the mathematical description of identical particles in quantum mechanics by

introducing the representation of the second quantization. Finally, in the last section we

have discussed in more detail the fact that quantum mechanics allows for identical par-

ticles to be found in indistinguishable situations. Following the more general argument

from the last chapter, it was suggested that the existence or non-existence of identical

particles in Nature could also determine the fundamental features of our physical the-

16Unless of course both v1(t1) and v2(t1) are the same, in which case we cannot distinguish between
two particles anyway.

17The term ”allowed path” here is understood in the same way as in the last chapter: if we do decide
to observe where our system is (in the space of the corresponding external property), it will always
”collapse” onto one of those ”allowed paths”.
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ory. That topic will be addressed again in Chapter 9 in the context of entanglement and

violation of local realism in quantum mechanics. In the next chapter, we will examine in

more detail the general mathematical structure and physical properties of the entangled

states whose special cases we have already encountered in the case of symmetrical and

anti-symmetrical states of identical particles.



Chapter 4

Quantum Entanglement

In the previous chapter, through the analysis of the composite systems in quantum

mechanics, we have introduced the so-called entangled vectors (see the equation (3.2),

Section 3.1). We have also seen that in order to satisfy the requirement of indistinguisha-

bility of identical particles (given through our definitions 3, 3a and 3b and through the

requirement of non-observability of the particle exchange), pure states of the systems

of identical particles have to be represented either by symmetric or anti-symmetric vec-

tors, which form a special class of entangled vectors. In this chapter, we give the basic

mathematical properties of entangled vectors for the case of distinguishable particles1

and discuss their main physical consequences. As throughout most of the thesis, we will

mainly restrict ourselves to the case of two particles in a pure state (although in Section

4.3 we briefly discuss the problem of quantifying mixed state entanglement).

Although the analysis of entangled states presented in this chapter will be restricted

to the states of distinguishable particles only, our previous analysis of the case of identical

particles can already provide us with a rather qualitative insight into certain physical

properties of entangled states. As we have seen, in order to satisfy the requirement

of indistinguishability of identical particles, we were forced to restrict ourselves to the

1By distinguishable particles, here we mean particles that are not identical. In other words, particles
that have at least one value of internal properties different from each other. We use the same term for
identical particles as well, in the case when they have (with certainty) at least one value of external
properties different from each other.

65
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special class of entangled vectors when describing the states of identical particles. This

special class of vectors has the property that in certain physical situations identical

particles do not have the well defined values of some of their external properties, although

the composite state is pure (and therefore can be prepared in only one unique way).

Therefore, we would expect composite systems of distinguishable particles whose states

are described by entangled vectors to have the same features as the composite systems

of identical particles have: that in a pure entangled state some of the external properties

of the subsystems are not well defined. This is actually the characterization of entangled

states given by Schrödinger in his famous article [90]: ”Maximal knowledge of a total

system does not necessarily include total knowledge of all its parts, not even when these

are fully separated from each other and at the moment are not influencing each other at

all”.

In the following four sections of this chapter we will give two different physical char-

acterizations of entangled states: as states of composite physical systems that cannot

be prepared by the means of local operations and classical communication only, and as

states for which the correlations between the outcomes of the measurements performed

on its subsystems violate the requirement of the so-called local realism2. We will also

present a specific quantum protocol that can be accomplished by the use of entangled

states only and which proves entanglement to be a specific recourse in the case of quan-

tum information processing. Finally, we will discuss the possibility of quantifying the

entanglement contained in pure and mixed states of bipartite systems.

4.1 Schmidt Biorthogonal Expansion and

Distant Preparation

As we have seen in Section 3.1, a pure state of a composite quantum system, consisting

of two sub-systems 1 and 2, is described by a vector |ψ〉12 from the Hilbert space H12 =

2As previously mentioned, our analysis will be focused on the pure bipartite states only, for which
those two characterizations are proven to be equivalent. Yet, we note here that for the case of mixed
states those two characterizations are not equivalent (see for example [98]).
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H1 ⊗ H2 (where H1 and H2 are Hilbert spaces corresponding to sub-systems 1 and 2,

respectively). The general form of this state is given by the equation (3.2):

|ψ〉12 =
∑

i,j

ci,j|i〉1 ⊗ |j〉2, (4.1)

where {|i〉1} is a basis in H1, and {|j〉2} in H2, and where cij ∈ C. The general

description of a quantum state of a sub-system of a larger physical system is given in

terms of reduced statistical operators (see the end of Section 3.1). In our case of a

bipartite system in a pure state |ψ〉12, the subsystem states ρ̂1 and ρ̂2 are given by:

ρ̂1,2 = Tr2,1(|ψ〉12〈ψ|12). (4.2)

That our sub-systems 1 and 2 are indeed open systems (that the change of the state

of one system influences the state of the other) we will show below on the example of

the so-called distant preparation. Before that, the first step in our brief overview of en-

tanglement between distinguishable particles will be to introduce the so-called Schmidt

Biorthogonal Expansion: a particular mathematical expression of a pure state of a bi-

partite quantum system (for the proof, see for example [74]).

Theorem (Schmidt Biorthogonal Expansion): Let |ψ〉12 ∈ H12 be an arbitrary

state vector of a bipartite quantum system. Let ρ̂1 and ρ̂2 be reduced statistical operators

of the sub-systems 1 and 2, respectively, and let ρ̂1 =
∑

i ri|̃i〉1〈̃i|1 (ri > 0) be a spectral

form3 of ρ̂1. Then, |ψ〉12 can be expressed in the following form:

|ψ〉12 =
∑

i

r
1/2
i |̃i〉1|̃i〉2, (4.3)

where |̃i〉2 are the orthonormal eigenvectors of ρ̂2 that correspond to the eigenvalues ri

(the same ones as for the ρ̂1). In other words, the spectral form of ρ̂2 is given by:

3Note that the vectors |̃i〉1 and |i〉1 are in general different sets of orthonormal vectors (as well as in
the case of the sub-system 2).
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ρ̂2 =
∑

i

ri|̃i〉2〈̃i|2. (4.4)

Distant preparation (see for example [19]) requires an entangled state vector of two

sub-systems. It comes about when one chooses one of the sub-systems to perform direct

sub-system measurement on it. We call the directly measured sub-system the nearby

one, and we denote it by ”n”. In distant preparation, one studies the consequences of

the direct subsystem measurement on the state of the other sub-system. We call the

latter the distant sub-system and we denote it by ”d”.

To obtain the mentioned consequences, it is important that, during the direct mea-

surement on the nearby sub-system, neither the measuring apparatus nor this sub-system

must interact with the distant sub-system. The latter changes its quantum state due

to the very procedure described, and this is called distant preparation. Most often the

sub-systems are far apart or distant from each other so that the direct sub-system mea-

surement on the nearby sub-system can be easily performed without influencing the

state of the distant sub-system. Therefore, distant preparation is non-local phenomena,

(it requires no physical interaction at all).

We denote the state spaces of the nearby and the distant sub-systems by Hn and Hd

respectively.

In this outline (as throughout most of the thesis as well), we deal with distant

preparation under two restrictions. We assume that the composite system is in a pure

state |χ〉nd for example and that it is an elementary event (or atom), |φ〉n〈φ|n for example,

that occurs or not on the nearby sub-system.

If the observable (projector) |φ〉n〈φ|n (or (|φ〉n〈φ|n ⊗ Îd)) is measured and if one

obtains 1 as the result of the measurement, then, one speaks of the occurrence of the

event at issue. The result 0 is referred to as nonoccurrence.

Switching over from the more usual individual-system language to the (equivalent)

ensemble one, one can say that after the measurement of (|φ〉n〈φ|n ⊗ Îd) in |χ〉nd we
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leave out all those distant sub-systems on the nearby partners of which |φ〉n〈φ|n has not

occurred. The remaining sub-ensemble of distant sub-systems, on the nearby partners

of which |φ〉n〈φ|n has occurred, is, by definition, the distantly prepared sub-ensemble (or

state).

The distantly prepared state can be easily evaluated if one confines oneself to ideal

measurement (for the definition of different kinds of measurements in quantum mechan-

ics, see Section 2.3).

Theorem (Distant Preparation in Ideal Measurement):

〈φ|n|χ〉nd = w1/2|ω〉d, (4.5)

where w is by definition the square of the norm of the vector on the LHS of the above

equation. If the event (|φ〉n〈φ|n ⊗ Îd) occurs in ideal nearby-subsystem measurement in

the state |χ〉nd of the composite system, then the probability of the occurrence is w, and

the distantly prepared state vector id |ω〉d.

Proof: The required probability p is, as well known,

p = 〈χ|nd(|φ〉n〈φ|n ⊗ Îd)|χ〉nd (4.6)

which, utilizing idempotency and (|φ〉n〈φ|n⊗ Îd)|χ〉nd = |φ〉n⊗(〈φ|n|χ〉nd) (for the proof,

see [19]), gives

p = ||〈φ|n|χ〉nd||2 = w, (4.7)

as claimed.

Since in ideal measurement the change of the state is described by the formula (2.4)4,

the occurrence of (|φ〉n〈φ|n⊗ Îd) in |χ〉nd changes this composite-system state vector into

the state vector

4One often calls it the Lüders formula, see [69].
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|χ̃〉nd ≡ w−1/2(|φ〉n〈φ|n ⊗ Îd)|χ〉nd. (4.8)

The distant sub-system is then described by the reduced statistical operator

ρ̂d ≡ Trn|χ̃〉nd〈χ̃|nd (4.9)

which, after substitution of the preceding relation, using (4.5), becomes

ρ̂d ≡ Trn(|φ〉n〈φ|n ⊗ |ω〉d〈ω|d) = |ω〉d〈ω|d, (4.10)

as claimed.

If one has in mind non-ideal first-kind or second-kind measurement, then the prob-

ability is the same as in ideal measurement because it does not depend on the kind

of measurement performed (it is given by Postulate III from Section 2.3). But, one

wonders if a similar statement is true about the distantly prepared sub-ensemble: is it

still describable by a state operator? If yes, can this be evaluated? An answer to the

latter question may be burdened by the fact that there is no change-of-state formula in

non-ideal measurement.

Our chance lies in the fact that the concept of ”state” serves to provide us with

probabilities, and it is determined by the totality of the latter. Hence, we have to

convert our change-of-state problem into the language of mere probabilities.

In an attempt to generalize distant preparation from ideal to any kind of individual-

system measurement, it seems reasonable to base our further considerations on the fol-

lowing two physical assumptions:

(i) The probability of occurrence of two compatible events in immediate succession

(i.e. when the time interval between the occurrences tends to zero) equals the

probability of coincidence, i.e. of joint measurement of the two compatible events.

And this is valid for any kind of measurement.



CHAPTER 4. QUANTUM ENTANGLEMENT 71

(ii) If |λ〉d is an arbitrary state vector in Hd, there exists the probability p(λ) for the

occurrence of |λ〉d〈λ|d in the distantly prepared state by any measurement. (This

probability is conditional by the very definition of the distantly prepared state.)

Now, we can prove the basic relevant result regarding distant preparation.

Theorem (Distant Preparation): Let |φ〉n and |χ〉nd be state vectors. We assume

that in an arbitrary measurement of the event (|φ〉n〈φ|n ⊗ Îd) in the state |χ〉nd the

occurrence has a positive probability w. The occurrence brings ipso facto the distant

sub-system into the state |ω〉d defined by the equation (4.5). Besides, also the probability

w is given by (4.5), just like in ideal measurement.

Proof: We apply the above two assumptions to the immediate succession of the

events (|φ〉n〈φ|n ⊗ Îd) and (În ⊗ |λ〉d〈λ|d) in the state |χ〉nd:

wp(λ) = 〈χ|nd(|φ〉n〈φ|n ⊗ |λ〉d〈λ|d)|χ〉nd. (4.11)

(Note that on the LHS we have the usual conditional-probability factorization.)

The probability p(λ) is determined by the rest of the entities in (4.11), and all these,

being probabilities, are independent of the kind of measurement. Hence, the probability

p(λ) is in any measurement the same as in ideal measurement.

In the latter we know that p(λ) = |〈ω|d|λ〉d|2, i.e. that the distantly prepared state

is described by ρ̂d = |ω〉d〈ω|d. Hence, this is true for all measurements.

We have thus been able to generalize the physical meaning of |ω〉d defined in equa-

tion (4.5) from ideal to any kind of measurement on account of the above physical

assumptions. Bell and Nauenberg [10] have made assumption (i), but only for ideal

measurement (on a non-composite system), and they have derived the Lüders formula.

We have extended their assumption to all kinds of measurement. This seems justified

because probabilities in quantum mechanics do not depend on the kind of measurement

performed.
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4.2 Quantum Teleportation

Entanglement is also seen to be one of the main physical resources used in the quan-

tum information and computation protocols and algorithms. Some specific quantum

information tasks, such as entanglement-swapping [103, 17], quantum teleportation [12],

Shor’s algorithm [92], to name just a few, can only be accomplished with the use of

entangled states. In this section, we present the protocol of quantum teleportation.

One of the main concepts in the theory of quantum information and computation is

that of a qubit. Qubit represents a generic quantum two-level system whose state space

is a two dimensional Hilbert space H2 spanned by the generic vectors |0〉 and |1〉. In

experiments, qubit states are usually encoded in the states of system’s internal degrees

of freedom (polarization, spin, etc.). Yet, there are examples of experimental realizations

of quantum information protocols where the states of qubits are not encoded in internal

but rather in orbital degrees of freedom of the system5

Standard telepotration scheme uses a pair of maximally entangled particles in the

anti-symmetric (singlet) Bell state |ψ−〉23. Particles 2 and 3 are given to two distant

parties, Alice and Bob, respectively. The other particle 1, in an unknown state |ψ〉1 =

a|1〉1 + b|0〉1 (|a|2 + |b|2 = 1 and a, b ∈ C) is also given to Alice. The protocol consists

of three steps the result of which is to teleport the state |ψ〉1 of particle 1 to particle 3

that was initially maximally entangled with particle 2, and therefore in the mixed state

given by the statistical operator ρ̂3 = 1
2
Î3. Each of the steps uses only local operations6

and classical communication.

In the first step, Alice performs the joint measurement of a complete observable onto

the particles 1 and 2 in the Bell basis given by the orthonormal vectors:

|ψ±〉12 =
1√
2
(|10〉12 ± |01〉12), (4.12)

5Orbital degrees of freedom are those dynamical degrees of freedom of a certain quantum systems
whose observables are obtained by quantizing the position and momentum variables of the corresponding
classical system.

6Local with the respect to the spatial locations of Alice and Bob.
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|φ±〉12 =
1√
2
(|11〉12 ± |00〉12). (4.13)

The initial overall state before the measurement is:

|ψi〉123 = |ψ〉1|ψ−〉23. (4.14)

It can be transformed in the following way (we have only rearranged the terms in the

mathematical expression of the above state without performing any physical operation):

|ψi〉123 =
1

2
[|ψ−〉12(−a|1〉3 − b|0〉3) + |ψ+〉12(−a|1〉3 + b|0〉3)

+|φ−〉12(b|1〉3 + a|0〉3) + |φ+〉12(a|1〉3 − b|0〉3)]. (4.15)

We see from the above form of the initial state of the four particles that for each of

four possible results Alice may obtain, the state of the remaining particle 3 will, by the

means of distant preparation described in the previous section, collapse to one of the

four mutually orthogonal states:

−


 1 0

0 1


 |ψ〉3,


 −1 0

0 1


 |ψ〉3,

−



 0 1

1 0



 |ψ〉3,−



 0 −1

1 0



 |ψ〉3. (4.16)

Since they are all orthogonal to each other, by knowing the result of Alice’s mea-

surement, Bob can perform the suitable local unitary operation, given by the above

equations, on the particle 3 to bring its state to |ψ〉3 = a|1〉3 + b|0〉3. Therefore, the

next two steps of the protocol are: classical one-way communication of the measurement

result from Alice to Bob (second step), and the local unitary transformation performed
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by Bob (third step).

This way, we have managed to, using one pair of qubits in maximally entangled

state |ψ−〉23, teleport an unknown state |ψ〉1 of the particle 1 to the particle 3, using

only local operations (Alice’s measurement and Bob’s unitary operations) and classical

communication (sending the result of a measurement from Alice to Bob). Note also

that, since teleportation is linear with respect to the quantum state of the particle 1, it

will also work with mixed as well as with entangled states (for a formal proof, see [19])7.

4.3 Local Operations and Classical Communication

and Entanglement Measures

Two key concepts used in the protocol of quantum teleportation are the quantum en-

tanglement and the concept of local operations and classical communication (LOCC).

In this section, we shall discuss in more detail the close relationship between those two

concepts, and see how by the means of LOCC one can in general define entangled and

separable (non-entangled) quantum states. We shall also in brief address the issue of

quantifying entanglement. The discussion presented in this section is mainly based after

the paper by M. Plenio and V. Vedral [87] (for a more formal discussion on this matter,

see [97]).

One may pose the question if the entanglement that enters in the protocol through

the state |ψ−〉23 is really necessary for the teleportation8. It can be proven by the exact

calculation that no state of the form

ρ̂23 =
∑

i,j

pi,j|αi〉〈αi|2 ⊗ |βj〉〈βj|3 (4.17)

7Note here that the entanglement swapping can be seen as a teleportation protocol with the entangled
states.

8We keep the notation from the previous section. Subscripts 2 and 3 stand for the particles of the
entangled pair, while subscript 1 denotes the particle whose state is to be teleported.
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can achieve teleportation9. The state ρ̂23 could be seen as a statistical mixture of the

states |αi〉〈αi|2 ⊗ |βj〉〈βj|3, each of them being a product state and therefore unable

to achieve teleportation (which could be verified by the exact calculation). Therefore,

their statistical mixture, given by the probability distribution pij cannot be used in the

teleportation protocol as well.

The main characteristic of the state ρ̂23 is that it can be prepared by the means of

the local operations and classical communication. All the two distant parties Alice and

Bob, having the particles 2 and 3 at their possession, need to do is to prepare an inho-

mogeneous ensemble represented by the state ρ̂23, by classically correlating (using the

classical communication) pairs of pure states (|αi〉2, |βj〉3) that can be locally prepared

at each site independently. We shall therefore call the states of the form given by the

equation (4.17) the separable states. In Section 3.1, we have defined the pure separable

states. The above definition is the generalization of the notion of separable states to the

case of a general mixed state. Analogously, the notion of entangled states can be in the

same way generalized to the case of mixed states by the following definition:

The states that are not separable (that cannot be expressed in the form given by the

equation (4.17)) are called the entangled states.

The above definition expresses our intuition that entanglement is a global property of

a set of quantum systems and that it cannot be created by the means of local operations

and classical communication alone. This statement can be even formulated as the

fundamental law of quantum information processing (see [87]):

”Alice and Bob cannot, with no matter how small probability, by local operations and

communicating classically turn a disentangled state ρ̂23 into an entangled one.”

The above characterization of entanglement and the fundamental law of quantum

information processing are justified by the very existence of the quantum teleportation

protocol. As we have seen, entanglement is necessary for teleportation. Even more, for a

perfect teleportation, one needs a maximally entangled pair of particles, whose entangle-

9In fact, it is the most general state that cannot achieve teleportation.
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ment is, upon finishing the protocol on a single quantum system, completely destroyed10.

As we pointed out at the end of the previous paragraph,”...(the teleportation) will also

work with mixed as well as with entangled states”. In other words, if our particle 1 is

maximally entangled with some distant particle 0, then the result of any teleportation

protocol performed on the particle 1 only, would be to maximally entangle the particles

0 and 3 (which is actually in different words restated the entanglement-swapping proto-

col). Therefore, if we were able to perform the teleportation protocol so that the state

of the particles 2 and 3 remains entangled at the end, then we would end up with more

entanglement than before. In other words, we would create entanglement by using local

operations and classical communication only. This is not possible, and this supports

the above definition of the entangled states as well as the fundamental law of quantum

information processing.

As already pointed out, for a perfect teleportation we need maximally entangled

states of the form |ψ−〉23 (or any other Bell state). For practical applications, when

the effects of environment are inevitable, we must use additional techniques in order

to obtain maximally entangled pairs of particles. The entanglement initially created

between the particles 2 and 3 will then inevitably be damaged by the environment in

the process of particle distribution to two spatially distant parties Alice and Bob. What

Alice and Bob can do then is to concentrate the damaged entanglement locally from a

larger to a smaller number of pairs [39, 11, 13, 28, 18, 43, 52, 95, 59, 78]. In the case of

mixed states we call these protocols entanglement purification, while for pure states we

refer to them as entanglement concentration [11].

In the case of bipartite pure states, the entanglement concentration protocol intro-

duced by Bennett et al. [11] provides us with unique measure for the amount of entangle-

ment. The efficiency of the protocol is given by the ratio between the initial number N

of pairs of particles 2 and 3 in an arbitrary pure entangled state |ψ〉23 = a|00〉23 + b|11〉23
and the final number Nm of pairs in a maximally entangled state11. For N → ∞ (the

protocol is asymptotic), the ratio is given by:

10For a formal proof, see for example [19].
11Either one of the four Bell states, as they can locally be interchanged from one to another.
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Nm/N = SvN (ρ̂2), (4.18)

where ρ̂2 represents a partial state of the particle 2, and SvN (ρ̂2) = −a2 ln a2 − b2 ln b2

is the von Neumann reduced entropy. Note that the above formula is symmetric with

respect to particle exchange. The protocol is reversible as well, as it gives the same

number N of pairs in the state |ψ〉23 = a|00〉23 + b|11〉23 that can be obtained from Nm

pairs of maximally entangled states: N = Nm/SvN(ρ̂2). Even more, the procedure is

optimal. To see that, let us suppose there exists a concentration procedure for which

the efficiency S = Nm/N is greater than SvN . Then, starting with Nm maximally

entangled states, we could first obtain N = Nm/SvN pairs of particles in the state |ψ〉23,
by applying the procedure reversed to the one introduced by Bennett et al. [11]. Then,

by applying the more efficient procedure, we could concentrate those N pairs into the

N ′
m = NS = NmS/SvN pairs of maximally entangled states. Since S > SvN , this way

we could create entanglement using the local operations and classical communication

only. Since this is in contradiction with the fundamental law of quantum information

processing, we conclude that the concentration procedure described in [11] is an optimal

one.

The above discussion provides us with the unique entanglement measure for the case

of bipartite pure entangled states12. It is called the entropy of entanglement and for a

given state |ψ〉23 = a|00〉23 + b|11〉23 is:

EvN = SvN (ρ̂2) = −a2 ln a2 − b2 ln b2 = Trρ̂2 ln ρ̂2. (4.19)

In the case of mixed states, the problem of quantifying entanglement is more prob-

lematic. There, we shall see that it is not possible to define a unique measure of en-

tanglement as in the case of pure states. One of the candidates for such a measure is

motivated by the above analysis of the case of pure states and is called the entanglement

12Note here that this measure is unique only with respect to the concentration procedures involving
infinitely many pairs of particles in a state |ψ〉23. In the case of finite number of pairs, it is not possible
to achieve this efficiency, as proven in [66].
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of formation. It is given in terms of the entropy of entanglement, and for a given general

bipartite mixed state13 ρ̂ is:

EF (ρ̂) = min
ρ̂=
P

i
pi|ψi〉〈ψi|

∑

i

piEvN (|ψi〉〈ψi|). (4.20)

The minimization in the above equation is taken over all the possible decompositions

of the state ρ̂ into pure states |ψi〉. The physical interpretation of the above definition is

that it represents the minimal amount of entanglement per pair that we need to invest in

order to construct the state ρ̂ out of some set of pure states. It also represents an upper

bound on the efficiency of purification procedures. To see that, one has to apply the same

logic as we did before when we showed the optimality of the pure state concentration

protocol. Yet, it is not clear that the efficiency given by the above entanglement measure

can be always achieved. Below, we show the this is actually not the case. But before

that, since we have now formally quantified entanglement for the general case of mixed

states, let us formulate the fundamental law of quantum information processing in a

more general way (see [87]):

”By local operations and classical communication alone, Alice and Bob cannot in-

crease the total amount of entanglement they share.”

As we have already noted in Chapter 2, quantum states, at least in the case of

mixed states, refer to statistical ensembles only, and not to individual members of those

ensembles. Therefore, the above measure of entanglement refers only to the ”total” or,

as the authors of the paper [87] pointed out, the ”expected” entanglement. In fact,

Alice and Bob can, with certain probability, in some particular case obtain a pair that

is more entangled then the initial pair from the ensemble described by the state ρ̂, while

in some other cases they would obtain less entangled pair. Yet, the total, or expected

entanglement of the whole ensemble can never be increased.

It is worth pointing out at this stage an interesting analogy between the entanglement

13For the reasons of simplicity, we drop subscripts 2 and 3 denoting sub-systems that our composite
system consists of.



CHAPTER 4. QUANTUM ENTANGLEMENT 79

and thermodynamical entropy. First, both quantities are mathematically expressed by

using an entropic quantity. Second, both the fundamental law of quantum information

processing and the Second Law of Thermodynamics are expressed in terms of entangle-

ment and thermodynamical entropy , respectively, and they both serve to prohibit cer-

tain types of processes that are impossible in Nature. The fundamental law of quantum

information processing states that entanglement cannot be increased by local operations

and classical communication only, while the Second Law of Thermodynamics says that

thermodynamical entropy cannot decrease in an isolated system14.

Let us now return back to the question of achieving the purification efficiency given by

the entanglement of formation EF (ρ̂). As we have seen above, by using local operations

and classical communication alone, one cannot increase the expected entanglement E(ρ̂),

where E(ρ̂) is an arbitrary function that quantifies entanglement. Therefore, if we

manage to construct a different measure for entanglement E(ρ̂) for which E(ρ̂) < EF (ρ̂)

at least for some states ρ̂, we can set the lower limit to the purification efficiency than

the one given by the entanglement of formation. In order to do that, let us approach

to this problem in a more formal way. Let us try to find a function other than the

one given by EF (ρ̂), that satisfies all the intuitive conditions a ”decent” entanglement

measure should. As the authors of the paper [87] have suggested, there are four such

conditions:

(1) For any separable state ρ̂, the measure of entanglement should be zero:

E(ρ̂) = 0. (4.21)

(2) For any state ρ̂ and any local unitary transformation of a form ÛA ⊗ ÛB, the

entanglement remains unchanged:

E(ρ̂) = E(ÛA ⊗ ÛB ρ̂Û
†
A ⊗ Û †

B), (4.22)

14For a more extended discussion on the connection between entanglement and thermodynamics, see
[87, 97, 20, 72].
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where A and B refer to systems in possession of Alice and Bob, respectively.

(3) Local operations, classical communication and subselection cannot increase the

expected entanglement, i.e. if we start with an ensemble in a state ρ̂ and end up

with probability pi in sub-ensembles ρ̂i then we will have

E(ρ̂) ≥
∑

i

piE(ρ̂i). (4.23)

(4) Given two pairs of entangled particles in the total state ρ̂ = ρ̂1 ⊗ ρ̂2 then we have

E(ρ̂) = E(ρ̂1) + E(ρ̂2). (4.24)

The other entanglement measure we are going to introduce is given in terms of the

relative entropy S(ρ̂||σ̂) between two states ρ̂ and σ̂, given by:

S(ρ̂||σ̂) = Tr(ρ̂ ln ρ̂− ρ̂ ln σ̂). (4.25)

The interpretation we can assign to the relative entropy defined above is that it is a

distance between two states ρ̂ and σ̂15. Then, the amount of entanglement contained in

the state ρ̂ can be defined as the minimal distance between that state and the set D of

all separable states:

ERE(ρ̂) = min
σ̂∈D

S(ρ̂||σ̂). (4.26)

We shall call the function ERE(ρ̂) the relative entropy of entanglement. It can be

proven that it satisfies all the conditions (1) - (4) for an entanglement measure defined

above (although the additivity has only been confirmed numerically, as for the case of

the entanglement of formation). Also, in the case of pure states, the relative entropy of

entanglement reduces to the entropy of entanglement.

15Strictly speaking, function S(ρ̂||σ̂) is not symmetric and therefore does not satisfy all the require-
ments for a distance function. Yet, it has other nice properties that make it a suitable candidate for
defining the entanglement measure.
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Relative entropy of entanglement sets the lower limit to the purification protocols

than the one given by the entanglement of formation. The particular states for which

this can be proven are the so-called Werner states, defined as:

ρ̂F = F |ψ−〉〈ψ−| + 1 − F

3
(|ψ+〉〈ψ+| + |φ−〉〈φ−| + |φ+〉〈φ+|). (4.27)

The parameter F in the above equation is called the fidelity of the Werner state and

lies in the interval [1/4, 1]. For Werner states, it is possible to analytically calculate

both the entanglement of formation and the relative entropy of entanglement. The

calculation shows that ERE(ρ̂) < EF (ρ̂). Therefore, since according to the condition

(3), any entanglement measure can be used to bound the efficiency of entanglement

purification protocols, we conclude that relative entropy of entanglement sets in general

the lower limit for such procedures than the entanglement of formation.

There is one more interesting conclusion that immediately follows from the above

comparison of the two measures of entanglement. Suppose we want to create an arbi-

trary bipartite state ρ̂. In order to do that, we need to invest at least the amount of

entanglement given by EF (ρ̂). If now we want to recover this entanglement, in the gen-

eral case of a mixed state ρ̂ we will end up with less entanglement than we have started

with, as the efficiency of any purification protocol is bounded by ERE(ρ̂) < EF (ρ̂). We

have thus seen, that unlike the case of pure states, where the conversion of entanglement

from one type of states to the other is reversible, in the case of mixed states it is not so.

4.4 Quantum Mechanics and Local Realism

We have seen so far that locality is the key issue in the case of entangled states. In the

previous section, we gave an operational definition of entangled states in terms of local

operations and classical communication. In this section, we analyze the physical content

of entanglement from the point of view of the so-called local realism.

One of the most important objections to quantum mechanics was presented by Albert
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Einstein and his co-workers Boris Podolsky and Nathan Rosen in their 1935 famous EPR

paper [31]. The criticism presented in this work reflects our deeply rooted intuition

inherited from classical mechanics which says that every physical feature (variable in

the case of classical and observable in the case of quantum mechanics) has the well

pre-determined value that is independent of our act of observation and the choice of

experimental arrangement. As we have seen before in Chapter 3, in order to satisfy

the requirement of indistinguishability of identical particles, we were forced to restrict

ourselves to the special class of entangled vectors when describing the states of identical

particles. This special class of vectors has the property that in certain physical situations

identical particles do not have the well defined values of some of their external properties,

although the composite state is pure (and therefore can be prepared in only one unique

way; see the discussion at the beginning of this chapter as well). The same feature is

to be expected to be exhibited by entangled vectors of distinguishable particles as well.

The question of wether in general (and not only in the case of entangled states) in the

act of observation we only reveal the already existing values of the physical quantities, or

our experimental results are essentially depending on the experimental arrangements, is

the subject of the so-called problem of contextuality of quantum mechanics and has been

the subject of the extended research (see for example [41, 58, 84, 71]). EPR argument is

actually historically the first argument of that kind and is a special one applied to the

case of entangled vectors. The aim of the argument is to show that quantum mechanics

is not a complete theory, where by complete the authors offered a necessary condition

that follows as: ”Every element of the physical reality must have a counterpart in the

physical theory.” Furthermore, the elements of physical reality are defined as:

”If, without in any way disturbing a system, we can predict with certainty (i.e., with

probability equal to unity) the value of a physical quantity, then there exists an element

of physical reality corresponding to this physical quantity.”

The crux of the EPR argument lies in the fact that entangled vectors allow for

distant preparation, described in Section 4.1. As we have seen, in the case of distant

preparation the total quantum state of a bipartite system undergoes the change upon a
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sub-system measurement, thus changing the probability distributions for a measurement

outcomes of sub-system observables. In the special case of the maximally entangled

singlet state |ψ−〉AB = 1√
2
(| ↑↓〉AB − | ↓↑〉AB) (where A stands for Alice and B for Bob),

the measurement of each sub-system complete observable (an observable that has two

different measurement outcomes) drives the total state into the product state of a form:

|ψ〉AB = | ↑~n〉A| ↓~n〉B (state | ↑~n〉A correspond to the ”spin-up” eigenstate for the ~n axis,

and analogously for | ↓~n〉B ). Therefore, after the sub-system measurement on the Alice’s

side, the result of a certain sub-system measurement on the Bob’s side (defined by the

axis ~n) can be predicted with certainty. Since the measurement on the Alice’s side is a

distant one with respect to Bob, it cannot in any way disturb the system on the Bob’s

side, according to EPR. Following the criterion of reality given by EPR, that quantity is

then an element of physical reality. In other words, the result of a measurement of ”spin”

on the Bob’s side along an arbitrary axis ~n is a well defined quantity. This is in stark

contrast to the quantum mechanical predictions given by the Heisenberg Uncertainty

Relations (see Section 2.3).

The EPR argument was one of the first attempts to formalize our classical intuition

in such a way so that it became clear that quantum mechanics is not compatible with

it. Yet, EPR did not offer a way how to experimentally test wether quantum mechanics

is indeed the complete theory or not (whether our classical intuition turns to be wrong,

in the case of micro-world, at least).

It was Bell who first offered a way to experimentally test the conclusions of EPR

[9]. By carefully examining the notion of the elements of reality presented in the EPR

paper, one can extract two main assumptions which express the so-called local realism:

(i) All the physical quantities that in principle could be measured have definite values

which exist independent of observation. This is the assumption of realism.

(ii) By performing the measurement on her side, Alice cannot influence the result of

Bob’s distant measurement. This is the assumption of locality.

Bell then proved that every pure entangled bipartite quantum state violates the
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requirements of the local realism. He has shown that these requirements can be math-

ematically expressed in a specific form of the famous Bell inequalities. The inequalities

impose the criterion that must be satisfied for any physical theory that is consistent

with the requirements of the local realism. The criterion is given in terms of bounds on

the amount of correlations between the measurement outcomes of the measurements of

certain individual sub-system observables, performed on two distant sub-systems. Sub-

sequently, those predictions were experimentally verified in a number of experiments and

although there still exist some minor experimental loopholes, it is a general consensus

among the physicists today that these experiments established the fact that any physical

theory of at least the micro-world has to be non-local.

To derive one of the Bell inequalities16, imagine Alice and Bob can each on its side

measure a pair of physical quantities A1,2 and B1,2, respectively. Suppose, for simplicity,

that the measurement outcomes a1,2 and b1,2 can each have one of two values, +1 or

−1. Alice and Bob measure the value of one of the two features given above on their

corresponding systems. The main requirement of the experiment is that they both do not

know in advance which of the two features they are going to measure (for example, they

each make an independent decision by flipping a coin), and that the two measurements

are simultaneous (or, to be more precise, that are done in a spatially separated space-

time points).

Let us then look at the following quantity: A1B1 +A2B1 + A2B2 −A1B2. It can be

expressed in the following way:

A1B1 + A2B1 + A2B2 − A1B2 = (A1 + A2)B1 + (A2 − A1)B2. (4.28)

Because we have that A1,2 = ±1, it follows that either (A1 + A2)B1 = 0 or (A2 −
A1)B2 = 0. Therefore, from the above equation follows that A1B1 + A2B1 + A2B2 −
A1B2 = ±2. According to the requirement of the local realism, since all the individual-

system quantities have the pre-determined values, and the two measurements of Alice

16The proof presented here is based on the one given in the book [74]. This inequalities are also
known as CHSH inequalities (see[25]).
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and Bob cannot influence each other (they are done in a spatially separated space-time

points), there exists a joint probability distribution p(a1, a2, b1, b2) that is independent

of each individual-system measurement17. If by E(·) we denote the expectation value of

a quantity18, we have:

E(A1B1+A2B1+A2B2−A1B2) =
∑

a1a2b1b2

p(a1, a2, b1, b2)(a1b1+a2b1+a2b2−a1b2) (4.29)

As for each particular set of values (a1, a2, b1, b2) the expression (a1b1 + a2b1 + a2b2 −
a1b2) can be either +2 or −2, using the normalization of the joint probability distribution,
∑

a1a2b1b2
p(a1, a2, b1, b2) = 1, from equation (4.29) we obtain:

−2 ≤ E(A1B1 + A2B1 + A2B2 −A1B2) ≤ 2. (4.30)

Using the linearity of the expectation value, we get:

E(A1B1 + A2B1 + A2B2 − A1B2) = E(A1B1) + E(A2B1) + E(A2B2) −E(A1B2).(4.31)

Combining (4.30) and (4.31), we obtain the Bell inequality:

|E(A1B1) + E(A2B1) + E(A2B2) − E(A1B2)| ≤ 2. (4.32)

As we have already pointed out, every pure bipartite entangled quantum state vi-

olates the above Bell inequality. This means that quantum mechanics is a non-local

theory. And even more, it seems that Nature itself is non-local as Bell inequalities were

violated in all the experiments performed to date. Here, we will just state the example

17The two particles given to Alice and Bob are members of some statistical ensemble. According to
the requirement of local realism, all their quantities are the elements of reality and have the well defined
values before the measurements are performed. The probability distribution p(a1, a2, b1, b2) is obtained
after averaging over the values of all other quantities that together with A1,2 and B1,2 determine the
joint state of two particles given to Alice and Bob.

18Often in the context of Bell inequalities, we call this function the correlation function.
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of a maximal violation of the above Bell inequality for the case of two two-dimensional

systems (qubits).

One of the states for which the maximal violation of Bell inequality is obtained is

the singlet state |ψ−〉AB = 1√
2
(| ↑↓〉AB − | ↓↑〉AB). Consider the projectors P̂ (θ, φ) =

|ψ(θ, φ)〉〈ψ(θ, φ)|, where:

|ψ(θ, φ)〉 = cos(θ/2)| ↑〉 + exp(iφ) sin(θ/2)| ↓〉. (4.33)

By calculating the corresponding expectation values 〈ψ−|P̂AiP̂Bj |ψ−〉 (i, j = ±1) for

the following choice of projectors: P̂A1 = P̂ (0, 0), P̂A2 = P̂ (π/2, 0), P̂B1 = P̂ (π/4, 0) and

P̂B2 = P̂ (3π/4, 0), and substituting them in the Bell inequality, we obtain:

|〈ψ−|P̂A1P̂B1|ψ−〉+ 〈ψ−|P̂A2P̂B1|ψ−〉+ 〈ψ−|P̂A2P̂B2|ψ−〉 − 〈ψ−|P̂A1P̂B2|ψ−〉| = 2
√

2 ≥ 2.

(4.34)

Violation of Bell inequalities can also be taken as a criterion for entanglement: we

may define entangled states to be those states which violate the requirement of local

realism expressed through Bell inequalities. Although the two definitions given in this

chapter do coincide for the case of pure states, we note (see for example [98]) that there

exist mixed states which do not violate Bell inequalities, but are not separable at the

same time.

Through the analysis of the concept of indistinguishability when applied to the case of

identical particles, presented in the previous chapter, we introduced entangled vectors. In

this chapter, we have analyzed the physical content of general (pure bipartite) entangled

states of distinguishable particles. In the following chapters, on the examples of the

particular quantum information processing protocols, we will analyze in more detail the

notion of entanglement in the case of identical particles.



Chapter 5

Entanglement Transfer

Since the advent of quantum mechanics, entanglement has been identified as one of its

most peculiar features [31, 14, 90, 9]. This ”excess correlation” has recently become an

important resource in quantum information processing [93]. Entanglement is believed

to be at the root of the speed-up of quantum computers over their classical counterparts

[92, 32], and it also leads to an unconditionally secure quantum cryptographic key ex-

change [33]. Another fundamental aspect of quantum physics, somewhat neglected in the

field of quantum information, is the distinction between two different types of particles,

fermions and bosons, manifested through particle statistics (although see [86, 16] and

for fermions see [1, 89, 27]). There are at first sight two seemingly “conflicting” views

regarding the role of indistinguishability and particle statistics in quantum information

processing. On the one hand, these two notions appear to combine to offer “natural”

entanglement through forcing the use of symmetrised and anti-symmetrised states (for

bosons and fermions respectively), and as we mentioned before, entanglement is generally

an advantage for quantum information processing (although see [48, 47]; in Chapter 9

we will present the more detailed study of the entanglement between identical particles).

On the other hand, indistinguishability prevents us from addressing the particles sepa-

rately which seems to be disadvantage in information processing. In this chapter, as well

as in the following two chapters of this thesis, we analyze the role of indistinguishability

and particle statistics in three simple information processing scenarios. The quantum

87



CHAPTER 5. ENTANGLEMENT TRANSFER 88

information protocol to be described in this chapter we call the Spin-Space Entangle-

ment Transfer and it presents the basic interplay between the two important concepts

of quantum mechanics: entanglement and indistinguishability of identical particles (the

results of this chapter has been published in [75]).

5.1 The Protocol

Consider the following situation. Suppose that we have two pairs of qubits (quantum

two-level systems), each pair maximally entangled in some internal degree of freedom. If

the particles carrying the qubits are of the same type – say bosons – but distinguishable as

a result of spatial separation, then we have two units of entanglement (e-bits) in total. All

of this entanglement is in the internal degrees of freedom. If we now consider bringing the

particles close together and then separating them again, without the internal degrees of

freedom ever interacting with the spatial ones, we should expect the whole entanglement

to remain in the internal degrees of freedom. Surprisingly, as we demonstrate in this

chapter, a fraction of the initial entanglement is transferred to the path degrees of

freedom of the particles. The fascinating implication is that the transfer of entanglement

is imposed by particle indistinguishability and does not involve any controlled operation

between the internal and external degrees of freedom (i.e. spin-path interaction), in

contrast with the standard entanglement swapping scheme [103, 17]. The prevalent

setting for local manipulations of entanglement in quantum information processing either

involves explicit interactions between the internal degrees of freedom of two particles, or

an interaction of the internal degrees of freedom with some apparatus. Here we introduce

a completely different setting in which particle paths are locally mixed without ANY

interaction of the internal degrees of freedom with anything else.

Now we turn to describing the exact details of our thought experiment. Imagine the

following setup, described in Figure 5.1. We have two pairs of identical particles, each

pair being maximally entangled in some internal degree of freedom, e.g. the spin, or

polarization. In our case, we consider systems with spin one-half, or isomorphic to it
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1. We assume that our setup is symmetrical both horizontally and vertically, where the

dotted lines in Figure 5.1 show the axis of symmetry. We have to ensure that particles

arrive at the beam splitter at the same time2. The initial entanglement is between sides

1 and 2. In each pair, the particles fly apart and meet a particle from the other pair at a

beam splitter. The paths on the left hand side are labeled A and C respectively before

and after the beam splitter. Similarly, paths on the right hand side are labeled B and

D.

Side 2

Side 1

C1

D2C2

D1

A1

B2A2

B1

Figure 5.1: This figure presents our setup for spin-space entanglement transfer. Each
black circle represents a source of a pair of particles maximally entangled in the internal
degrees of freedom (not explicitly shown in the figure). The rectangles represent beam
splitters.

The output states of this setup represent particles in paths C1, D1, C2 and D2 with

a particular spin state (we note, for instance, that we can have two particles in C1 and

none in D1). Now we show that, although the initial entanglement is only in the internal

degrees of freedom, in the final state some of the entanglement has been transferred to

1Throughout this thesis, unless otherwise stated, whenever we mention spin we will actually refer to
any two-dimensional internal degree of freedom, be it for fermions or for bosons.

2Here, as throughout the whole thesis, we use beam splitter in a generic sense, referring not only
to the common optical element (partially silvered mirror) used with photons, but also to any device
presenting an analog behavior for other kinds of particles, as already suggested for electrons [65].
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the paths. We will refer to this effect as the Spin-Space Entanglement Transfer by local

actions only.

5.2 The Output State

In order to calculate what happens in the above setup, we write our initial state in the

second quantization formalism:

1√
2
(â†A1↑â

†
A2↓ ± â†A1↓â

†
A2↑)

1√
2
(â†B1↑â

†
B2↓ ± â†B1↓â

†
B2↑)|0〉, (5.1)

where |0〉 is the vacuum state and, for instance, a†A1↑ is a creation operator describing a

particle in path A1 and with spin up along some arbitrary axis in space3. The positive

and negative signs in the above equation are necessary in order to take into account all

the possible initial states (the singlet and the entangled triplet of spin). We restrict our

attention to analyzing one mode per particle only, but our results can be generalized to

any number of modes. Due to the symmetry of the problem we only analyze two cases:

when the two signs in equation (5.1) are the same, the (+,+) case, and when they are

different, the (+,−) case. Note that initially there is no left-right correlation between

spin and space. This is because there is no uncertainty in either the spin or space in the

initial state, so by measuring the spatial state one cannot gain any information about

the spin state (and vice-versa) in addition to what we knew before the measurement.

The operation of the beam splitter is described by any unitary transformation in

U(2) [68]. However, since the overall phase factor has no relevance for entanglement, we

3In the case of spins of electrons, the axes are the same for both input arms of each beam splitter.
Therefore, the notion of ”equal spin states” for both input electrons of a beam splitter is well defined.
In the case of photon polarizations, we define the axes for input arms according to the geometry of
a beam splitter. For a beam splitter made of partially silvered piece of glass, we define the axis that
is orthogonal to both input photon beams to be the joint z axis. The beams themselves define the x
axes (note that they are different axes in a 3-dimensional space, but correspond to the same circular
polarization of both photon beams). The remanding y axes are then uniquely defined for both input
arms. For the output arms, we use the same definitions of the polarization axes.
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can without any loss of generality consider a transformation in SU(2):

U =


 α β

−β∗ α∗


 , (5.2)

where |α|2 + |β|2 = 1. Since we consider entanglement only between sides 1 and 2,

the beam splitters in fact perform local unitary operations. Hence they cannot change

the total entanglement present initially. Also, they only affect the spatial degrees of

freedom and are not intrinsically dependent on spin (or polarization). Therefore they

are incapable of swapping entanglement from spin (polarization) to space by performing

a controlled not operation in the usual fashion [103, 17]. Although the transformation

law will be the same for fermions and bosons (see equation (3.37) from Chapter 3),

they obey different statistics which is why there will be an observable difference in their

behaviour in our experiment. For fermions we have the following anti-commutation

relation (see equation (3.34)):

[â†i , â
†
j]+ = 0, (5.3)

while for bosons we have the commutation relation (see equation (3.33)):

[â†i , â
†
j]− = 0, (5.4)

where i and j are sets of labels. Figures 5.2 to 5.5 present diagramatically the output

states for both fermions and bosons. For instance, the first diagram out of two, from

the brackets in Figure 5.4 represents the following term:

(â†C1↑â
†
D1↑â

†
C2↓â

†
D2↓)|0〉. (5.5)
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Figure 5.2: Spin |Sz| = 0 component of the total output wave function for the (+,+)
case, both for fermions and bosons.

+ ++( (
- a b

* *
++ +( (

+ ab (+(+ (|a| -|b| )
4 4

Figure 5.3: Spin |Sz| = 0 component of the total output wave function for the (+,−)
case, both for fermions and bosons.
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(±((|a| +|b| )
2 2 2

Figure 5.4: Spin |Sz| = 1 component of the total output wave function for the (+,±)
cases, for fermions.

+ a b
2 2

+- |a| |b|
2 2( (

+ ±±( (
- a b (|

* * 2 2
a| -b| ) ±+ ±( (

+ ab(|a| -b| )
2 2

(±((|a| -|b| )
2 2 2

+ a  b
*2 *2

±±

±( (
±( (

Figure 5.5: Spin |Sz| = 1 component of the total output wave function for the (+,±)
cases, for bosons.
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Note that for each output pair, i.e. both on sides 1 and 2, the total spin (or polar-

ization) S can take the values 0 or 1. If we consider, without any loss of generality, that

the spin is aligned with the z axis4, then |Sz| – the absolute value of the projection of S

along z – can also only take the values 0 or 1. We can then divide the total output wave

function into these two components, where the spins of the particles in each output pair

are respectively anti-aligned or aligned along z.

|Sz| = 0 component: there is no difference between fermions and bosons (bearing in

mind that the corresponding operators obey different commutation relations). However,

there is a difference between the (+,+) case, where we have all possible output terms

(see Figure 5.2), and the (+,−) case, where some terms never appear (see Figure 5.3).

|Sz| = 1 component: there is a difference between the output states for fermions

(see Figure 5.4) and bosons (see Figure 5.5). For both types of particles, the (+,−) case

will only introduce a phase difference in some terms.

As a consequence of applying only local unitary operations, the total output wave

function should have also two e-bits of entanglement. For clarity, let us consider for the

rest of the paper the particular case of 50/50 beam splitters (α = 1/
√

2, β = −i/
√

2).

To illustrate the spin-space entanglement transfer effect, we look at the (+,+) case for

fermions (Figures 5.2 and 5.4). Here, it is clear that the |Sz| = 1 terms give one e-bit of

entanglement, solely in the internal degrees of freedom, as the path states are identical.

The |Sz| = 0 case gives the other e-bit of entanglement, but this time involving both

the internal and external degrees of freedom. Thus we have spin-space entanglement

transfer, without any controlled operation between spin and space.

4See the footnote after the equation (5.1) for the case of photon polarizations.
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5.3 Extracting Space-only and Spin-only Entangle-

ment

We now show how we can extract space-only entanglement from the total wave function

by doing particular measurements on the internal degrees of freedom without revealing

any knowledge about the external ones (this is perfectly allowed by quantum mechanics

and can be accomplished by passing the particles on each side through a cavity which

extends over both the left and the right paths). For example, we can measure the total

spin S on both sides (1 and 2) along the x axis and then select the Sx = 0 results. For

fermions, the entire wave function is then projected onto:

1√
2

[
1√
2

(|L〉1 + |R〉1)
1√
2

(|L〉2 + |R〉2) −
1√
2
|A〉1

1√
2
|A〉2

]
, (5.6)

where |L〉1,2 means left bunching of the particles, respectively for sides 1 and 2, |R〉1,2
right bunching and |A〉1,2 represents anti-bunching (unnormalized state). The bosonic

counterpart of the above state is:

1√
2

[
1√
2

(|L〉1 + |R〉1)
1√
2

(|L〉2 + |R〉2) +
1√
2
|A〉1

1√
2
|A〉2

]
. (5.7)

Both these states have 1 e-bit of entanglement in space and the same outcome prob-

ability of 1/2. Note that since these two states are orthogonal they can be perfectly

discriminated, offering an operational way of distinguishing fermions and bosons.

If on the other hand we measure the spatial components of the total wave function,

we will find different amounts of entanglement in the internal degrees of freedom of

fermions and bosons. For instance, if we select the anti-bunching results, we will obtain

the following state for fermions:

1√
3

[
1√
2
(â†C1↑â

†
D1↓ + â†C1↓â

†
D1↑)

1√
2
(â†C2↑â

†
D2↓ + â†C2↓â

†
D2↑)

−(â†C1↑â
†
D1↑â

†
C2↓â

†
D2↓) − (â†C1↓â

†
D1↓â

†
C2↑â

†
D2↑)

]
|0〉, (5.8)
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with an outcome probability of 2/3 and log2 3 units of entanglement, whereas for bosons

we will get:

1√
2
(â†C1↑â

†
D1↓ − â†C1↓â

†
D1↑)

1√
2
(â†C2↑â

†
D2↓ − â†C2↓â

†
D2↑)|0〉, (5.9)

with probability 1/3 and 0 units of entanglement.

If we select the bunching results, for fermions we will obtain the state:

1√
2
(â†C1↑â

†
C1↓ + â†D1↑â

†
D1↓)

1√
2
(â†C2↑â

†
C2↓ + â†D2↑â

†
D2↓)|0〉, (5.10)

with an outcome probability of 1/3 and 0 units of entanglement, and for bosons we will

get:

1√
3

[
1√
2
(â†C1↑â

†
C1↓ + â†D1↑â

†
D1↓)

1√
2
(â†C2↑â

†
C2↓ + â†D2↑â

†
D2↓)

+
1

2
(â†C1↑â

†
C1↑ + â†D1↑â

†
D1↑)(â

†
C2↓â

†
C2↓ + â†D2↓â

†
D2↓)

+
1

2
(â†C1↓â

†
C1↓ + â†D1↓â

†
D1↓)(â

†
C2↑â

†
C2↑ + â†D2↑â

†
D2↑)

]
|0〉, (5.11)

with probability 2/3 and log2 3 units of entanglement. We observe that for a given path

selection one type of particles exhibits some entanglement in the internal degrees of

freedom, whereas the other exhibits none. In other words, under the same situation,

fermions and bosons show a difference in their information processing behaviour. More-

over, measuring this degree of entanglement in the internal degrees of freedom could

thus also be an operational way of distinguishing between fermions and bosons.

5.4 Conclusion

In this chapter we have shown that it is possible to transfer entanglement from the

internal to the spatial degrees of freedom through local actions using only the effects

of particle indistinguishability and quantum statistics, without any interaction between
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the spin and the path. Moreover, sub-ensembles selected by local measurements of

the path will in general have different amounts of entanglement in the internal degrees

of freedom depending on the statistics (either fermionic or bosonic) of the particles

involved. This establishes a connection between two fundamental notions of quantum

physics: entanglement and particle statistics.

Our analysis suggests further investigation of the consequences and applications of

particle statistics in quantum information processing. In the next chapter, we present

a useful protocol in which statistical effects make it unnecessary to have controlled

operations, such as polarization-dependent beam splitters. Other types of statistics

(e.g. anyons) can similarly be addressed within our framework. Recent experiments

such as [49, 65] suggest that it would be possible to test our results in the near future.



Chapter 6

Entanglement Concentration

In the previous chapter, we have shown that quantum statistics can lead to an effective

interaction between internal and external degrees of freedom of particles. This was

demonstrated in the context of entanglement transfer from spin to path without an

explicit conditional operation between these degrees of freedom. It was also shown

that the extent of this transfer depended on the bosonic or fermionic nature of the

particles. Going even further in our exploration of the effects of quantum statistics in

information theory, in this chapter we present an entanglement concentration protocol

[39, 11] based on these effects. This establishes the fact that quantum statistics alone

(without any other explicit interaction between the relevant degrees of freedom of the

particles involved) is sufficient for useful quantum information processing. The results

of this chapter were published in [81]

The best performances in quantum communication and computation protocols are

normally achieved using a pair of pure maximally entangled systems (particles) shared

between distant parties. But the inevitable influence of the environment during the

distribution of the entangled pairs reduces the amount of shared entanglement. As

entanglement cannot be increased by local operations and classical communication [87]

(see also Section 4.3), the only option is to concentrate it locally from a larger to a

smaller number of pairs [39, 11, 13, 28, 18, 43, 52, 95, 59, 78]. In the case of mixed

98
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states we call these protocols entanglement purification, while for pure states we refer

to them as entanglement concentration [11].

6.1 States to be Concentrated

ALICE

1 4 n2

. . .
3 . . .

1 4 n2

. . .
3 . . .

BOB

Figure 6.1: This figure represents one of the two entangled pairs that we use for our
protocol. Each pair is composed of two n-particle states entangled between Alice and
Bob with at most 1 e-bit of entanglement.

In a setting similar to previous entanglement concentration protocols, we consider

the action of specific local operations on two pairs of entangled systems, driving them

with some probability into one pair of more entangled systems.

However, unlike most of the previous schemes, we require our entangled systems to be

composed of n particles (see Figure 6.1 for the representation of a pair of these systems).

We look at the entanglement in the internal degrees of freedom of the particles, such

as the spin in the case of electrons (fermions) or the polarization in the case of photons

(bosons), which have isomorphic Hilbert spaces. The initial pure state of each of our

two pairs, distributed between two parties Alice (A) and Bob (B), is:

|φ〉n ≡ α| ↑↑ · · · ↑︸ ︷︷ ︸
n

〉A| ↓↓ · · · ↓〉B + β| ↓↓ · · · ↓〉A| ↑↑ · · · ↑〉B (6.1)
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with |α|2 + |β|2 = 1 and where, for instance, we have:

| ↑↑ · · · ↑ 〉A = â†A1↑â
†
A2↑ · · · â†An↑|0〉 ≡ |A↑̃〉n. (6.2)

Here â† are creation operators that ensure the ordering of the multi-particle state, as

the usual commutation and anti-commutation rules apply for bosons and fermions re-

spectively. For sake of compactness, we will rewrite equation (6.1) as:

|φ〉n =
(
α|A↑̃〉n|B↓̃〉n + β|A↓̃〉n|B↑̃〉n

)
, (6.3)

where the tilde over the arrow reminds us of the string of spins (or polarizations).

Let us now label one pair L and the other R (as in left and right – see Figure 6.2).

Then, our total initial state is:

|ϕ〉n ≡ |φ〉nL ⊗ |φ〉nR, (6.4)

where |φ〉nL is given by equation (6.1) written for pair L, and similarly for R.

Using equation (6.3), we can rewrite the total state (6.4) as:

|ϕ〉n = α2|A↑̃〉nL|A↑̃〉nR|B↓̃〉nL|B↓̃〉nR + β2|A↓̃〉nL|A↓̃〉nR|B↑̃〉nL|B↑̃〉nR
+ αβ

(
|A↑̃〉nL|A↓̃〉nR|B↓̃〉nL|B↑̃〉nR + |A↓̃〉nL|A↑̃〉nR|B↑̃〉nL|B↓̃〉nR

)
. (6.5)

6.2 The Protocol

Our protocol consists of bringing each of Bob’s particles into a 50/50 beam splitter

(particles i from the left and the right systems go into beam splitter i, for i = 1, 2, . . . , n)

and then making a specific measurement on the output particles using detectors Li and

Ri (see Figure 6.2). Before the particles from the left fall into the beam splitter, we apply

to each of them a specific unitary transformation U i
π, that flips their spin or polarization.
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Detector R1Detector L1

Beam
splitter 1

l1

ALICE

1 4 n2

. . .
3 . . .

1 4 n2

. . .
3 . . .

BOB

ALICE

1 4 n2

. . .
3 . . .

1 4 n2

. . .
3 . . .

BOB

r1

Up

Detector RnDetector Ln
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Figure 6.2: This figure represents the setup for our entanglement concentration protocol
using quantum statistics. Initially, Alice and Bob share two pairs of entangled systems,
L and R. Each entangled pair is composed of two n-particle states. One of the parties,
say Bob, can then convert these pairs into a more entangled pair by performing a set
of local operations using only standard 50/50 beam splitters, path measurements and
one-way classical communication with Alice.

This is done in the arm ℓi of each beam splitter and the transformation is defined for

every i:

U i
π :





|B ↑〉ℓi → |B ↓〉ℓi
|B ↓〉ℓi → |B ↑〉ℓi

. (6.6)

This flipping is applied in order to align some spins (or polarizations) in appropriate

terms so that we can exploit the statistical effects later on.

The total state then becomes:

|ϕ0〉n ≡
(
U1
π ⊗ U2

π ⊗ · · · ⊗ Un
π

)
|ϕ〉n

= α2|A↑̃〉nL|A↑̃〉nR|B↑̃〉nL|B↓̃〉nR + β2|A↓̃〉nL|A↓̃〉nR|B↓̃〉nL|B↑̃〉nR
+ αβ

(
|A↑̃〉nL|A↓̃〉nR|B↑̃〉nL|B↑̃〉nR + |A↓̃〉nL|A↑̃〉nR|B↓̃〉nL|B↓̃〉nR

)
. (6.7)
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First, we present the entanglement concentration protocol for fermions (e.g. elec-

trons) and then the counterpart protocol for bosons (e.g. photons).

Fermions – After passing through the beam splitter, Bob performs path measure-

ment on the first pair of particles coming out of the beam splitter using detectors L1 and

R1 (see Figure 6.2). For simplicity of presentation, we first assume that these detectors

do not absorb the particles and do not disturb their internal degrees of freedom (such

detectors are indeed available for electrons and atoms and can have interesting applica-

tions in deterministically entangling independent particles using indistinguishability and

feedback [16]). However, as we will show later on, this is not a necessary requirement

for success of our protocol. If the particles (which we assumed to be fermions) bunch,

we discard them. Otherwise, in the case of anti-bunching, we get the pure state:

|ϕ1〉n = N1

[
1√
2

(
α2|A↑̃〉nL|A↑̃〉nR|B triplet〉L1R1|B↑̃〉n−1

L |B↓̃〉n−1
R

+ β2 |A↓̃〉nL|A↓̃〉nR|B triplet〉L1R1|B↓̃〉n−1
L |B↑̃〉n−1

R

)

+ αβ
(
|A↑̃〉nL|A↓̃〉nR|B↑̃〉nL|B↑̃〉nR + |A↓̃〉nL|A↑̃〉nR|B↓̃〉nL|B↓̃〉nR

)]
, (6.8)

where

N1 =

[ |α|4
2

+
|β|4
2

+ 2|αβ|2
]− 1

2

, (6.9)

and the state

|B triplet〉L1R1 ≡ 1√
2

(|B ↑〉L1|B ↓〉R1 + |B ↓〉L1|B ↑〉R1) (6.10)

is a triplet state, the anti-bunching result of Bob’s measurement with detectors L1 and

R1 on the first pair of particles.

The probability p1 of having anti-bunching and thus getting state |ϕ1〉n (in an ideal

measurement) is:

p1 =
|α|4
2

+
|β|4
2

+ 2|αβ|2 = N−2
1 , (6.11)
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because the first two terms have a probability 1
2

of anti-bunching, while the other two

have probability 1 (we normalize these probabilities by |α|2, |β|2 and |αβ|2, the proba-

bilities of obtaining the corresponding results). Thus, the state |ϕ1〉 differs from |ϕ0〉 in

the first two terms (we ”normalize” their amplitudes α2 and β2 by the factor 1√
2
).

After obtaining the anti-bunching result, we can now let the second pair of Bob’s

particles (ℓ2 and r2) pass through another 50/50 beam splitter and perform the same

measurement, discarding again the bunching results.

After repeating the same procedure n times, we get the state:

|ϕn〉n = Nn

[
α2

2
n

2

|A↑̃〉nL|A↑̃〉nR|B triplet〉⊗n +
β2

2
n

2

|A↓̃〉nL|A↓̃〉nR|B triplet〉⊗n

+ αβ
(
|A↑̃〉nL|A↓̃〉nR|B↑̃〉nL|B↑̃〉nR + |A↓̃〉nL|A↑̃〉nR|B↓̃〉nL|B↓̃〉nR

) ]
, (6.12)

with

Nn =

[ |α|4
2n

+
|β|4
2n

+ 2|αβ|2
]− 1

2

. (6.13)

The probability of getting |ϕn〉 from |ϕn−1〉 is:

pn =

(
Nn−1

Nn

)2

. (6.14)

So, the total probability for getting |ϕn〉n from |ϕ0〉n is:

p̃n =
n∏

i=1

pi = N−2
n

(n→∞)−→ 2|αβ|2 ≡ p̃. (6.15)

After applying the same procedure ”infinitely many times” (to a ”infinitely large

state”), we obtain the state:

|ϕ∞〉 ≡ lim
n→∞

|ϕn〉n
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= lim
n→∞

1√
2

(
|A↑̃〉nL|A↓̃〉nR|B↑̃〉nL|B↑̃〉nR + |A↓̃〉nL|A↑̃〉nR|B↓̃〉nL|B↓̃〉nR

)
. (6.16)

The total probability is then:

p =
p̃

2
= |αβ|2. (6.17)

Now note that even if we had, instead of non-absorbing, any kind of path detectors,

our protocol would still work assuming we perform a path measurement on n−1 particles.

We would then have absorbed all these n−1 particles, and their state would be replaced

by the vacuum state |0〉. In the n → ∞ limit this will factorize out to give the final

maximally entangled state:

|ϕ∞〉 = lim
n→∞

1√
2

(
|A↑̃〉nL|A↓̃〉nR|B ↑〉L|B ↑〉R + |A↓̃〉nL|A↑̃〉nR|B ↓〉L|B ↓〉R

)
. (6.18)

The probability p given by equation (6.17) provides us with a measure of efficiency

of our entanglement concentration protocol. It is the amount of entanglement in e-bits

that we can extract from a single pair of entangled particles in the initial state |φ〉n given

by equation (6.3), in the limiting case:

E∞(|φ〉n) = p , (n→ ∞). (6.19)

Bosons – In this case, the procedure is almost the same as for fermions, but this

time we discard the anti-bunching results and keep the bunching ones.

After Bob measures the first pair of particles, we obtain a state similar to (6.8), but

where the particles will now be either both in L1 or either both in R1. In other words,

instead of the triplet state |B triplet〉L1R1, we have the term

1√
2
(|B ↑〉L1|B ↓〉L1 + |B ↑〉R1|B ↓〉R1), (6.20)
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while instead of |B↑̃〉nL|B↑̃〉nR we have

1√
2
(|B↑̃〉L1|B↑̃〉L1 + |B↑̃〉R1|B↑̃〉R1)|B↑̃〉n−1

L |B↑̃〉n−1
R , (6.21)

and similarly for the last term in (6.8).

The probability of getting this state is again given by (6.11), p1 = N−2
1 .

By reversing the selection of the path measurements performed by Bob (i.e. by

now discarding the anti-bunching instead of the bunching results), we have established a

symmetry between the bosonic and the fermionic protocols. The general state (6.12) and

its probability (6.14) are in fact the ”same” (isomorphic), as well as the total probability

(6.17), p = |αβ|2, and the efficiency (6.19):

E∞(|φ〉n) = p , (n→ ∞). (6.22)

Note that for both protocols (for fermions and for bosons) the unitary transformation

Uπ ≡ ⊗n
i=1 U

i
π is crucial (see equation (6.6)). Since states |ϕ〉n and |ϕ0〉n = Uπ|ϕ〉n –

given by equations (6.5) and (6.7) respectively – are isomorphic, one might expect the

results to be the same regardless of Uπ being applied or not. This turns out to be wrong,

as applying the protocol directly to |ϕ〉n will yield the following state:

|ϕ∞〉 ≡ lim
n→∞

|ϕn〉 (6.23)

= lim
n→∞

1√
|α|4 + |β|4

(
α2|A↑̃〉nL|A↑̃〉nR|B↓̃〉nL|B↓̃〉nR + β2|A↓̃〉nL|A↓̃〉nR|B↑̃〉nL|B↑̃〉nR

)
,

in general less entangled than the initial one.

6.3 Discussion

In the protocols we have presented in this chapter, local operations are performed on

one side only (Bob). Classical communication comes about only once, when we have
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one way communication from Bob to Alice at the end of the whole scheme. Of course,

we can slightly change our protocols by allowing Alice to apply the same procedure

on her side. This would require two way communication and would have half the time

complexity of the protocol, but the amount of entanglement distilled would be the same.

Also, note that both Alice and Bob could perform the operations on the n− 1 particles,

each one on their side, using either one beam splitter sequentially or n−1 beam splitters

in parallel. The latter case has a lower time complexity than the former, but requires

more resources (higher space complexity).

The efficiency |αβ|2 of our protocol happens to be lower than both the efficiency

2|α|2 of the procrustean method and the efficiency −|α|2Log|α|2 − |β|2Log|β|2 of the

standard asymptotic entanglement concentration procedure [11]. However, our target is

not to propose a more efficient alternative entanglement concentration, but to explicitly

demonstrate that it is possible to do entanglement concentration by using only the effects

of particle statistics, without resort to an explicit controlled operation between spins or

between spin and path. In all physical implementations of entanglement concentration

or purification protocols to date [59, 78], a polarization beam splitter or a polarization

dependent filter (which accomplish a controlled operation on path conditional on spin)

have been used.

It is important to note here that our mechanism will work even if the basis states |↑〉
and |↓〉, were rotated in a plane. This is because the only unitary rotation we use is Uπ,

which will flip all spins in one plane. The rest of the protocol uses particle statistics,

which is basis independent. On the other hand, for standard entanglement concentration

protocols [39, 11], it is necessary to know the basis.

In this chapter we have presented an entanglement concentration scheme which uses

only the effects of quantum statistics. Although the efficiency of the protocol is the same

for both fermions and bosons, the protocol itself is slightly different depending on the

nature of the particles. This brings forth a fundamental difference between these two

types of particles in terms of their information processing power. Recent experiments

such as [49, 65] suggest that it would be possible to test our results in the near future.
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It would also be interesting to investigate the possibility of entanglement distillation of

mixed states using solely statistical effects.



Chapter 7

Optimal State Discrimination

In the previous chapter, it was shown that a useful task such as entanglement concen-

tration could be accomplished, even if non-optimally, using only the effects of quantum

statistics, without the need for any other interactions. The above investigation, as well

as one from Chapter 5, differ significantly from some previous suggestions, where either

anyonic statistics [57] or the effects of electronic statistics in conjunction with other

interactions [67, 27] were used for quantum information processing. Schemes using only

particle statistics (described in Chapters 5 and 6) would be very useful for tasks imple-

mented with identical particles that interact very weakly or not at all with each other,

such as photons or neutrons. This weak interaction can be beneficial for information

processing as it may reduce the unwanted coupling to the environment. Such schemes are

also extremely general in the sense of being independent of the actual particle species.

It is however not known whether such schemes can accomplish quantum information

processing efficiently. In this chapter we present a particular quantum information

processing task involving two qubits and show that it can be performed optimally using

only quantum statistics. Moreover, we point out how the task of discriminating quantum

states can be applied to detecting entanglement and purifying mixed states. We also dis-

cuss how to generalize these tasks to N qubits and argue that quantum statistics could

be used to perform even this generalized task optimally. While the two qubits and other

small N qubits versions of our protocol can be tested with photons, electrons, neutrons

108
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or atoms, the large number of qubits versions could have interesting implementations in

optical lattices [76, 53]. The work in this chapter, apart from the last section, has been

presented in the paper [15]. In the last section we present a somewhat different version

of our discrimination protocol in which states to be discriminated are encoded in spatial

rather than internal degrees of freedom.

7.1 The Protocol

One of the striking aspects of quantum mechanics is that it is not possible to perfectly

discriminate between two states unless they are orthogonal. Suppose someone prepares

two qubits encoded in the internal degrees of freedom of two identical particles — say,

in the spin of two electrons or the polarization of two photons — in one of the following

two possible states:

• spins aligned (parallel) and pointing in an arbitrary direction;

• spins anti-aligned and pointing in an arbitrary direction.

We will assume that the two states are equally likely for the sake of simplicity, but all

the presented results will be valid for any a priori distribution. As we do not have any

knowledge of the direction of alignment in both of the above cases, the overall states are

mixed. They are described respectively by the following density operators:

ρ̂2 =
1

4π

∫
dΩ|Ω〉〈Ω| ⊗ |Ω〉〈Ω|, (7.1)

and

σ̂2 =
1

4π

∫
dΩ|Ω〉〈Ω| ⊗ |Ω⊥〉〈Ω⊥|. (7.2)

Here, the subscripts indicate that we are considering two particles. The ket |Ω〉 represent

the spin-up state along the axis defined by the angle Ω, while |Ω⊥〉 is the orthogonal
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state spin-down. Thus, ρ̂2 represents an equal mixture of spins aligned along an arbitrary

axis in space, while σ̂2 is the equal mixture of anti-aligned spins of two spin-1
2

particles.

It is impossible to discriminate between these states perfectly because they are not

orthogonal.

Optimal results are known for the discrimination of any two given quantum states

η̂ and η̂′ [44]. The maximal probability of ambiguously discriminating between two

a priori equally likely quantum states in a single-shot measurement is given by the

Helstrom formula1:

PH(η̂, η̂′) =
1

2
+

1

4
Tr|η̂ − η̂′|. (7.3)

We now present a procedure for discriminating between ρ̂2 and σ̂2, both for fermions

and bosons, based only on the effects of particle statistics. To use these effects we

interfere particles at a beam splitter. In order to distinguish the states we rely on

path measurements that discriminate between bunching and antibunching, and that are

performed on our particles after letting them pass simultaneously through a 50/50 beam

splitter. Note that in such balanced beam splitters two indistinguishable particles will

always bunch if they are bosons [51], and always antibunch if they are fermions [65]

(see also [68]). In other words, we use the basic feature of a balanced beam splitter to

perfectly discriminate between symmetric and anti-symmetric pure states (for a related

work on this topic, see [8]).

For fermions, our guess in the case of the antibunching result is that the input state

was ρ̂2, while in the case of bunching is that it was σ̂2. The probability of success of our

procedure is then:

PBS(ρ̂2, σ̂2) =
3

4
. (7.4)

This probability can easily be calculated by noticing that the only case for which our

guess could be incorrect is when we have the antibunching result. Then, we conclude

1We give the proof of this formula in Appendix B. For the definition of a function of a hermitian
operator (in this case, the absolute value |η̂ − η̂′| of the operator (η̂ − η̂′)), see the end of Appendix A.
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that the input state was ρ̂2, while it could have actually been σ̂2. On the other hand,

in the case of the bunching result we know for sure that the input state was σ̂2, since

— according to the Pauli exclusion principle — two particles with aligned spins cannot

end up in the same output arm of the beam splitter. When our input state is σ̂2, the

antibunching happens with probability 1/2, giving in total a probability of incorrect

inference of 1/4. In the case of bosons, our protocol is exactly the opposite of the

fermionic one, but yields precisely the same efficiency: this time the antibunching results

stand for σ̂2, whereas the bunching ones stand for ρ̂2, but the probability of success

coincides with equation (7.4).

Interestingly, the Helstrom formula gives the same result for the maximal probability

of discriminating between these two states:

PH(ρ̂2, σ̂2) =
3

4
. (7.5)

We can thus conclude that our procedure is optimal for both fermions and bosons.

Helstrom’s probability can still be achieved in other cases using the effects of quantum

statistics. We now introduce a case of special interest that can be applied to other tasks

such as entanglement detection and state purification, as will be shown in the next

section of this chapter. Suppose that we have to discriminate between the following two

states:

• spins aligned (parallel) and pointing in an arbitrary direction (the same as in

equation (7.1));

• each spin in the maximally mixed state.

The latter state is represented by the following operator:

τ̂2 =
1

4
Î⊗2 =

1

4
(|0〉〈0| + |1〉〈1|)⊗ (|0〉〈0|+ |1〉〈1|) , (7.6)

where |0〉 and |1〉 are any two orthogonal spin states.
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The strategy now is exactly the same as before. It relies on the fact that if the state is

ρ̂2 the particles can, due to their indistinguishability, give only one result (antibunching

in the case of fermions or bunching in the case of bosons), while if the input state is τ̂2

both results are possible. This time, the probability of success is:

PBS(ρ̂2, τ̂2) =
5

8
, (7.7)

and this coincides with the Helstrom result

PH(ρ̂2, τ̂2) =
5

8
, (7.8)

so our procedure is optimal in this case too. The calculations leading to the above results

are analogous to the ones in the previous discrimination case.

7.2 Applications of the Protocol

One of the most interesting applications of our approach can be found in the detection

of entanglement. We illustrate this in the case of pure states of two particles. Suppose,

for example, that we are to discriminate any maximally entangled state of two qubits

from any disentangled (product) state. As before, the qubits are supported by the

internal degrees of freedom of two identical particles (labelled, say, A and B). Suppose

in addition that we are given two identical copies of the state. In order to detect

entanglement, we take the same particle (either A or B) from each pair and interfere

them at a beam splitter, as shown in Figure 7.1. The crux of the argument is that if the

state is entangled, then the reduced states of these particles will be maximally mixed as in

the state τ̂2. On the other hand, if the state is separable, then the two interfering particles

are in the state ρ̂2. This is the same as in our discrimination procedure above, and so

there is a probability of 5/8 to detect entanglement. This example can be generalized

to other entangled pure states, and, more interestingly, to more particles. We note

that there is a close analogy between this method and our entanglement concentration
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scheme presented in the previous chapter. In particular, if the two states were less than

maximally entangled, then by detecting entanglement we would actually also amplify it.

Another interesting application is in mixed state purification, as in [33]. Suppose that

we start with two qubits, each in some mixed state. We would like to make the state of

these qubits purer (in the sense of having lower linear entropy), but also to preserve their

original direction in the Bloch sphere. The optimal way of doing so (as proven in [33]) is

to project the joint state onto the symmetric subspace, in which case the resulting mixed

state is purer and yet preserves the original direction. If the projection is unsuccessful,

the qubits are thrown away. This is exactly the same as our probabilistic discrimination

with a beam splitter.

DetectorDetector

Beam
splitter

?

B

A

?

B

A

Figure 7.1: This figure represents the set-up for our entanglement detection scheme. We
have two equal pairs of identical particles and consider their internal degrees of freedom.
Both pairs are in the same pure state: either separable or maximally entangled. We
take the same particle (for instance, B) from each pair and interfere them at a 50/50
beam splitter. If the states are disentangled then the particles are indistinguishable and,
depending on the statistics, will either only bunch or only antibunch. Otherwise, if the
states are maximally entangled, the particles are maximally mixed, meaning that they
can be (probabilistically) distinguished and hence the statistics does not influence their
behavior. This entanglement detection is a particular instance of our state discrimination
scheme discussed in this chapter.
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7.3 Generalization of the Protocol to N Particles

We would now like to investigate the generalization of the above results to N particles.

For this, we use a generalized (N-port) balanced beam splitter, as shown in Figure 7.2,

which acts only on the spatial degrees of freedom of the input particles. This action is

given by a unitary operator ÛN , with matrix elements:

umn =
1√
N
ei

2π

N
(m−1)(n−1). (7.9)

(Note that there exist alternative descriptions of balanced multiport beam splitters [55,

102].) The square of the norm of each element in the matrix represents the probability

that the particle in the m-th input arm of the beam splitter ends up in the n-th output

arm. Since all these elements have norm 1√
N

, we have a representation of a balanced

N-port beam splitter.

N-port
beam splitter

...
m

n

...

Figure 7.2: This diagram represents a multiport beam splitter with N inputs and N
outputs. The overall output state depends not only on the input, but also on the sta-
tistics (either fermionic or bosonic) of the identical particles involved. We have labelled
two arbitrary ports, the m-th input port and the n-th output port.

The aim is now to discriminate between the N-particle generalizations of ρ̂2 and τ̂2.

Those states are given by:

ρ̂N =
1

4π

∫
dΩ (|Ω〉〈Ω|)⊗N , (7.10)
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and

τ̂N =
1

2N
(|0〉〈0| + |1〉〈1|)⊗N . (7.11)

To calculate the Helstrom probability, one has to diagonalize the matrix ρ̂N − τ̂N . This

turns out to be straightforward once we notice that ρ̂N can also be represented as an equal

mixture of all possible symmetric states within the basis {|Si〉 : i = 1, . . . , N + 1 = |S|}
of N qubits. Then, we have:

ρ̂N =
1

|S|

|S|∑

i=1

|Si〉〈Si|. (7.12)

It is now easy to calculate the Helstrom formula by expanding ρ̂N in a basis consisting of

the union of a basis of the symmetric sub-space and a basis of its orthogonal complement.

The result is:

PH(ρ̂N , τ̂N ) = 1 − (N + 1)

2(N+1)
. (7.13)

Alternatively, we can calculate the average probability of success to distinguish states

ρ̂N and τ̂N using the following expression:

PH(ρ̂N , τ̂N ) =
1

2
1 +

1

2
p. (7.14)

Here, the 1/2 factors refer to the fact that the two states are prepared with equal prob-

ability. The term 1 comes from the fact that the state ρ̂N , supported on the symmetric

subspace (of dimension dS = N + 1), is always identified reliably as such, and p is the

probability of identifying the other state, τ̂N . Since τ̂N is maximally mixed, it is uni-

formly distributed over the whole space of N qubits (of dimension d = 2N). In this case

p = 1−dS

d
, which after substitution in equation (7.14) gives equation (7.13) right away.

The problem to apply our discrimination scheme to N particles is that it becomes

exponentially hard to calculate PBS(ρ̂N , τ̂N) as N increases. Moreover, it is not clear

which inference strategy should be followed. For fermions, the natural generalization

seems to be to associate the antibunching results with ρ̂N and the others with τ̂N . For
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bosons, on the other hand, a more subtle strategy may be needed. This is because,

loosely speaking, for bosons there is no clear analogue of the Pauli exclusion principle.

Furthermore, even without having the complete calculations for N > 2, we would like to

emphasize the remarkable fact that the Helstrom probability PH(ρ̂N , τ̂N) is equal to the

probability of success of a fermionic beam splitter strategy described above, if calculated

under the assumption that the particles are classical (i.e., always distinguishable by some

arbitrary label), but obey a constraint equivalent to the Pauli exclusion principle (not

allowing more than two particles in the same internal state to share the same output

arm of the beam splitter). The overall probability is then calculated by summing up

the probabilities of all the possible outcomes rather than the amplitudes, as it would be

done in the quantum case2. However, in the case of three fermions (N = 3), we have

performed the full quantum calculations (i.e., taking properly into account the effects of

statistics) for a three-port balanced beam splitter and obtained:

PBS(ρ̂3, τ̂3) =
3

4
, (7.15)

which is equal to PH(ρ̂3, τ̂3). We believe this result of obtaining the optimal discrimina-

tion probability using the effects of particle statistics (in multiports) can be generalized

to an arbitrary N , both for fermions and bosons, and we continue research in this di-

rection. For now this remains a conjecture. In an optical lattice, with one particle in

each lattice site, a multiport beam splitter could probably be simulated by dissolving N

potential wells and then creating a new set of N wells [53]. Of course, if the particles

interact, then the effective beam splitter will be modified, and here we only point out

the plausibility of creating multiport beamsplitters (or multiparticle interference) in an

optical lattice.

2For a detailed calculation of the probability of success in that simplified case, see Appendix C.
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Figure 7.3: This diagram represents the set-up for our alternative proposal for optimal
state discrimination procedure. A pair of particles is emitted from a source (UV) with
one particle following the path A and the other the path B. There are two possible
spatial states in each arm, 1 and 2. The global two-particle state (encoded in spatial
degrees of freedom only) is then interfered at a 50/50 beam splitter (BS). If the overall
state is maximally mixed, then it is possible to obtain both bunching or antibunching
results, when measured by detectors D1 and D2. Otherwise, if the two-particle state is
maximally entangled, then only one of the results is possible (antibunching in the case
of |Ψ−〉 and bunching in the case of |Ψ+〉).

7.4 Alternative Protocol

In this section, we present an alternative protocol for optimal discrimination between

two quantum states. This time, the states to be discriminated are encoded in spatial

rather than internal degrees of freedom. The states of internal degrees of freedom are

assumed to be arbitrary, but identical for both particles.

The set-up, described in Figure 7.3, consists of a two-particle source that emits one

particle along the path A, and the other along the path B. Since the states to be

discriminated are encoded in space, we distinguish two different states along each line,

labelled by the numbers 1 and 2. Both paths are then, via two mirrors M1 and M2,

mixed onto a 50/50 beam splitter. The total one-particle Hilbert space is then given

by the basis states |Aj〉, |Bj〉 before, and |Cj〉, |Dj〉 after the beam-splitter (j = 1, 2).

The explicit form of the transformation rule Û for a 50/50 beam splitter is given by the
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following set of equations:

|Aj〉 −→ 1√
2
(|Cj〉 + i|Dj〉),

|Bj〉 −→ 1√
2
(|Dj〉 + i|Cj〉). (7.16)

Let us consider two possible inputs first, the symmetric and anti-symmetric state of

two particles written in the second quantization formalism:

|Ψ±〉 =
1√
2
(â†A1â

†
B2 ± â†B1â

†
A2)|0〉. (7.17)

Then the output states are given by:

|Ψ±
o 〉 = (Û ⊗ Û)|Ψ±〉 =

1√
2

[
(Û â†A1)(Û â

†
B2) ± (Û â†B1)(Û â

†
A2)
]
|0〉

=
1

2
√

2

[
(â†C1 + iâ†D1)(â

†
D2 + iâ†C2) ± (â†D1 + iâ†C1)(â

†
C2 + iâ†D2)

]
|0〉. (7.18)

Therefore, the final output states giving bunching (for the ‘plus’ sign) and antibunch-

ing (for the ‘minus’ sign) results are:

|Ψ+
o 〉 =

1√
2
(â†D1â

†
D2 + â†C1â

†
C2)|0〉,

|Ψ−
o 〉 =

1√
2
(â†C1â

†
D2 − â†D1â

†
C2)|0〉. (7.19)

Note that, in order to achieve for different terms in the above equations to cancel

each other out (interfere), it is necessary that the pairs of one-particle states |A1〉 and

|B1〉, as well as |A2〉 and |B2〉, are time correlated and of equal shape each. Yet, the two

particles never meet each other in the interferometer. This is therefore a case of global

interference since only the total two-particle wave function interferes with itself. In the

above analysis, the basic feature of a balanced beam splitter to perfectly discriminate

between symmetric and anti-symmetric states is used (see for example [8]), and not the

indistinguishability of identical particles. In fact, one can easily verify that the same
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results could be obtained if the particle in a state 1 were different from the other one in

a state 2 (mathematically, we would have to introduce new creation operators, b̂†A2 and

b̂†B2, and analogously for the paths C and D). Alternately, one may say that since two

particles never meet each other, the effects of indistinguishability of identical particles

cannot be observed.

If we were to discriminate between the pure state, say |Ψ−〉, and a mixed one, ρ̂ =

1
2
(|Ψ−〉〈Ψ−|+ |Ψ+〉〈Ψ+|), each one given with the same a priori probability of 1/2, then

the maximal possible probability for doing such discrimination is again given by the

Helstrom formula:

PH(|Ψ−〉, ρ̂) =
1

2
+

1

4
Tr||Ψ−〉〈Ψ−| − ρ̂|. (7.20)

The straightforward calculation of PH gives us:

PH(|Ψ−〉, ρ̂) =
1

2
+

1

4
Tr||Ψ−〉〈Ψ−|−ρ̂| =

1

2
+

1

4
Tr|1

2
|Ψ−〉〈Ψ−|− 1

2
|Ψ+〉〈Ψ+|| =

3

4
. (7.21)

On the other hand, the same probability could be achieved using our ordinary 50/50

beam splitter. First, let us note that the mixed state ρ̂, being an equal mixture of

|Ψ±〉 states, results in both bunching and antibunching results, with equal probability.

Then, if we assign antibunching results with |Ψ−〉 state, and bunching ones with ρ̂, the

probability of making a mistake in one-shot inference is:

Pmistake(|Ψ−〉, ρ̂) =
1

4
. (7.22)

The probability of our beam splitter strategy is then:

PBS(|Ψ−〉, ρ̂) = 1 − Pmistake(|Ψ−〉, ρ̂), (7.23)

which is the same as the Helstrom probability, PBS(|Ψ−〉, ρ̂) = PH(|Ψ−〉, ρ̂). = 3/4.
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The same procedure can be performed with |Ψ+〉 state as well, only this time we

would assign with it bunching result, and antibunching for the maximally mixed state

ρ̂.

7.5 Conclusion

In this chapter we have shown that it is possible to perform an optimal quantum infor-

mation processing task using only the effects of particle statistics. In particular, we have

presented a strategy for discriminating between two non-orthogonal states of two qubits

(encoded in the internal degrees of freedom of identical particles) using beam splitters.

We have considered two discrimination scenarios and in each of them our strategy differs

(symmetrically) between fermions and bosons, but offers the same efficiency. We also

pointed out how our discrimination scheme can be applied to detecting entanglement

and purifying mixed states. In addition, we have calculated the Helstrom probability for

N qubits in one of our discrimination scenarios. We have shown by explicit calculation

that this probability can be achieved in a fermionic three-port beam splitter strategy

and that it is the same as the fermionic strategy for general N if the fermions are consid-

ered as classical particles that obey the Pauli exclusion principle as the only additional

constraint. An advantage of our method is that it can also be easily implemented with

the current technology.

Our work suggests a number of interesting research directions. One problem is to

prove the optimality of the beam splitter strategy in the case of N qubits and its appli-

cation to multiparty entanglement detection. This, we hope, will answer the question

of weather the symmetry between fermions and bosons in our strategy will be preserved

for a generalized beam splitter. It may also lead to a simple and physically intuitive

selection principle governing bosonic behavior. Another possible direction is to classify

all the pairs of states that can be optimally discriminated with our scheme. Finally, our

results suggest that it would be worth to further explore the role of particle statistics in

quantum information tasks, in particular in efficient quantum computation.



Chapter 8

Quantum Walk on a Line with Two

Particles

Quantum walks, the quantum version of random walks, were first introduced in 1993 [7]

and have since then been a topic of research within the context of quantum informa-

tion and computation (for an introduction, see [56]). Given the superposition principle

of quantum mechanics, quantum walks allow for coherent superpositions of classical

random walks and, due to interference effects, can exhibit different features and offer

advantages when compared to the classical case. In particular, for a quantum walk on a

line, the variance after N steps is proportional to N , rather than
√
N as in the classical

case (see Figure 8.1). Recently, it was even shown that a continuous time quantum walk

on a specific graph can be used for exponential algorithmic speed-up [24].

In this chapter we study a discrete time quantum walk on a line with two particles

(for an introduction to quantum walks on a line with one particle, see [73]). Classically,

random walks with K particles are equivalent to K independent single-particle random

walks. In the quantum case though, a walk with K particles may contain entanglement,

thus offering a resource unavailable in the classical scenario. Moreover, in the case of

identical particles we have to take into account the effects of quantum statistics, giving

an additional feature to quantum walks which can offer yet another framework for a

121
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study of specifically quantum phenomena.

8.1 One-Particle Quantum Walk on a Line

Let us start by introducing the discrete time quantum walk on a line for a single particle.

The relevant degrees of freedom are the particle’s position i (with i∈Z) on the line, as

well as its coin state. The total Hilbert space is given by H ≡ HP ⊗HC , where HP is

spanned by the orthonormal vectors {|i〉} representing the position of the particle, and

HC is the two-dimensional coin space spanned by two orthonormal vectors which we

denote as |↑〉 and |↓〉.

Each step of the quantum walk is given by two subsequent operations. First, the

coin operation, given by ÛC∈SU(2) and acting only on HC , which will be the quantum

equivalent of randomly choosing which way the particle will move (like tossing a coin

in the classical case). The non-classical character of the quantum walk is precisely

here, as this operation allows for superpositions of different alternatives, leading to

different moves. Then, the shift-position operation Ŝ will move the particle accordingly,

transferring this way the quantum superposition to the total state in H. The evolution of

the system at each step of the walk can then be described by the total unitary operator:

Û ≡ Ŝ(ÎP ⊗ ÛC), (8.1)

where ÎP is the identity operator on HP . Note that if a measurement is performed after

each step, we will revert to the classical random walk.

In this chapter we choose to study a quantum walk with a Hadamard coin, i.e. where

ÛC is the Hadamard operator Ĥ :

Ĥ =
1√
2



 1 1

1 −1



 . (8.2)

Note that this represents a balanced coin, i.e. there is a fifty-fifty chance for each alter-



CHAPTER 8. QUANTUM WALK ON A LINE WITH TWO PARTICLES 123

native. The shift-position operator is given by:

Ŝ =

(
∑

i

|i+ 1〉〈i|
)

⊗ |↑〉〈↑| +
(
∑

i

|i− 1〉〈i|
)

⊗ |↓〉〈↓|. (8.3)

Therefore, if the initial state of our particle is, for instance |0〉⊗ |↑〉, the first step of the

quantum walk will be as follows:

|0〉 ⊗ |↑〉 Ĥ−→ |0〉 ⊗ 1√
2

(|↑〉 + |↓〉)

Ŝ−→ 1√
2

(|1〉 ⊗ |↑〉 + | − 1〉 ⊗ |↓〉) . (8.4)

We see that there is a probability of 1/2 to find the particle in position 1, as well as to

find it in position 2, just like in the classical case. Yet, if we let this quantum walk evolve

beyond the (two) initial steps before we perform a position measurement, we will find a

very different probability distribution for the position of the particle when compared to

the classical random walk, as it can be seen in Figure 8.1 for N = 100 steps.

a. Classical

b. Quantum

Figure 8.1: Probability distribution for a classical random walk (a) on a line after N =
100 steps, as well as for a quantum walk (b) with initial state |0〉⊗ |↑〉 and a Hadamard
coin yielding unbalanced probability distribution.
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8.2 Quantum Walk on a Line With Two Distinguish-

able Particles: Pure States

Let us consider the previous quantum walk, but now with two (non-interacting) particles

on a line (not necessarily the same one for both particles). If the particles are distin-

guishable and in a pure separable state, the position measurement of one particle will

not change the probability distribution of the other, they are completely uncorrelated.

On the other hand, if the particles are entangled, we will have to take into account the

entanglement-enhanced excess correlation and the two one-particle distributions will no

longer be independent.

The joint Hilbert space of our composite system is given by:

H12 ≡ H1 ⊗H2 ≡ (HP,1 ⊗HC,1) ⊗ (HP,2 ⊗HC,2), (8.5)

where H1 and H2 represent the Hilbert spaces of particles 1 and 2 respectively. Since

the relevant degrees of freedom in our problem are the same for both particles, we have

that both H1 and H2 are isomorphic to H defined earlier for the one-particle case. Note

also that in the case of identical particles, which we will study later on in this chapter,

we have to restrict H12 to its symmetrical and antisymmetrical subspaces, respectively

for bosons and fermions.

Let us then consider the case where both particles start the quantum walk in the

same position, 0, but with different coin states |↓〉 and |↑〉. Then, our system’s initial

state will be given, for particles in a pure separable state, by:

|ψPS0 〉12 = |0, ↓〉1|0, ↑〉2. (8.6)

Apart from separable states, quantum mechanics offers one more possibility for preparing

initial pure state of two particles, the coherent mixture of two alternatives, often referred

to as the entangled states. Such states are more correlated than any classically correlated

state, and it is the aim of this study to explore the possible use of those excess correlations
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in the case of two-particle quantum walk on a line. In our case of two alternatives, |↓〉
and |↑〉, we will consider two particular maximally entangled initial states1, given by:

|ψ±
0 〉12 =

1√
2
(|0, ↓〉1|0, ↑〉2 ± |0, ↑〉1|0, ↓〉2), (8.7)

differing only by a relative phase2. Note that those are precisely the vectors we use to

describe states of two bosons and two fermions respectively, as well. We will use this

fact later in this chapter.

Each step of this two-particle quantum walk will be given by:

Û12 = Û ⊗ Û , (8.8)

where Û is given by equation (8.1), and is the same for both particles. After N steps,

the state of the system will be, for particles in a pure separable state:

|ψPSN 〉12 = ÛN
12 |ψPS0 〉12 = ÛN |0, ↓〉1ÛN |0, ↑〉2. (8.9)

Figure 8.2.a shows the joint probability distribution P PS
12 (i, j;N) for finding particle 1

in position i and particle 2 in position j for N = 30 steps. Note that P PS
12 (i, j;N) is

simply the product of the two independent one-particle distributions:

P PS
12 (i, j;N) = P PS

1 (i;N) × P PS
2 (j;N), (8.10)

where P PS
1 (i;N) is the probability distribution for finding particle 1 in position i after

N steps, and similarly for P PS
2 (j;N) and particle 2. This can also be observed in Figure

8.2.a, which is clearly the product of two distributions like the one in Figure 8.1, one

biased to the left and the other to the right, accordingly with the initial conditions given

by equation (8.6).

1Maximally entangled states are by the definition pure states.
2Note that, since two particles are distinguishable (not identical), labels 1 and 2, that mathematically

correspond to Hilbert spaces H1 and H2 of the particle 1 and the particle 2, respectively, correspond
to physically measurable properties as well. Those are internal properties (see Chapter 3, Section 3.4)
that define two different types of distinguishable (not identical) particles.
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Figure 8.2: Two-particles probability distributions after N = 30 steps for: A. Pure
separable state (distinguishable particles); B. |Ψ+〉 state (bosons); and C. |Ψ−〉 state
(fermions). Note the different vertical ranges.
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In the case of entangled particles, the state of the system after N steps will be:

|ψ±
N〉12 = ÛN

12 |ψ±
0 〉12 =

1√
2

(
ÛN |0, ↓〉1 ÛN |0, ↑〉2 ± ÛN |0, ↑〉1 ÛN |0, ↓〉2

)
. (8.11)

The probability distributions for finding particle 1 in position i and particle 2 in position

j in both cases, P±
12(i, j;N), is represented in Figure 8.2.b,c, for N = 30. The effects

of entanglement are striking when comparing the three distributions in Figure 8.2. In

particular, we see that these effects significantly increase the probability of the particles

reaching certain configurations on the line, which otherwise would be very unlikely to

be occupied. In all cases, the maxima of the distributions occur around positions ± 20.

In the ”+” case it is most likely to find both particles together, whereas for ”−” case

the particles will tend to finish as distant as possible from one another.

Let us now consider the individual particles in the system in the case of entangled

particles. The state of each of them can be described by the reduced density operator3

ρ̂1,2(N) ≡ Tr2,1
(
|ψ±
N〉12 12〈ψ±

N |
)
, which consists of an equal mixture of the one-particle

states ÛN |0, ↓〉 and ÛN |0, ↑〉. Thus, given one particle, the probability to find it in

position i after N steps is given by the following marginal probability distribution:

P±
1,2(i;N) =

1

2
[P↓(i;N) + P↑(i;N)] , (8.12)

where P↓(i;N) is the probability distribution for finding the particle that is in a state

ÛN |0, ↓〉 in position i after N steps, and similarly for P↑(i;N) and a particle in state

ÛN |0, ↑〉. Note that in the case of the pure separable state we have P PS
1 (i;N) = P↓(i;N)

and P PS
2 (i;N) = P↑(i;N). But now, contrary to the case of pure separable state, the

joint probability P±
12(i, j;N) is no longer the simple product of the two one-particle

probabilities, as it contains information about the non-trivial correlations between the

outcomes of the position measurements performed on each particle. Therefore, to inves-

tigate the difference between quantum walks with two distinguishable particles in pure

3Here again, similarly as throughout this chapter, subscripts 1 and 2 refer to the particle 1 and the
particle 2, respectively, while superscripts ”+” and ”−” refer to initial entangled states |ψ+

0 〉12 and
|ψ−

0 〉12, defined by the equation (8.7).
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separable state and two entangled particles more quantitatively, we must look at joint

(two-particle) rather than individual properties.

First, let us consider the probability of finding at least one particle in position i

after N steps, P PS,±(i;N). It is the probability distribution of a joint property as it

depends on both one-particle outcomes, which can be clearly seen from its mathematical

expression:

P PS,±(i;N) =
N∑

j=−N

[
P PS,±

12 (i, j;N) + P PS,±
12 (j, i;N)

]
− P PS,±

12 (i, i;N)

=
[
P PS,±

1 (i;N) + P PS,±
2 (i;N)

]
− P PS,±

12 (i, i;N)

= [P↓(i;N) + P↑(i;N)] − P PS,±
12 (i, i;N). (8.13)

Given a one-particle probability distribution, say P↓(i;N) (note that P↑(i;N) = P↓(−i;N)),

our probability P PS,±(i;N) decreases with the joint probability P PS,±
12 (i, i;N) and is

maximal in the ”−” case. In fact, around the points (20, 20) and (−20,−20) in Figure

8.2 we clearly have:

P−(i;N) > P PS(i;N) > P+(i;N). (8.14)

We see that, by introducing entanglement in the initial conditions of our two-particles

quantum walk, the probability of finding at least one particle in a particular position

on the line can actually be better or worst than in the case where the two particles are

independent.

Let us now consider the distance between the two particles, ∆PS,±
12 . For that, we define

the random variables x1 and x2 as the outcomes of the (single particle) measurement of

the position of particle 1 and particle 2 respectively, after N steps of the quantum walk

(they can take integer values between N and −N). We can now define the distance as:

∆PS,±
12 ≡ |x1 − x2|. (8.15)

The expectation value 〈∆PS,±
12 〉 of the distance is given in Table 8.1 for different
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Nb. of steps N 10 20 30 40 60 100
|Ψ−〉 state (fermions) 8.8 17.5 26.0 34.9 52.2 87.0

Pure/Mixed separable state 7.1 14.7 21.9 29.5 44.3 73.9
|Ψ+〉 state (bosons) 5.5 11.9 17.8 24.1 36.3 60.8

Table 8.1: Expectation value 〈∆PS,±
12 〉 after N steps.

Nb. of steps N 10 20 30 40 60 100
|Ψ−〉 state (fermions) -16.8 -69.8 -153.5 -276.2 -619.7 -1718.3
Mixed separable state -6.0 -31.4 -70.6 -130.4 -299.3 -839.3
Pure separable state 0 0 0 0 0 0
|Ψ+〉 state (bosons) 4.8 7.3 13.7 15.1 23.1 39.1

Table 8.2: Correlation function CPS,MS,±(x1, x2) after N steps.

N . We see that in the ”−” case the particles tend, on average, to end the quantum

walk more distant to each other, whereas in the ”+” case they tend to stay closer, and

somewhere in between is the separable case. In fact, for fixed N , we always have:

〈∆−
12〉 − 〈∆PS

12 〉 = 〈∆PS
12 〉 − 〈∆+

12〉. (8.16)

Let us now consider the correlation function between the spatial distribution of each of

the two particles:

CPS,±(x1, x2) ≡ 〈x1x2〉 − 〈x1〉〈x2〉. (8.17)

Clearly, in the case of a pure separable state, this correlation is zero: CPS(x1, x2) = 0.

As for maximally entangled particles, the respective values are presented in Table 8.2

for different N .

The third function we consider is the variance V (∆PS,±
12 ) of the distribution of the

difference between the positions of both particles. Its values for different N are presented

in Table 8.3. Note the strange fact that unlike the other two quantities, the variance

has the smallest value for a pure separable state. If we look at the expression for the

variance:

V (∆PS,±
12 ) ≡ 〈(x1 − x2)

2〉 − 〈(x1 − x2)〉2 = 〈(x1 − x2)
2〉 − 4〈x1〉2, (8.18)
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Nb. of steps N 10 20 30 40 60 100
|Ψ−〉 state (fermions) 93.58 374.8 835.4 1490.5 3349.1 9295.4
Mixed separable state 71.9 297.7 668.2 1199.2 2706.4 7538.0
Pure separable state 47.9 172.6 388.6 677.1 1513.2 4179.7
|Ψ+〉 state (bosons) 50.3 220.6 501.1 907.9 2063.6 5780.6

Table 8.3: Variance V (∆PS,MS,±
12 ) after N steps.

we see that the reason for this ”anomaly” is that in the case of pure separable state the

expectation values 〈x1〉 and 〈x2〉 are not zero - our probability distributions P PS
1 (i;N)

and P PS
2 (i;N) are not symmetric around zero, as it is the case for entangled states. The

last equality in the above equation comes from the fact that 〈x1〉 = −〈x2〉. There is

another quantity that has the same nice property the distance ∆PS,±
12 has, the property

given by equation (8.16). It is the expectation value of a squared distance, 〈(x1 − x2)
2〉.

For entangled states, it is equal to the variance V (∆±
12) = 〈(x1 − x2)

2〉. We will see in

the next section that it is the squared distance that is the relevant quantity in the case

of pure separable states, and not the variance.

8.3 Quantum Walk on a Line With Two Distinguish-

able Particles: Mixed State

There is another separable state for which the variance after N steps is equal to the

expectation value of a squared distance. It is an equal mixture of two alternatives

described by states |0, ↓〉1|0, ↑〉2 and |0, ↑〉1|0, ↓〉2. The quantum mechanical description

of this situation, the incoherent mixture of two alternatives, is given by the state:

ρ̂MS
12 (0) =

1

2
(|0, ↓〉〈0, ↓ |1 ⊗ |0, ↑〉〈0, ↑ |2 + |0, ↑〉〈0, ↑ |1 ⊗ |0, ↓〉〈0, ↓ |2). (8.19)

The marginal probability distributions after N steps in the case of mixed separable

state ρ̂MS
12 (N) = ÛN ρ̂MS

12 (0)Û †N are both unbiased and equal to each other (and to

P±
1,2(i;N), see (8.12)) and are given by:
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PMS
1,2 (i;N) =

1

2
[P↓(i;N) + P↑(i;N)] . (8.20)

The joint probability distribution after N steps, as seen from equation (8.19), is given

by:

PMS
12 (i, j;N) =

1

2
[P↓(i;N)P↑(j;N) + P↑(i;N)P↓(j;N)] , (8.21)

and is not the product of two one-particle marginal distributions P↓(i;N) and P↑(j;N).

Our state ρ̂MS
12 (N) is separable, but it is also correlated. Its correlation function CMS(x1, x2)

is not zero, as can clearly be seen from the definition of the correlation function (8.17)

and the fact that 〈x1,2〉 = 0 (marginal probability distributions are unbiased):

CMS(x1, x2) ≡ 〈x1x2〉 − 〈x1〉〈x2〉 =

N∑

i,j=−N
ijPMS

12 (i, j;N)

=
1

2

N∑

i,j=−N
ij [(P↓(i;N)P↑(j;N) + P↑(i;N)P↓(j;N)]

=

[
N∑

i=−N
iP↓(i;N)

][
N∑

j=−N
jP↑(j;N)

]
. (8.22)

Using the fact that P PS
1 (i;N) = P↓(i;N) and P PS

2 (i;N) = P↑(i;N), this gives the

expression of the correlation function for the mixed separable state in terms of 〈x1〉PS
for the pure separable state |ψPSN 〉12:

CMS(x1, x2) = −〈x1〉2PS. (8.23)

The sign of the correlation function it is negative. It has to be so as if one particle is in

a state ÛN |0, ↓〉 (and therefore biased on the left), the other one is in a state ÛN |0, ↑〉
(biased on the right), and vice versa. The numerical results of the correlation function

CMS(x1, x2) are also given in Table 8.2.

Yet, ρ̂MS
12 (N) is only classically correlated state, and when compared with entangled

states |ψ±
N 〉12, it exhibits the same features as the pure separable state |ψPSN 〉12. Namely,

the expectation values of the distance and the squared distance are the same for both
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pure and mixed separable states, as seen from the probability distribution (8.21). And,

as already mentioned, in the case of the mixed separable state variance is equal to the

expectation value of the squared distance as well.

That it is the expectation value of the squared distance that is relevant in the case

of pure separable state and not the variance, can be seen from the following argument.

The aim of the current study of a two-particle quantum walk on a line is to explore

the possible use of those excess correlations present in the purely quantum mechanical

case of maximally entangled states. Since the difference between entangled and separable

states is in the amount of correlations between the measurement outcomes of the position

measurements performed on individual particles, we have compared the values of the

joint properties only, while we have seen that the individual particle properties stay the

same. And, what actually brings about the differences in the relevant joint properties

between entangled and pure states is not the probability of the particular configuration

(i, j), but the probability of finding one particle in the position i and the other in position

j. This probability, P12({i, j};N), is given in terms of the joint probability P12(i, j;N)

by the following equation4:

P12({i, j};N) = P12(i, j;N) + P12(j, i;N). (8.24)

Also, the quantities f(i, j) whose expectation values are joint properties we are interested

in are those that are symmetric around the position 0, f(i, j) = f(j, i). The way to

calculate those properties is to calculate the expectation values for the quantity f(i, j)

for the probability distribution P12({i, j};N), that is given by the expression:

〈f〉 =
N∑

i=−N

i∑

j=−N
P12({i, j};N)f(i, j), (8.25)

as we sum up over the possible pairs {i, j} of the positions, not over the ordered pairs

(i, j). Then, it doesn’t make a difference if we calculate the expectation value of the

quantity f(i, j) for the probability distribution P12(i, j;N), or for the corresponding

4For the special case i = j, P12({i, i};N) = P12(i, i;N).
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probability distribution P12({i, j};N). This can be shown by the explicit evaluation of

the corresponding expectation values:

〈f〉 =

N∑

i=−N

i∑

j=−N
P12({i, j};N)f(i, j) =

N∑

i=−N

i∑

j=−N
[P12(i, j;N) + P12(j, i;N)]f(i, j)

=

N∑

i=−N

i∑

j=−N
P12(i, j;N)f(i, j) +

N∑

i=−N

i∑

j=−N
P12(j, i;N)f(i, j)

=
N∑

i=−N

i∑

j=−N
P12(i, j;N)f(i, j) +

N∑

j=−N

N∑

i=j

P12(j, i;N)f(i, j)

=
N∑

i=−N

i∑

j=−N
P12(i, j;N)f(i, j) +

N∑

i=−N

N∑

j=i

P12(i, j;N)f(j, i)

=

N∑

i=−N

i∑

j=−N
P12(i, j;N)f(i, j) +

N∑

i=−N

N∑

j=i

P12(i, j;N)f(i, j)

=

N∑

i=−N

N∑

j=−N
P12(i, j;N)f(i, j). (8.26)

In the third row we changed the order of summations in the second term. In the second

term of the fourth row we exchanged the summation indices i ↔ j, while in the fifth

row we used the symmetry property of the function f(i, j).

From the above analysis, we have seen that when we perform position measurements

on individual particles, it is not important which measurement corresponds to which

particle (whether the ”first” measurement corresponds to particle 1, and the ”second”

to particle 2 or vice versa). The probability distribution P forget
12 (i, j;N) that corresponds

to such measurement procedure (when we ”forget” which measurement corresponded to

which particle) is given in terms of the joint probability P12(i, j;N) as:

P forget
12 (i, j;N) =

1

2
[P12(i, j;N) + P12(j, i;N)] , (8.27)

and is obviously symmetric. In the case of entangled and mixed separable states such

measurement procedure brings no difference at all as the joint probability distributions

PMS,±
12 (i, j;N) are symmetric anyway. But, in the case of pure separable state, that is
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not so. The probability distribution that corresponds to this kind of measurement for

the pure separable state |ψPSN 〉12 is given by:

P forget,PS
12 (i, j;N) =

1

2

[
P PS

12 (i, j;N) + P PS
12 (j, i;N)

]
, (8.28)

and is equal to the joint probability distribution for the mixed separable state PMS
12 (i, j;N).

It is clear now why the variance of the distribution of the difference between the

positions of both particles is not relevant quantity in the case of a pure separable state.

It can be written as:

V (∆PS,±
12 ) ≡ 〈(x1 − x2)

2〉 − 〈(x1 − x2)〉2

= 〈[(x1 − x2) − 〈(x1 − x2)〉]2〉. (8.29)

The expectation value 〈(x1−x2)〉 = 〈x1〉−〈x2〉 is not zero in the case of a pure separable

state. Variance is then the expectation value of the quantity ([(x1 − x2)− 〈(x1 − x2)〉]2)
that is not symmetric and therefore cannot be a relevant quantity for our study. Note

that this is the case for the pure separable state only, as in the cases of entangled and

mixed separable states, the corresponding quantity [(x1−x2)−〈(x1−x2)〉]2 is symmetric

(〈(x1−x2)〉 = 0) and the variance is equal to the expectation value of a squared distance

(which is a ”good quantity”).

8.4 Quantum Walk on a Line With Two Identical

Particles

From the analysis given at the end of the previous section, we have seen that ”forgetting”

the parameters that determine which of the two pure states were initially prepared,

|0, ↓〉1|0, ↑〉2 or |0, ↑〉1|0, ↓〉2, is equivalent to ”forgetting” (not observing, not taking into

account) on which particle (1 or 2) we actually make a measurement on. Thus, one

obtains the same probability distributions when measurement is performed on the mixed
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separable state as well as on the pure separable state (in which case our measurement

discards information on the identity of each particle). This is not the same as not being

able in principle to determine which particle is particle 1 and which is particle 2. This

situation corresponds to the case of two identical particles, whose pure states are either

symmetric (for bosons) or anti-symmetric (for fermions).

Let us then consider the case with two identical, rather then two distinguishable

particles, doing quantum walk on the same line. If the particles start in the same

position 0, with different coin states | ↓〉 and | ↑〉, as before, then our system’s initial

state will be given by:

|ψB,F0 〉12 =
1√
2
(|0, ↓〉1|0, ↑〉2 ± |0, ↑〉1|0, ↓〉2), (8.30)

where B and the ”+” sign refer to the case of bosons, and F and ”−” to the case of

fermions5. Those two states are mathematically identical to the maximally entangled

states |ψ±
0 〉12 of distinguishable particles. Also, the unitary operator that describes the

evolution of a two-particle random walk is symmetric (Û12 = Û⊗Û) and will also describe

the evolution of identical particles as well. Therefore, all the results we have obtained

for the quantum walk of two maximally entangled distinguishable particles with initial

states |ψ±
0 〉12 stay the same for two identical particles with initial states |ψB,F0 〉12.

Although we have established the formal equivalence between quantum walks with

two distinguishable and identical particles on a line, there are still some conceptual

differences between those two cases. The difference addresses the deep connections

between the two notions inherent to quantum mechanics: indistinguishability of identical

particles and entanglement. In order to see those differences better, let us consider the

specific experimental realization of a quantum walk on a line with two indistinguishable

particles.

The original experimental scheme, in the case of photons, was proposed in [54]. Here,

5Note here, as well as in equation (8.32), that unlike the case of distinguishable particles, labels 1
and 2 do not correspond to any physically measurable property of our joint system of two identical
particles.



CHAPTER 8. QUANTUM WALK ON A LINE WITH TWO PARTICLES 136

Detectors

Beam
splitter

0 1 2 3 4-4 -3 -2 -1

|L> |R>

Figure 8.3: Setup for a two-particles quantum walk on a line using only 50/50 beam
splitters and particle detectors.

we use simplified model involving only ordinary 50/50 beam splitters and detectors (see

Figure 8.3), and we consider it for both fermions (electrons) and bosons (photons). The

only relevant degrees of freedom are orbital ones, and we assume that the states of the

internal degrees of freedom (spin or polarization, in the case of electrons and photons,

respectively) of both particles are identical, so that the effects of quantum statistics can

occur. The overall transformation given by the total unitary operator Û is performed

by the joint action of all beam splitters. The vectors |i, ↑〉 ≡ |i, R〉 and |i, ↓〉 ≡ |i, L〉
represent the states of a particle entering from the right (R) and left (L) arm of a beam

splitter placed at the position i (note that in this notation, | ↑〉 and | ↓〉 do not represent

states of internal degrees of freedom). The one step transformation of the state of one

particle placed in an arbitrary point i is therefore:

|i, R〉 −→ 1√
2
(|i+ 1, R〉 + |i− 1, L〉),

|i, L〉 −→ 1√
2
(|i+ 1, R〉 − |i− 1, L〉). (8.31)
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Since in this scheme the required number of resources grows quadratically with the num-

ber of steps, one needs to slightly modify it for the purposes of practical implementation

(see [54]), but we need not to be worried about it here.

The important fact here is that our initial state of two identical particles is not

physically entangled. Mathematically, it can be expressed in the following way:

|ψB,F0 〉12 =
1√
2
(|0, L〉1|0, R〉2 ± |0, R〉1|0, L〉2), (8.32)

and if we calculate the von Neumann entropy of the partial states ρ̂1,2, we will obtain

the result 1. Yet, this does not mean our that initial state has 1 e-bit of entanglement,

for it contains no correlations at all! Simply, this is our mathematical representation of

the state of two identical particles, one coming from the left, and the other from the

right hand side of a zeroth beam-splitter. Only later, entanglement is created due to the

indistinguishability of the identical particles doing the quantum walks on the same line.

The entanglement that is the very resource of the correlations observed in the position

measurements. Note that it is impossible to create by these procedure more than 1

e-bit of ”physical” entanglement because our coin plus shift operation is a product of

one-particle ones and therefore cannot increase ”mathematical” entanglement that is

initially 1 e-bit.

Note also that a counterpart of the mixed state ρ̂MS
12 (0), see equation (8.19), does

not exist for the case of two identical particles. It is so because the state ρ̂MS
12 (0) can

also be seen as an equal mixture of the two maximally entangled states |ψ±
0 〉12, one of

which is symmetric (with the ”+” sign) and the other one anti-symmetric (with the ”−”

sign). And, it is not possible in the case of identical particles to mix (either coherently or

incoherently) states with different symmetry properties. In other words, if two identical

particles have opposite coin states (or are coming from different sides of the beam splitter

both having the same spin state), then their total state has to be pure.
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8.5 Conclusion

In this chapter, we have presented the basic results for a quantum walk on a line with

two particles. Our study was focused on the use of the excess correlation contained in

entangled states. We have thus compared the joint properties (given by the symmet-

ric variables as their expectation values) obtained by separable (pure and mixed) and

maximally entangled initial states of two particles. We have shown that the average

distance and the squared distance, when calculated for the maximally entangled states,

differ significantly from the case of separable states: starting quantum walk in initial

symmetric state |ψ+
0 〉12, particles tend to get closer to each other than in the classical

case, while if the initial state is anti-symmetric |ψ−
0 〉12, the situation is the opposite.

Also, we have seen that the amount of correlations, as measured by the correlation func-

tion CPS,MS,±(x1, x2) (see equation (8.17)) is different in all four cases studied. The

full interpretation of those results require a further study. We have also shown that the

variance V (∆PS,MS,±
12 ) is the relevant quantity for our study in the cases of entangled

and mixed separable states, as it is equal to the expectation value of a squared distance.

There are many possible extensions of this research. The obvious one is to use more

than two particles. Also, one could study more general quantum walks, on the circle

or on general graphs with arbitrary boundaries (see for example [2]). Or, more general

coin operations, those that entangle particles, for example (see [50, 70, 22])6. Finally,

the question of application to the real problems from computer science, or from some

other field, stays as probably the most interesting question.

From the point of view of the argument discussed in this thesis, the most interesting

part of the study presented in this chapter is establishing the explicit connection between

entanglement and indistinguishability of identical particles. It was explicitly shown, on

the special case of the two-particle quantum walk, that entanglement is created solely

6It might be interesting to note here the other interpretation of the result (x1, x2) of the position
measurement performed on two particles. It can be seen as a position given in cartesian coordinates
of a particle on a two dimensional lattice. In that interpretation, our joint two particle operation
(Û12 = Û ⊗ Û) would actually be just a special case of the general operation from SU(4). We would
actually have a walk on a lattice that is a classical composition of two quantum random walks on the
axes.
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due to indistinguishability of identical particles. Therefore, the indistinguishability of

identical particles can also be seen as a resource for creating entangled states. This

is somewhat different point of view from the standard one that says that we need to

perform a joint operation (via some measurement or interaction7) on our systems in

order to make them entangled. The next chapter, the last before the Conclusion chapter

of the thesis, will therefore be devoted to a more detailed study of the relation between

the entanglement and indistinguishability of identical particles.

7We would like to emphasize that, regardless the particular type of interaction between a beam
splitter and particles, its overall influence is given by one-particle unitary matrix (see equation (5.2),
for example), in terms of spatial degrees of freedom only. The evolution of a particle passing through
a beam splitter therefore do not depend on the type of a particle, and its output state will depend on
the input state only. In the case of two identical particles, the specific bunching/anti-bunching results
occur due to the specific type of the initial state: it is either symmetric or antisymmetric (see equation
(8.30)), which is the consequence of the postulate of identical particles (see Section 3.2) and is not of
dynamical origin.



Chapter 9

Quantum Entanglement of Identical

Particles

In the previous four chapters, we have shown how indistinguishability of identical par-

ticles, via its specific relation with entanglement, can be used as a new resource in

quantum information processing. The differences from the usual case of distinguishable

particles occur precisely in the situations when identical particles are put in an indistin-

guishable situation, thus becoming entangled. In this chapter, we shall analyze this issue

from a more formal point of view, showing in a more rigorous way how entanglement is

created solely due to indistinguishability of identical particles. Before that, in the next

section we briefly present some of the existing entanglement measures for the systems

of identical particles and discuss its physical nature.

9.1 The Existing Entanglement Measures for the

Systems of Identical Particles

One of the first questions that could be posed when discussing the issue of the entan-

glement between the systems of identical particles is that of how to quantify it. That

the problem is even more non-trivial than in the case of distinguishable particles can

140
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be seen from the fact that even for the case of two systems in a pure state there has

been no consensus between the physicists what measure should be adopted as a ”good”

one. The reason for that is of fundamental, rather than technical nature: it is not clear

yet between what the entanglement should be measured. In the case of distinguishable

particles, we quantify the entanglement between different particles which are always

spatially separated. On the other hand, identical particles may not be distinguishable

by the means of their spatial positions. Even more, a system of identical particles, say

electrons, may be equally treated as a system of different, yet still mutually identical

quasi-particles (modes). In fact, it has been shown that the amount of the entangle-

ment of a system of identical particles depends directly on the set of modes we choose

to represent our system with (see for example [96]). Two main approaches in solving

the problem of quantifying the entanglement between the systems of identical particles

have been adopted up to date. We call them the entanglement between modes and the

entanglement between sites.

First, we shall briefly present the entanglement between modes approach. We will

mainly follow the work presented by Pašauskas and You [82]. The similar approaches

can be found in the papers [88, 30, 64, 91].

Consider a pure state |ψf,b〉 of a system consisting of two identical particles. Here,

superscript f corresponds to fermions, while superscript b corresponds to bosons. If

the one-particle state spaces are defined by the sets of mutually orthogonal creation

operators {â†i |i = 1 . . .N} and {b̂†i |i = 1 . . . N}, for fermions and bosons respectively,

then the state |ψf,b〉 will have the following form (with |0〉 being the vacuum state):

|ψf〉 =
N∑

i,j=1

ωi,jâ
†
i â

†
j |0〉, (9.1)

|ψb〉 =

N∑

i,j=1

βi,j b̂
†
i b̂

†
j |0〉. (9.2)

In order to satisfy the commutation relations for fermions and bosons (see equations

(3.34) and (3.33), Section 3.3), matrices ωi,j and βi,j must be anti-symmetric and sym-
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metric, respectively. It can be shown then (see for example [82]) that there exist operator

transformations that transform the sets of operators {â†i |i = 1 . . .N} and {b̂†i |i = 1 . . .N}
to the sets {â′†i |i = 1 . . .N} and {b̂′†i |i = 1 . . .N}, so that1:

|ψf〉 =

≤N/2∑

k=1

2zkâ
′†
2kâ

′†
2k−1|0〉, (9.3)

|ψb〉 =

N∑

k=1

√
2Bk

b̂′†k b̂
′†
k√
2
|0〉. (9.4)

Note that the new sets of states {â′†i } and {b̂′†i } obey the same commutation relations

as the original ones. In other words, our new modes represent quasi-particles that obey

fermi-dirac and bose-einstein statistics as well. Also, note that in the bosonic case, the

state
b̂′†
k
b̂′†
k√
2
|0〉 is actually normalized to one.

The above states have the form of the Schmidt Biorthogonal Expansion (see equation

(4.3), Section 4.1). Analogously to the case of the pure bipartite state of distinguishable

particles, we can thus compute the amount of the entanglement contained in our states

|ψf,b〉 by the means of von Neumann entropy. The way to do it is to compute first the

partial one-mode states and then their von Neumann entropies in order to obtain the

amounts of entanglement. As our modes are identical quasi-particles, there exists only

one partial one-mode state, for fermions and bosons respectively. The partial states of

fermions and bosons are given by the following expressions:

ρ̂f1 =
1

Nf

≤N/2∑

k=1

(â′2k−1|ψf〉〈ψf |â′†2k−1 + â′2k|ψf〉〈ψf |â′†2k), (9.5)

ρ̂b1 =
1

N b

N∑

k=1

b̂′k|ψb〉〈ψb|b̂′†k . (9.6)

Here, Nf,b represent normalization constants for the fermionic and the bosonic case. The

above equations are actually partial traces of the overall state ρ̂f,b = |ψf,b〉〈ψf,b| over

the one-mode states {â′†i } and {b̂′†i }. Using the commutation relations for fermions and

1Here, as throughout most of the thesis, the bases we are working with are orthonormal.
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bosons, we obtain for the von Neumann entropies the following expressions:

Sf1 ≡ SvN (ρ̂f1) = − log2 2 − 4
∑

k

|zk|2 log2 |zk|2, and (9.7)

Sb1 ≡ SvN (ρ̂b1) = − log2 2 − 2
∑

k

|Bk|2 log2 |Bk|2. (9.8)

The above functions have interesting behavior. While in the case of bosons the von

Neumann entropy Sb1 is within the range of 0 and log2N , in the case of fermions the

lowest value Sf1 can have is log2 2 (the highest being log2NE , where NE is the largest even

number not larger than N , see [82]). As the lowest value of the von Neumann entropy

corresponds to the separable (non-correlated) state, we adopt the following definitions

for the amounts of entanglement contained in our composite states |ψf,b〉:

E(|ψf〉) ≡ Sf1 − 1, and (9.9)

E(|ψb〉) ≡ Sb1. (9.10)

The reasons for this ”anomalous” behavior of the von Neumann entropy in the fermi-

onic case can be seen on a simple example which will provide us with a better insight

into the physical content of the entanglement between modes measure. Consider the

state |φ〉 = α̂†β̂†|0〉 ≡ |α, β〉. The operators α̂† and β̂† represent creation operators of

two orthogonal states |α〉 and |β〉 (note that the second term in the above equation

represents the form of the state |φ〉 written in the occupation number basis). One would

say that this state is disentangled, as it is simply a state consisting of one quasi-particle

(mode) in the state |α〉 and the other in the state |β〉. In the case of fermions, as the

state |φ〉 is already written in the form of (9.3) one only needs to compute the von

Neumann entropy of the corresponding one-mode partial state. The result is indeed the

lowest value of the von Neumann entropy, Sf1 = 1, and therefore the fermionic state |φ〉
is disentangled. That Sf1 is 1 and not 0 is also clear now, as the one-mode partial state is

ρ̂f1 = 1
2
(|α〉〈α|+ |β〉〈β|) (each mode is with equal probability in either of the two states).
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On the other hand, if the state |φ〉 were bosonic one, in order to obtain the amount

of the entanglement between modes contained in it, first we need to transform our state

in the form of (9.4):

|φ〉 =
[(α̂′†)2 − (β̂ ′†)2]

2
|0〉, (9.11)

where α̂′† = 1√
2
(α̂† + β̂†) and β̂ ′† = 1√

2
(α̂† − β̂†). The von Neumann entropy Sb1 for this

state is again 1, but this time it means that the state is entangled. The reason for being

entangled is because it consists of two equally weighted terms (the reason for the von

Neumann entropy being 1 is because ρ̂b1 = 1
2
(|α′〉〈α′| + |β ′〉〈β ′|)).

We have seen from the above analysis that the state of the same form, |φ〉 = α̂†β̂†|0〉 ≡
|α, β〉, can contain different amounts of the entanglement between modes, depending on

wether it is fermionic or bosonic state. The reason for that is in the nature of our

entanglement measure. It measures the entanglement between the specific types of

modes, which are different for fermions and bosons. Apart from this, the other peculiar

feature of this measure is that the modes {â′†i } and {b̂′†i } need not be localized in a

3-dimensional space. In that case of non-localized modes, the issues of non-locality and

testing Bell inequalities are of no relevance anymore: it is natural to expect that the

modes which are inherently non-local will violate the requirements of the local realism,

given through Bell inequalities. Following Schliemann et al. [88], we may talk of quantum

correlations between modes rather than of entanglement between modes.

Finally, we note that from equations (9.3) and (9.4) it follows that:

E(|ψf〉) ≡ Sf1 − 1 = H({4|zk|2}), and (9.12)

E(|ψb〉) ≡ Sb1 = H({2|Bk|2}), (9.13)

where H({4|zk|2}) and H({2|Bk|2}) are Shannon entropies of the probability distribu-

tions {4|zk|2} and {2|Bk|2}, respectively.

A different approach to the problem of quantifying entanglement between identical

particles from that of the entanglement between modes has been taken by Zanardi [100]
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and Gittings et al. [40]. We call it the entanglement between sites. In this approach,

we quantify the entanglement between two spatially distant sites A and B in the state

|A,B〉. We write the state |A,B〉 in the occupation number basis where the labels A

and B stand for quantum numbers assigned to the corresponding sites. The amount of

entanglement is then given by the value of the von Neumann entropy of the single-site

partial state. In this approach, the question of violation of Bell inequalities becomes

relevant again. On the other hand, some states such as |1, 0〉 + |0, 1〉 are considered to

be entangled although they represent the state of a single system only2.

Finally, we note that the other related work on the topic of quantifying entanglement

between identical particles may also be found in the papers [99, 38, 36, 37].

9.2 Entanglement Creation Due to Indistinguisha-

bility of Identical Particles

Quantum-mechanical entanglement is term that refers to joint properties of composite

quantum systems that cannot be determined by the properties of each sub-system alone.

Therefore, the usual picture one gets is that the way entangled states are actually cre-

ated is through an interaction between the sub-systems. Quantum teleportation gives us

the alternative way of entangling distant particles without letting them interact between

each other (entanglement swapping), but even in that case the swapped entanglement

had to be created earlier in time. Still, as we have seen in the previous chapters and an-

alyzed in more detail in Section 9.1, interaction between subsystems is not the only way

of entangling them. Actually, one of the most common ways of preparing entangled pairs

nowadays is parametric down-conversion, and it does not use the interaction between

the particles that are entangled (photons in this case), but solely the indistinguishability

of identical particles. Actually, what happens is that after a high energy U-V photon

hits the nonlinear crystal, two other photons are created, one having horizontal and the

2Here, 0 corresponds to a vacuum state again. In other words not a single mode is present at the
corresponding site.
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other vertical polarization along the axis defined by the crystal and the geometry of the

experimental set-up. Spatially, they are emitted in two separate cones, but it is possible

to make the parameters of the crystal in such a way so that this two cones intersect.

Then, if the photons are registered in the intersected area, their internal degrees of free-

dom (polarization) are in a maximally entangled state! If instead of two photons, two

different particles were emitted, entanglement would never arise unless these two parti-

cles interact somehow with each other, but in the case of parametric down-conversion

this is not the case: photons get entangled solely due to their indistinguishability and

no interaction between them occurs3.

Let us take a closer look to this situation from a more formal mathematical point of

view. We will consider two identical particles whose spatial (orbital) states are |A〉 and

|B〉. For the reasons of simplicity we will assume that the shapes of those two functions

are the same. We will consider both bosons and fermions (e.g. photons and electrons)

whose internal degrees of freedom (polarization in the case of photons and spin in the

case of electrons) are described by a Hilbert space spanned by two vectors | ↑〉 and | ↓〉,
which for the reasons of simplicity we shall as before call ”spin states”. The state of our

composite system consisting of two identical particles is:

|Ψ〉12 =
1√
2
(|A ↑〉1|B ↓〉2 ± |B ↓〉1|A ↑〉2), (9.14)

where the upper sign stands for bosons and the lower for fermions4. This state describes

two identical particles situated in two spatial regions A and B, so that the one in the

region A has spin up, and the other (in the region B) spin down. And, as long as the

regions A and B do not overlap, our identical particles will behave the same way as

classical would. They are not entangled, and our description which incorporates the

symmetrization is redundant (particles in the region A and the region B are distin-

3The description of the phenomena presented here is actually a simplified one. In fact, two pho-
tons are initially entangled in momentum and therefore it is not enough to just find two photons in
an intersected area. Only those photons found along two particular preferred lines from the inter-
sected area have the property that momentums of both of them are the same, that way making them
indistinguishable (see Section 3.4 and the discussion regarding Definition 3a).

4Note that the upper and the lower signs may not necessarily stay the same throughout this discus-
sion, but the upper one always refers to bosons and the lower to fermions.
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guishable). But, if their spatial wave functions do overlap (as in the case of parametric

down-conversion) entanglement may arise (note again that 3-dimensional spatial over-

lap is not enough for the creation of entanglement). States |A〉 and |B〉 are no longer

orthogonal to each other. We will therefore rewrite the joint state |Ψ〉12 in a different,

more suitable form (Schmidt Biorthogonal Expansion, see equation (4.3), Section 4.1):

|Ψ〉12 =

√
1 + S

2
|ϕ〉12|E〉12 +

√
1 − S

2
|ϕ⊥〉12|E⊥〉12, (9.15)

where:

|ϕ〉12 =
1√

2(1 + S)
(|AB〉12 + |BA〉12), (9.16)

|ϕ⊥〉12 =
1√

2(1 − S)
(|AB〉12 − |BA〉12), (9.17)

|E〉12 =
1√
2
(| ↑↓〉12 ± | ↓↑〉12), (9.18)

|E⊥〉12 =
1√
2
(| ↑↓〉12 ∓ | ↓↑〉12). (9.19)

The overlap between the two spatial wave functions is:

S =‖ 〈A|B〉 ‖2 . (9.20)

This state is in general entangled in spin, and the easiest way to verify it is to take

a look at the extreme case when |A〉 = |B〉. Then, the total state of the spin is in the

maximally entangled state |E〉12, triplet in the case of bosons and singlet in the case of

fermions. This state can be used for teleportation for example, or to test the violation

of Bell inequalities, similarly as in the case of parametric down-conversion.
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Figure 9.1: Two spatially overlapped wave packets |A〉 and |B〉. L1 and L2 represent
the spatial locations of the two distant laboratories.

Regarding the tests of Bell inequalities on such states, a slight difference from the

standard procedure occurs. As before, the experiments are done by Alice and Bob in

two distant laboratories L1 and L2, described by the projectors P̂L1 and P̂L2. If, for the

reasons of simplicity, we assume the situation to be symmetric (see Figure 9.1), then we

have:

‖ P̂L1|A〉 ‖2=‖ P̂L2|B〉 ‖2= L, and (9.21)

‖ P̂L1|B〉 ‖2=‖ P̂L2|A〉 ‖2= l. (9.22)

As usually, in the laboratory L1 we measure spin along two axis A1 and A2 (given

by the operators P̂A1
and P̂A2

), while in the laboratory L2 we measure spin along axis

B1 and B2 (given by the operators P̂B1
and P̂B2

). We are interested only in the cases

when one particle is detected in each of the laboratories. The probability for that event

is pL1L2 = L2 + l2.

The Bell inequality (see Section 4.4) is:

|E(A1, B1) + E(A2, B1) + E(A2, B2) − E(A1, B2)| ≤ 2, (9.23)
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with the correlation functions (expectation values):

E(A,B) =
1

pL1L2
〈Ψ|Ŝ ′[(P̂L1 ⊗ P̂L2) ⊗ (P̂A ⊗ P̂B)]|Ψ〉, (9.24)

where Ŝ ′ = 2Ŝ, and Ŝ is a projector onto the symmetric subspace of two particles (see

Section 3.2). Since we are only interested in the events when only one particle is found

in each of the two laboratories, we had to renormalize the correlation function with the

probability 1
pL1L2

. The correlation function may be expressed in the following way:

E(A,B) =
1

pL1L2
[
1

2
(L2 + l2 + 2π2)〈E|Σ̂A,B|E〉 +

1

2
(L2 + l2 − 2π2)〈E⊥|Σ̂A,B|E⊥〉

+δ2(〈↑ |P̂A| ↑〉〈↓ |P̂B| ↓〉 − 〈↓ |P̂A| ↓〉〈↑ |P̂B| ↑〉)], (9.25)

with the following definitions:

Σ̂A,B =
1

2
(P̂AP̂B + P̂BP̂A), (9.26)

π2 = Re(〈A|P̂L1|B〉)2, (9.27)

δ2 = Im(〈A|P̂L1|B〉)2. (9.28)

Here, Re(z) and Im(z) represent the real and imaginary parts of the complex number

z. In order to simplify the calculation of the correlation function even more, we make

following additional assumption: 〈A|P̂L1|B〉 = 〈B|P̂L1|A〉.

First two terms in our correlation function are the weighted correlation functions for

the ”usual” states |E〉 and |E⊥〉 (”usual” in a sense of two different systems maximally

entangled in spin), but the third one (the ”exchange term”) is completely new. The

differences from the standard form of Bell inequality presented in Section 4.4 are due to

the terms π2 and δ2, involving spatial (orbital) degrees of freedom. Terms π2 and δ2 are

connected with the momentums of two particles.
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Our analysis of the entanglement between two identical particles presented in this

section was a kinematical one. The reason for that was to emphasize the effects of

indistinguishability of identical particles that are not of dynamical origin5. This supports

our claim from Chapter 2 (see especially the discussion at the end of Section 2.4) that

most of the counter-intuitive effects of quantum mechanics are not of dynamical origin.

The above analysis also supports the claim from Definition 3a from Section 3.4 (see

also Definitions 1 and 2 from the same section): in order for two identical particles to

lose their identity, it is enough to make them indistinguishable by the means of orbital

(position and momentum) degrees of freedom. On the other hand, the two particles in

that state are at the same time entangled in their internal degrees of freedom, which

might mean that Definition 3b is actually the right one. As we have already discussed

in Section 3.4, we believe Definition 3 is the best one that formulates in a formal way

the notion of indistinguishability of identical particles. The analysis in this section was

done within the formal structure of quantum mechanics. This structure is a specific

one and already incorporates all the features contained in definitions 3, 3a and 3b. To

actually see which of those is to be accepted, one has to do a more basic analysis of

the general role of the concept of indistinguishability and see the formal logical relations

between the three statements from the above definitions. We believe that the work in

that direction would help to better understand quantum mechanics and the nature of

the physical reality.

There are many other open questions regarding the issue of the entanglement of

identical particles, apart from the one discussed in this section. Probably the most

important one is the question of quantifying entanglement contained in the state (9.15),

that we have discussed briefly in the previous section. Note that the entanglement is

actually distributed between both space and spin and that our analysis was concentrated

on internal degrees of freedom only. Actually, just like in the case of entanglement

transfer from Chapter 5, in order to verify the spin entanglement, we had to project the

overall state onto the state that is entangled in spin only. The other question that might

5For a similar discussion within the framework of dynamical interaction between two particles, see
[77].
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be of interest is that of multi-particle entanglement. There, the situation is even more

complicated, and interesting, than in the case of distinguishable particles. Finally, our

analysis poses again, this time from a different prospective, the question of the relation

between the orbital and the internal degrees of freedom, as stated in Definition 3a.



Chapter 10

Conclusion

We believe the main reason for doing physics is to understand the physical reality and

Nature itself. That understanding is achieved through studying physical theories whose

predictions are in agreement with the experimental observations. Quantum mechanics

is a theory of the micro-world whose predictions are in perfect agreement with today’s

experimental observations and its field of application is getting broader every day. Fur-

thermore, its main features are strongly counter-intuitive with respect to our everyday

experience. Therefore, to understand quantum mechanics is of crucial importance for

physical science. In this thesis we have presented a small attempt towards that goal. In

order to achieve it, we have tried to isolate, through the study of the formal structure of

quantum mechanics, the main physical assumptions that underly the theory. We have

argued that the principle of superposition is the central principle from which most of

the features of the quantum world follow naturally. We have suggested that the princi-

ple of indistinguishability is one of those intuitively accepted concepts that underly the

principle of superposition and that can be used as one of the foundational principles of

the theory. In contrast to classical mechanics, quantum mechanics is seen, and partially

defined, as a theory in which indistinguishable situations are allowed.

The main subject of this thesis is the study of the concept of indistinguishability when

applied to the case of identical particles. We have argued that the proper understanding
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of the notion of identical particles must be based on the concept of indistinguishability.

We proposed three alternative definitions of identical particles, each of which is based on

the fact that in quantum mechanics identical particles can be put in indistinguishable

situation, as opposed to the case of classical mechanics. Furthermore, we proposed a

different characterization of quantum mechanics, as a theory in which the existence of

identical particles is allowed. Attempts concerning these ideas have been done in the

past. In his work of 1950’s, Alfred Landé introduced the principle of thermodynamical

continuity as an attempt to derive the orthogonality of quantum states from the fact

that ”the classical discontinuity of the diffusion entropy of two different gases gradually

made alike, known as Gibbs paradox, does not occur in reality” [60] (see also [61, 62, 63]).

Similarly, Hardy introduced the principle of continuity to formally derive the structure

of quantum mechanics [42].

We have also tried to better understand the concept of indistinguishability through

its applications to the field of quantum information processing. There, we used the

indistinguishability of identical particles as a new resource to perform the protocols

of entanglement transfer, entanglement concentration and entanglement discrimination.

Finally, we have studied quantum walks with two entangled particles and showed that the

equivalent results could be obtained with the use of non-entangled identical particles that

are put in an indistinguishable situation. This confirmed further the deep connection

between entanglement and indistinguishability of identical particles. In connection with

that, we studied in more detail problem of quantifying entanglement between identical

particles.

There are many different future lines of this research. Within the field of quantum

information and computation, the question of finding new protocols that would use the

effects of particle statistics is the central one. Especially interesting and potentially

rewarding could be the study of the applications to quantum algorithms. Also, multi-

particle quantum walks represent the area of the research which is probably the most

open one.

Characterization of the entanglement of the systems consisting of a large number
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of identical particles and the connection between entanglement and thermodynamics is

also one of the possible future lines of research.

From a more fundamental point of view, the problem of quantifying entanglement

between the systems identical particles still stays as an open question.

Finally, the question of the status of the principle of indistinguishability in quantum

mechanics is the most fundamental one. There, three main questions stay open. First,

the question of whether it is possible to fully derive the laws of quantum mechanics from

the principle of superposition. Second, what other assumptions are needed, together with

the principle of indistinguishability, to satisfy the principle of superposition. The third

question is about which is the correct definition of identical particles and if some other

features of quantum mechanics could be derived from the fact that identical particles do

exist in Nature.



Appendix A

Fundamental Set of Observables

The fundamental set of observables of a state space H of a quantum system is a set of

hermitian operators that satisfy the following requirements:

a) The set is irreducible in H, i.e. apart from the whole H and the null subspace, no

other subspace is invariant with respect to all the operators;

b) The set has a subset which is a complete set of compatible observables in H;

c) It is possible to construct the functions of the fundamental set of observables which

can, from an arbitrary common eigenvector of a complete set of compatible ob-

servables from b), generate all other common eigenvectors;

d) The state space H is unique in a sense that any other space H′

, whose fundamental

set of observables is obtained by the quantization of the same classical variables,

has to be isomorphic to H (H = ĴH′

, where Ĵ is an isomorphism). Also, two

fundamental sets of observables are equivalent according to Ĵ , i.e. if {Âk} is a

fundamental set in H, then {ĴÂkĴ−1} is a fundamental set in H′

.

To complete the definition of the fundamental set of observables, we give the defini-

tion of a function of a hermitian operator, the term that appears in the requirement c)

of the above definition:
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Operator Â is a function of a hermitian operator B̂ if every eigenvector of the operator

B̂ is at the same time the eigenvector of Â. Formally, if B̂|b〉 = b|b〉 ⇒ Â|b〉 = f(b)|b〉
then Â = f(B̂), where f(b) is a complex function of a complex variable.



Appendix B

Helstrom Formula

In this appendix, we give a proof of Helstrom formula for ambiguous discrimination

between two states, ρ̂1 and ρ̂2, in a single-shot measurement. We assume that the state

ρ̂1 is prepared with probability p, and state ρ̂2 with probability (1− p). To ambiguously

discriminate between two states with a probability of success psucc means to have a

guess that is correct in Nsucc = psuccN cases, out of N times repeated discrimination

procedure.

The Helstrom formula gives the maximal probability PH(ρ̂1, ρ̂2), allowed by the laws

of quantum mechanics, for the probability of success psucc, in a single-shot measurement:

PH(ρ̂1, ρ̂2) =
1

2
+

1

2
Tr|pρ̂1 − (1 − p)ρ̂2|. (B.1)

Proof: The overall state we get before the measurement is:

ρ̂ = pρ̂1 + (1 − p)ρ̂2. (B.2)

There are two possible outcomes of our single-shot measurement, 1 and 2, with their

corresponding projectors Π̂1 and Π̂2, respectively (Π̂1 + Π̂2 = Î). If we obtain result 1,

our guess would be that the state is ρ̂1, while if the result is 2, our guess is ρ̂2. Then,
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the probability of success, given in terms of conditional probabilities p(i|j) (i, j ∈ {1, 2},
the probabilities of obtaining result i if the state was ρ̂j) is:

psucc = p(1|1)p(1) + p(2|2)p(2). (B.3)

Since p(i|i) = Tr(ρ̂iΠ̂i), and p(1) = p, p(2) = 1 − p, we have:

psucc = pp(1|1) + (1 − p)p(2|2) = pTr(ρ̂1Π̂1) + (1 − p)Tr(ρ̂2Π̂2)

= pTr(ρ̂1Π̂1) + (1 − p)Tr[ρ̂2(Î − Π̂1)] (B.4)

(we have used the linearity of the trace function as well as the fact that Trρ̂i = 1).

Therefore, for the probability of success we get:

psucc = (1 − p) + Tr[(pρ̂1 + (1 − p)ρ̂2)Π̂1]. (B.5)

If we write the spectral form of pρ̂1−(1−p)ρ̂2 in terms of positive1 (λ+
i ) and negative

(λ−j ) eigenvalues, and their corresponding eigenvectors,

pρ̂1 − (1 − p)ρ̂2 =
∑

i

λ+
i |i; +〉〈i; +| +

∑

j

λ−j |j;−〉〈j;−|, (B.6)

then we get:

Tr[(pρ̂1 − (1 − p)ρ̂2)Π̂1] = Tr[(
∑

i

λ+
i |i; +〉〈i; +| +

∑

j

λ−j |j;−〉〈j;−|)Π̂1]

=
∑

i

λ+
i Tr[Π̂1|i; +〉〈i; +|Π̂1] +

∑

j

λ−j Tr[Π̂1|j;−〉〈j;−|Π̂1]

=
∑

i

λ+
i |Π̂1|i; +〉|2 +

∑

j

λ−j |Π̂1|j;−〉|2. (B.7)

1Eigenvalues that are zero are unimportant. We can include them in either of two sets.
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Therefore, since |Π̂1|i;±〉|2 ≤ 1 and λ−j ≤ 0, we have:

Tr[(pρ̂1 − (1 − p)ρ̂2)Π̂1] ≤
∑

i

λ+
i . (B.8)

On the other hand, the spectral form (B.6) gives:

Tr(pρ̂1 − (1 − p)ρ̂2) =
∑

i

λ+
i +

∑

j

λ−j , and (B.9)

Tr|pρ̂1 − (1 − p)ρ̂2| =
∑

i

λ+
i −

∑

j

λ−j = 2
∑

i

λ+
i + 1 − 2p, (B.10)

since Tr(pρ̂1 − (1 − p)ρ̂2) = 2p− 1.

Substituting the above equation (B.10) in (B.8), and then into (B.5), we get the

formula:

psucc ≤
1

2
+

1

2
Tr|pρ̂1 − (1 − p)ρ̂2|. (B.11)

For the choice of measurement for which Π̂1 =
∑

i |i; +〉〈i; +| (Π̂2 = Î − Π̂1), we

obtain the maximal probability of success given by Helstrom formula (B.1):

psucc = PH(ρ̂1, ρ̂2) =
1

2
+

1

2
Tr|pρ̂1 − (1 − p)ρ̂2|. (B.12)



Appendix C

Discrimination Protocol for N

”Classical” Fermions

In this appendix, we calculate the probability for the beam splitter discrimination strat-

egy described in Chapter 5 for general N , in the case of fermions (which are treated

as classical particles that obey the Pauli exclusion principle as an only additional con-

straint).

The N -particle states to be discriminated are:

ρN1 =
1

4π

∫
dΩ(|Ω〉〈Ω|)⊗N , and (C.1)

ρN3 =
1

2N
(|0〉〈0|+ |1〉〈1|)⊗N =

1

2N

2N−1∑

i=0

|i〉〈i|. (C.2)

As the probabilities of success and mistake sum up to one, PBS
N = 1 − PN

mistake, we

will first calculate the probability of making a guess that is actually wrong. Since the

only case when we can make a wrong guess is if we get the ρN3 state, the probability that

we aim to calculate is the probability of having the antibunching result if the state is ρN3 .

First, we calculate p(i), the probability of obtaining the antibunching result in a term
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|i〉〈i| (where i is written in binary notation). Then, we calculate the total probability of

having the antibunching result, PN
A = 1

2N

∑
i p(i). Finally, for the probability of mistake

we get:

PN
mistake =

1

2
PN
A . (C.3)

Therefore, the steps in calculating the probability are:

• in binary notation, i consists of n ”0”-s and (N − n) ”1”-s.

• the number of choosing n different arms for ”0”-s among N output arms, multiplied

with the number of permutations of n ”0”-s is:

(
N

n

)
n! (C.4)

• the number of permutations of (N − n) ”1”-s, once n ”0”-s are in fixed n different

output arms is:

(N − n)! (C.5)

• then, the total number of possible anti-bunching combinations for a term (number)

consisting of n ”0”-s and (N − n) ”1”-s (Ai) is:

Ai = (N − n)!

(
N

n

)
n! (C.6)

• the total number of all possible output results - the normalization constant (Ci) is:

Ci = n!

(
N

n

)

︸ ︷︷ ︸
”0”−s

(
N

(N − n)

)
(N − n)!

︸ ︷︷ ︸
”1”−s

=

(
N

n

)2

n!(N − n)! (C.7)

• therefore, for p(i) we get:

p(i) =
Ai
Ci

=
1(
N
n

) (C.8)
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• the number of all terms (numbers) consisting of n ”0”-s and (N − n) ”1”-s is:

(
N

n

)
(C.9)

• finally, we have:

2N−1∑

i=0

p(i) =
N∑

n=0

(
N

n

)
1(
N
n

) = N + 1. (C.10)

The total probability of anti-bunching is:

PN
A =

N + 1

2N
. (C.11)

Thus, the probability of mistake is:

PN
mistake =

1

2
PN
A =

N + 1

2(N+1)
. (C.12)

Finally, the probability of discriminating ρN1 from ρN3 for a beam-splitter strategy, in the

case of classical fermions (classical particles obeying Pauli exclusion principle as an only

additional constraint) is:

PBS
N = 1 − N + 1

2(N+1)
. (C.13)
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[63] A. Landé. Phys. Rev., 108:891, 1957.

[64] Y. S. Li, X. S. Liu, and G. L. Long. Phys. Rev. A, 64:054302, 2001.



BIBLIOGRAPHY 166

[65] R. C. Liu, B. Odom, Y. Yamamoto, and S. Tarucha. Nature, 391:263, 1998.

[66] H. Lo and S. Popescu. quant-ph/9707038, 1997.

[67] D. Loss and D. P. DiVincenzo. Phys. Rev. A, 57:120, 1998.

[68] R. Loudon. Phys. Rev. A, 58:4904, 1998.

[69] G. Luders. Ann. Phys., 8:322, 1951.

[70] T. D. Mackay, S. D. Bartlett, L. T. Stephenson, and B. C. Sanders. J. Phys. A:
Math. Gen., 35:2745, 2002.

[71] N. D. Mermin. Phys. Rev. Lett., 65:3373, 1990.
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