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Chapter 1

Introduction

We describe some of the ideas that led to this work. We shall freely assume
that the reader is familiar with the concept of groupoid, quantale, locale, etc.
Chapter 2 provides some of this background. General references for locales
and quantales are [4, 5, 9, 10, 14].

In [13] a close relation has been established between the notions of étale
groupoid (either topological or localic), inverse semigroup, and quantale.
This can be summarized in the following diagram, where all the arrows are
bijections up to isomorphism, and furthermore the two arrows on the right
edge define an equivalence of categories:

Inverse
quantal
frames

G

��

I

!!

equivalence of cats._ _ _ _ _ _

�
�
�
�
�
�
�

Étale
groupoids bisections

00

O

AA

Complete
infinitely
distribu-
tive inverse
semi-
groups

L∨

``

germspp

(1.1)

Roughly, the topology Ω(G) of a topological étale groupoid G is necessarily
a unital involutive quantale under pointwise multiplication of open sets, with
involution given by pointwise inversion and the multiplicative unit being the
unit space G0, which for an étale groupoid is necessarily open. (For localic
groupoids similar facts hold.)

Example. Every discrete groupoid is étale, and an example of a discrete
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2 CHAPTER 1. INTRODUCTION

groupoid is, given a set X, the total binary relation X × X as the set of
arrows, with the domain and codomain maps being the two projections onto
X. The quantale ℘(X ×X) obtained from this groupoid is the usual unital
involutive quantale of binary relations on X.

The maps on the left edge of (1.1) depend on the following characteriza-
tion of the quantales that arise as (localic) étale groupoids (for topological
groupoids just add the requirement that these quantales should also be spa-
tial as locales):

Theorem. ([13]) Let Q be an inverse quantal frame, i.e., a unital involutive
quantale that is also a locale such that, defining

ςa = a1 ∧ e (“support” of a)
I(Q) = {a ∈ Q | aa∗ ≤ e, a∗a ≤ e} (“partial units” of Q)

we have

ςa ≤ aa∗

a ≤ ςa a

1 ≤
∨
I(Q) .

Then Q is isomorphic to the quantale of an étale groupoid G(Q), which is
unique up to isomorphism.

Example. Consider the quantale of binary relations ℘(X×X). The support
of a relation R ⊆ X ×X is the subdiagonal relation ςR ⊆ ∆X defined by

ςR = {(x, x) ∈ X ×X | (x, y) ∈ R for some y ∈ X} ,

and via the obvious isomorphism ℘(X) ∼= ℘( ∆X) we see that this is the just
the domain of R.

Inverse quantal frames are in many respects “generalized quantales of bi-
nary relations”, and in this paper we assess the usefulness of this idea by
providing an extension (and algebraicization) of the usual Kripke semantics
of normal modal logic in a way that also subsumes the traditional algebraic
semantics based on boolean (or Heyting) algebras equipped with modal op-
erators. See, e.g., [1, 2, 3] for general references on modal logic.

One strong motivation for doing this is the fact that such a generalized
semantics provides an automatic bridge between modal logic and areas of
mathematics where examples of étale groupoids and inverse semigroups oc-
cur, such as operator algebras and differential topology — see, e.g., [6, 8, 11].



3

As an example of the latter, foliated manifolds can be associated to dynam-
ical systems, and from a foliation it is always possible to construct an étale
groupoid [8]. We shall see that the usual Kripke structures can be realized
as representations of “Lindenbaum quantales” Q on quantales of binary rela-
tions ℘(W ×W ), and this immediately suggests that by mapping Q into the
more general quantale Ω(G) one may obtain a natural semantics which may
be interesting, say, for applied logicians dealing with hybrid systems, logics
of real time and space, etc.

Abstracting away some of the “right” properties of inverse quantal frames
we obtain the notion of stably supported quantale, which has been introduced
and studied in [13] and will be recalled in chapter 2. Such quantales are
no longer required to be locales, but they are still equipped with uniquely
defined support operators ς, and they form a reflective full subcategory of
the category of unital involutive quantales. In this paper we shall mainly
work with stably supported quantales.

Let us briefly describe the way in which the quantale semantics generalizes
Kripke semantics. Recall that a Kripke structure is a triple (W,R, V ), where
W is the set of worlds, R ⊆ W ×W is the accessibility relation, and

V : {formulas} → ℘(W )

is the valuation map that assigns to each formula the set of worlds where the
formula is satisfied. In particular, we have

V (♦ϕ) = {x ∈ W | xRy for some y ∈ V (ϕ)} .

Via the isomorphism ℘(W ) ∼= ℘( ∆W ) it is easy to see that we may equiva-
lently have a valuation map V : {formulas} → ℘( ∆W ) and define

V (♦ϕ) = ς(R;V (ϕ)) ,

where R;S denotes the composition (R followed by S) of two binary rela-
tions. Hence, it is natural to define a generalized Kripke structure to consist
of a triple (Q,α, ν) where Q is a stably supported quantale, α ∈ Q is an
accessibility element, and ν : {formulas} → ςQ is a valuation map satisfying
suitable conditions, among which

ν(♦ϕ) = ς(αν(ϕ)) .

In this way we obtain a functor from the category of pointed stably sup-
ported quantales to the category of locales equipped with two modal oper-
ators ♦ and �, which to each pointed quantale (Q,α) assigns the locale ςQ
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equipped with the operators ♦,� : ςQ→ ςQ defined by

♦x = ς(αx) (1.2)

�x = ς(α∗x) . (1.3)

and which are easily seen to satisfy the following conjugacy conditions :

♦x ∧ y ≤ ♦(x ∧ �y)

�x ∧ y ≤ �(x ∧ ♦y) .

Such a structure (L,♦,�) will be called a bimodal frame.
Conversely, we shall see that from such a structure we obtain a quantale

Q = TK(L,♦,�) equipped with an accessibility element α and a surjective
locale homomorphism L→ ςQ that sends the modal operators of L to those
defined by (1.2)–(1.3). In fact ς defines a functor with TK as its left adjoint.

From a modal algebra B (bounded distributive lattive equipped with a
finite join preserving operator ♦) one obtains the locale of ideals Idl(B),
which is equipped with a join preserving operator ♦ that extends that of
B, and we may further obtain, by a left adjoint Bi, a locale equipped with
an additional operation � satisfying the conjugacy conditions, giving the
following adjunctions:

Modal
algebras

Idl //Modal
framesU

oo
Bi //Bimodal

framesU
oo

TK //

Pointed
stably
supported
quantales

ς
oo (1.4)

In this work we shall focus on the functor TK and its right adjoint ς.
In particular we shall see that this adjunction is a coreflection (i.e., the
surjection L → ςTK(L,♦,�) is an isomorphism). This isomorphism means
that no theorems are added in the process of interpreting ♦ and � in terms
of the quantale operations. Hence, if we think of the addition of the quantale
operations as a language extension then this extension is conservative. From
a different viewpoint, we are saying that the conjugacy conditions relating
♦ and � are a complete axiomatization for the modal operators generated
by any accessibility element α and its involute α∗. This of course suggests
looking at other systems of modal logic and their completeness theorems,
which we shall do for T, K4, S4, and S5.

We do not study the adjunction between modal frames and bimodal
frames. In particular we do not know if the co-unit of this adjunction is
a monomorphism, which means we do not obtain similar conservativeness
results when starting from a modal logic which, as usual, has only one modal
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operator, ♦, rather than ♦ and �. This question remains open, but we re-
mark that this is only an issue constructively, in the sense described at the
end of this introduction.

Some facts worth mentioning at this stage are:

• this semantics captures in a rather natural way the interplay between
modal operators and accessibility relations, and we can say that it has
entirely algebraicized the semantics of normal modal logic;

• since ςQ is a locale we can equally easily define a classical or an intu-
itionistic semantics;

• the Kripke structures for normal modal logic (system K) can be iden-
tified with (or defined to be) representations QK(B,♦)→ ℘(W ×W ),
where (B,♦) is the classical Lindenbaum algebra for system K and
QK(B,♦) (abbrev. QK(B)) is the quantale obtained from B by com-
posing the three left adjoints of (1.4) — QK(B) should be thought of
as the “Lindenbaum quantale” for system K;

• similarly, the Kripke structures for systems T, K4, S4, and S5, will
be identified with representations of Lindenbaum quantales QT(B),
QK4(B), QS4(B), and QS5(B), respectively;

• furthermore this works also for multimodal logics, i.e., without any need
to keep track of how many modal operators there are in each case.

The ideas concerning the applications to modal logic that we address
have first been put forward in [15]. There is a major difference, however,
because the quantales in [15] are non-involutive. There is a related notion of
support for these, but it lacks some of the good properties of the supports
of involutive quantales of [13], which we use in this work. In particular, the
crucial property

ςa ≤ aa∗

has either to be dropped or replaced by

ςa ≤ a1 .

However, dropping it provides us with a category of unital supported quan-
tales whose homomorphisms do not automatically preserve the supports,
whereas replacing it makes the category of unital supported quantales a full
subcategory of that of unital quantales, but there are difficulties with the
conservativeness of the extension. Another reason for addressing the appli-
cations to modal logic in the involutive setting is that the latter provides us
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with good geometric examples of quantales, in the sense described in the be-
ginning of this section, hence being of greater value as regards finding models
of modal logic that go beyond relational structures.

We observe that all the proofs in this paper are constructive in the sense
of being valid in an arbitrary topos, hence showing that our “completeness
theorems” are in a suitable sense more general than the usual completeness
with respect to Kripke structures, since the latter relies non trivially on Zorn’s
lemma. In particular, we mention that if we apply the standard completeness
theorem of modal logic we immediately obtain that the quantale semantics is
conservative for classic modal logic, since it suffices from a modal algebra B
to map the Lindenbaum quantales Q(B) into the quantales 2W×W to separate
all the elements of B.



Chapter 2

Preliminaries

Sup-lattices. We shall denote the category of sup-lattices by SL, complete
lattices with homomorphisms being the maps that preserve joins.

Let L be a sup-lattice, the dual of L is L with the order reversed, and
we denote it by Lop. Now let f : L → M be a homomorphism of sup-
lattices. This has a right adjoint (in the sense of category theory — see [7])
f∗ : M → L, which is defined by f∗(y) = {x ∈ L | f(x) ≤ y}. Since right
adjoints preserve meets, it follows that f∗ defines a sup-lattice homomorphism
f op : Mop → Lop, which is called the dual of f .

Let Li be a family of sup-lattices. Their cartesian product
∏
Li is a

sup-lattice with pointwise order and joins. It is easy to see that (
∏
Li, πi)

is the product in the categorical sense. The products and coproducts in SL
coincide as sets [5], similarly to the case of abelian groups (but, contrarily
to these, also for infinitary coproducts). We denote by

⊕
i Li the categorical

coproduct of Li, called direct sum.
The tensor product of L and M is denoted by L ⊗M , and similarly to

vector spaces it is the image of a universal bimorphism, where a sup-lattice
bimorphism f : L ×M → N is a map that preserves joins in each variable
separately:

f(
∨

X, y) =
∨
{f(x, y) | x ∈ X}

f(x,
∨

Y ) =
∨
{f(x, y) | y ∈ Y } .

Concretely, L⊗M can be identified with the set of those subsets I ⊆ L×M
such that

(x,
∨

Y ) ∈ I ⇐⇒ {x} × Y ⊆ I

(
∨

X, y) ∈ I ⇐⇒ X × {y} ⊆ I

7
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for all x ∈ L, y ∈ M , X ⊆ L, and Y ⊆ M . The universal bimorphism
L×M → L⊗M is defined by (x, y) 7→ x⊗ y, where x⊗ y is the least such
set I that contains the pair (x, y), i.e.,

x⊗ y = ↓(x, y) ∪ ↓(0, 1) ∪ ↓(1, 0)

= {(z, w) ∈ L×M | z ≤ x, w ≤ y} ∪ {0} ×M ∪ L× {0} .

SL is a closed monoidal category, with respect to this tensor product, with
℘( 1) as tensor unit. Similarly to the category of abelian groups, the right
adjoint to − ⊗ N is hom(N,−), that is, for each N we have the familiar
isomorphism

hom(M ⊗N,L) ∼= hom(M, hom(N,L)) ,

natural in the variables M and L, which in fact is an order isomorphism. As
a consequence of colimit preservation by left adjoints we conclude that ⊗
distributes over

⊕
, i.e.:

L⊗ (
⊕

i

Mi) ∼=
⊕

i

(L⊗Mi) .

Quotients of sup-lattices can be conveniently handled by means of closure
operators (order preserving maps j that satisfy a ≤ j(a) and j(j(a)) = j(a)
for every element a). Let L be a sup-lattice and j a closure operator on
L. The set of j-closed elements Lj = {x ∈ Q | x = j(x)} is a sup-lattice
with joins

∨j(xi) = j(
∨
xi), and the map j : L → Lj is a (surjective)

homomorphism of sup-lattices. Furthermore, every sup-lattice quotient arises
in this way up to isomorphism.

For further facts about sup-lattices we refer to [5].

Stably supported quantales. A quantale is a sup-lattice equipped with
an associative multiplication · that distributes over arbitrary joins,

a · (
∨
i

bi) =
∨
i

(a · bi), (
∨
i

ai) · b =
∨
i

(ai · b).

i.e., a quantale is a semigroup in SL. We shall write 1Q or simply 1 for the
lattice unit (the greatest element), and 0Q or simply 0 for the least element.

A quantale Q is unital if the multiplication has a unit, which we denote
by eQ, or simply e.

An involutive quantale Q is a quantale equipped with an involution

(−)∗ : Q→ Q,
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i.e., a join preserving operation that makes Q an involutive semigroup:

(a · b)∗ = b∗ · a∗,
a∗∗ = a.

Any involutive quantale satisfies 1∗ = 1 and, if it is unital, e∗ = e.
So, a unital involutive quantale is an involutive monoid

℘( 1)
e−→ Q

m←− Q⊗Q

in the monoidal category of sup-lattices (see [5]). The multiplication will
usually be denoted just by juxtaposition:

ab = m(a⊗ b) .

Definition 2.1 Let Q be a unital involutive quantale. A support on Q is a
sup-lattice endomorphism ς : Q→ Q satisfying, for all a ∈ Q:

ςa ≤ e , (2.1)

ςa ≤ aa∗ , (2.2)

a ≤ ςaa . (2.3)

A supported quantale is a unital involutive quantale equipped with a spec-
ified support. On a supported quantale the set of supports ςQ coincides with
↓e = {x | x ≤ e} and it is a locale with ab = a ∧ b [13].

Definition 2.2 A support is stable if it satisfies ς(ab) = ς(aς(b)). A quantale
equipped with a specified stable support is stably supported.

Every homomorphism of unital involutive quantales preserves the support
of a stably supported quantale. The category of stably supported quantales,
StabQu, is the full subcategory of the category of unital involutive quantales
Qu whose objects are the stably supported quantales. Moreover if a quantale
admits a stable support, then it is the unique support on that quantale.

Nuclei and quotients. The quotients of stably supported quantales are
similar to what we described for sup-lattices. We refer to [13] for proofs and
other details, while here we limit ourselves to giving an overview.

Definition 2.3 A (quantic) nucleus on a stably supported quantale Q is a
closure operator j : Q→ Q that satisfies, for all x, y ∈ Q,

j(x) · j(y) ≤ j(x · y),
j(x)∗ ≤ j(x∗),

ς(j(x)) ≤ j(ς(x)).
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We remark that the second condition is equivalent to j(x)∗ = j(x∗).
The set of j-closed elements Qj = {x ∈ Q | x = j(x)} is a stably

supported quantale with joins
∨j(xi) = j(

∨
xi), multiplication x·jy = j(x·y),

involution x∗j = j(x∗) and support ςj(x) = j(ςx). The map j : Q→ Qj is a
(surjective) homomorphism of unital involutive quantales, therefore of stably
supported quantales. Futhermore, every quotient arises in this way up to
isomorphism.

The set N(Q) of nuclei is a complete lattice under the pointwise order,
with meets being calculate pointwise: j ≤ k ⇔ ∀x∈Q(j(x) ≤ k(x)), and∧

α jα(x) =
∧

α(jα(x)). Futhermore, we have j ≤ k ⇔ Qk ⊆ Qj, and the join
of nuclei corresponds to intersection of the respective sets of closed elements:
j =

∨
α jα if and only if Q = ∩αQjα .

Definition 2.4 Let Q be a stably supported quantale, and R ⊆ Q×Q. The
supported closure of R, R, is the smallest relation that contains R and is
closed for the quantale operations, i.e.:

R ⊆ R;

(y, z) ∈ R ⇒ (ay, az) ∈ R, for all a ∈ Q;

(y, z) ∈ R ⇒ (ya, za) ∈ R, for all a ∈ Q;

(y, z) ∈ R ⇒ (ςy, ςz) ∈ R;

(y, z) ∈ R ⇒ (y∗, z∗) ∈ R.

Contrarily to what is done in [12], we shall interpret each pair (y, z) ∈ R
as an inequality y ≤ z, rather than y = z. It is easy to see that there is a
least quantic nucleus j such that j(y) ≤ j(z) for all (y, z) ∈ R:

jR =
∧
{j ∈ N(Q) | j(y) ≤ j(z) for all (y, z) ∈ R}.

In other words, QjR
is isomorphic to the quotient of Q by the congruence

relation generated by R, i.e., the reflexive, symmetric and transitive closure
of R.

In a similar way to what has been seen in [12] we obtain a very simple
description for the set QjR

:

QjR
= {x ∈ Q | ∀(y,z)∈R(x ≤ y ⇒ x ≤ z)}.

Generators and relations. Let G be a set (of “generators”). The con-
struction of the unital involutive quantale freely generated by G is described
in [12].



11

We know that StabQu is a full refective subcategory of Qu, so the in-
clusion functor has an adjoint, F . We obtain the stably supported quantale
freely generated by G by composition:

StabQu〈G〉 = F (Qu〈G〉).

Definition 2.5 Let G and R ⊆ StabQu〈G〉×StabQu〈G〉 be sets. The stably
supported quantale presented by the generators in G and the relations in R

is StabQu〈G | R〉 def
= StabQu〈G〉jR

.

If x ∈ G, one denotes by [x] the injection of the generator x into the
presented quantale. This notation provides a useful way of denoting the
defining relations of a quantale presentation: we may just write the conditions
with respect to which the injection of generators is universal.

Example 2.6 Let L be a sup-lattice. The unital involutive quantale freely
generated by L with joins being preserved in the presentation,

Qu〈L | [
∨

X] =
∨
x∈X

[x]〉 ,

is isomorphic to the tensor quantale
⊕

d∈I L
(d) where I is the free involutive

monoid on one generator, whose words can be concretely identified with the
strings of 1 and −1 and whose unit we shall denote by ε, and L(d) = L⊗|d|.
Note that L(ε) = ℘( 1) is the neutral element of the tensor product. The
multiplication is defined on pure tensors just by concatenation

(x0 ⊗ . . .⊗ xn)(y1 ⊗ . . .⊗ ym) = x0 ⊗ . . .⊗ xn ⊗ y1 ⊗ . . .⊗ ym ,

where in the case of concatenation with elements of ℘( 1) we use the identi-
fication ℘( 1) ⊗ L ∼= L ∼= L ⊗ ℘( 1), to produce the identity of the quantale
e = 1℘( 1). The involution

(−)∗ : T (L)→ T (L)

is obtained from the isomorphisms L(w)
∼=→ L(w∗) that are given by

x1 ⊗ . . .⊗ xn 7→ xn ⊗ . . .⊗ x1 .

The injection of generators corresponds to the coprojection

L = L(ε) →
⊕
d∈I

L(d).
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Chapter 3

Quantale semantics of modal
logic

We shall consider fixed a set Π of propositional symbols. The set Φ of propo-
sitional formulas is defined to be the least set containing Π such that for all
ϕ, ψ ∈ Φ we have

¬ϕ ∈ Φ ,

ϕ ∨ ψ ∈ Φ ,

♦ϕ ∈ Φ ,

where as usual we may define other connectives as abbreviations.

Definition 3.1 A generalized Kripke model consists of a triple (Q,α, ν),
where Q is a stably supported quantale, α ∈ Q is an accessibility element,
and ν : Φ → ςQ is an interpretation map satisfying the following properties
for all ϕ, ψ ∈ Φ:

ν(ϕ ∧ ψ) = ν(ϕ)ν(ψ)

ν(ϕ ∨ ψ) = ν(ϕ) ∨ ν(ψ)

ν(ϕ)ν(¬ϕ) = 0

ν(ϕ) ∨ ν(¬ϕ) = e

ν(♦ϕ) = ς(αν(ϕ)) .

Remark 3.2 The above definition means that we interpret the formulas
inside a boolean subalgebra of ςQ, hence providing us with a classical se-
mantics of propositional modal logic. It would be equally easy to define an

13
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intuitionistic semantics by replacing some of the above conditions on ν:

ν(ϕ ∧ ψ) = ν(ϕ)ν(ψ)

ν(ϕ ∨ ψ) = ν(ϕ) ∨ ν(ψ)

ν(ϕ→ ψ) = ν(ψ)/ν(ϕ)

ν(♦ϕ) = ς(αν(ϕ)) ,

where x/y in ςQ denotes
∨
{z ∈ ςQ | z ∧ y ≤ x}, and→ is the usual Heyting

algebra operator. In this work we shall not further address intuitionistic
semantics.

As usual we say that a pointed stably supported quantale consists of a stably
supported quantale Q together with a specified “point” α ∈ Q. A homomor-
phism of pointed stably supported quantales is a homomorphism of stably
supported quantales that preserves the point:

h : (Q,α) → (R, β)

α 7→ β.

From now on we shall denote by B the Lindenbaum algebra of system
K (i.e., the set of formulas modulo equivalence, which is a boolean algebra
equipped with a finite join endomorphism ♦).

Definition 3.3 The Lindenbaum quantale for K, QK(B), is the pointed sta-
bly supported quantale (Q,α) presented by generators and relations with set
of generators B and the following relations, for all x, y ∈ B:

[x ∧ y] = [x][y]

[¬x][x] = 0

[¬x] ∨ [x] = e

[♦x] = ς(α[x]) ,

Theorem 3.4 There is a bijective correspondence between abstract Kripke
models (Q, r, v) and homomorphims of unital involutive quantale

QK(B) −→ Q.

Here one must notice that classical Kripke models correspond to the re-
lational representations of QK(B), i.e., homomorphisms of unital involutive
quantales QK(B)→ 2W×W .

To obtain similar facts for other systems, such as T, K4, S4, S5, one must
define the appropriate Lindenbaum quantales.
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Definition 3.5 The Lindenbaum quantales for T, K4, S4, and S5, are the
pointed stably supported quantales QT(B), QK4(B), QS4(B), and QS5(B),
respectively, which are presented by generators and relations similarly to
QK(B), with the following additional relations:

QT(B): e ≤ [α]

QK4(B): [α][α] ≤ [α]

QS4(B): e ≤ [α] ≥ [α][α]

QS5(B): e ≤ [α] = [α]∗ ≥ [α][α]

Concretely, QT(B) is the quotient of QK(B) by the least nucleus j such
that j(e) ≤ j(α), and QK4(B) is the quotient of QK(B) by the least nucleus
j such that j(αα) ≤ j(α). Then we have QS4(B) = QT(B) ∩ QK4(B) and
QS5(B) is the quotient of QS4(B) by the least nucleus j such that j(α) =
j(α∗).

It is also important to notice that the relational representations of these
quantales correspond (by the bijection mentioned above) to the correct classes
of frames which are characterized by the corresponding system.

At this point we have already established, in a single step, the adjunction
between modal algebras and pointed stably supported quantales that was
discussed in the introduction in the form of a composition of three adjoints.
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Chapter 4

The involutive tensor quantale
of a frame

Let L be a frame, and denote by I the free involutive monoid on one generator
α, whose words are the finite sequences of α and α∗, and whose unit we shall
denote by ε.

For each w ∈ I we shall denote by L(w) the sup-lattice L⊗(|w|+1), where
|w| is the length of the word w:

L(ε) = L ,
L(α) = L(α∗) = L⊗ L ,

L(αα) = L(αα∗) = L(α∗α) = L(α∗α∗) = L⊗ L⊗ L ,
etc.

For each w,w′ ∈ I we define a map

ϕw,w′ : L(w) × L(w′) → L(ww′)

by

ϕw,w′(x1 ⊗ . . .⊗ xn, y1 ⊗ . . .⊗ ym) = x1 ⊗ . . .⊗ (xn ∧ y1)⊗ . . .⊗ ym .

It is easy to see that this preserves joins in each variable, and thus it defines
a sup-lattice homomorphism

ϕw,w′ : L(w) ⊗ L(w′) → L(ww′) .

Defining

T (L) =
⊕
w∈I

L(w) ,

17
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and using the distributivity of ⊗ over
⊕

, we obtain a sup-lattice homomor-
phism T (L)⊗ T (L)→ T (L),

T (L)⊗ T (L)
∼= //

⊕
w,w′

L(w) ⊗ L(w′)
⊕

ϕw,w′
//
⊕
w,w′

L(ww′)
// T (L) ,

where the rightmost homomorphism is the copairing of the family of sup-
lattice embeddings L(ww′) → T (L) which is given by the universal property of
the sup-lattice coproduct

⊕
L(ww′). Hence, there is a bilinear multiplication

T (L)× T (L)→ T (L). It is defined on pure tensors by

(x1 ⊗ . . .⊗ xn)(y1 ⊗ . . .⊗ ym) = x1 ⊗ . . .⊗ (xn ∧ y1)⊗ . . .⊗ ym ,

and it is straightforward to see that it is associative, hence giving us a quan-
tale multiplication on T (L). This multiplication has a unit, which coincides
with 1L ∈ L(ε) = L, and an involution

(−)∗ : T (L)→ T (L)

is obtained from the isomorphisms L(w)
∼=→ L(w∗) that are given by

x1 ⊗ . . .⊗ xn 7→ xn ⊗ . . .⊗ x1 .

Hence, T (L) is a unital involutive quantale, and it is clearly graded over I,
in the following sense:

Definition 4.1 LetM be an involutive monoid. A unital involutive quantale
Q is graded over M if there is an M -indexed family of sub-sup-lattices Q(m)

of Q such that Q =
⋃

m∈M Q(m) and the following conditions hold, for all
m,n ∈M :

Q(m) ∩Q(n) = {0} (if m 6= n)

Q(m)Q(n) ⊆ Q(mn)

(Q(m))∗ ⊆ Q(m∗) .

(The latter is equivalent to (Q(m))∗ = Q(m∗).)

Finally, we define:

Definition 4.2 The tensor involutive quantale of L is the graded unital
involutive quantale T (L).
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There is an obvious homomorphism of involutive monoids (−) : I → T (L)
that sends each word w to 1L ⊗ . . . ⊗ 1L ∈ L(w). Hence, in particular,
α = 1L ⊗ 1L ∈ L(α) and α∗ = 1L ⊗ 1L ∈ L(α∗).

The quantale T (L) has the following universal property:

Proposition 4.3 Let Q be a unital involutive quantale such that b = b2 = b∗

for all b ∈ ↓e (in particular, this implies that ↓e is a locale). Let also

h : L→ ↓e

be a homomorphism of locales, and let a ∈ Q. Then there is exactly one
homomorphism of unital involutive quantales

ϕ : T (L)→ Q

such that:

1. ϕ(x) = h(x) for all x ∈ L(ε) = L;

2. ϕ(α) = a.

Proof. Every such homomorphism is uniquely determined by its value on
the pure tensors of T (L). We just have to see that if ϕ satisfies 1 and 2, and
then its value is determined on the pure tensors. As an involutive quantale
homomorphism, ϕ preserves products and involution, and every pure tensor
x1 ⊗ . . . ⊗ xn ∈ Lw with wi = α, α∗ can be written as a product of xi ∈ L,
α ∈ Lα and α∗ ∈ Lα∗

. But 1 and 2 fix the values on xi ∈ L and α, and by
involution preservation, in α∗. Thus, by product preservation, the value of ϕ
is determined.

Corollary 4.4 Let Frm be the category of frames, and let Que be the full
subcategory of those unital involutive quantales Q such that b = b2 = b∗ for
all b ≤ e. Let also Que

∗ be the corresponding category of pointed quantales.
There is an obvious functor Que

∗ → Frm that to each quantale Q assigns ↓e,
and such that h 7→ h|↓e for each homomorphism h. This functor has a left
adjoint which to each locale L assigns the pointed quantale (T (L), α).
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Chapter 5

Bimodal frames and pointed
quantales

We have already mentioned above that for a stably supported quantale Q,
ςQ = ↓e is a locale. It is also clear that, for α in Q, ♦x = ς(αx) and
�x = ς(α∗x) preserve arbitrary joins, hence ♦ and � are sup-lattice endo-
morphisms.

Definition 5.1 We say that two sup-lattice endomorphisms of L, ♦ and �,
are conjugate modalities if for all x, y ∈ L:

x ∧ ♦y ≤ ♦(�x ∧ y),
x ∧ �y ≤ �(♦x ∧ y).

A bimodal frame (L,♦,�) is a frame L equipped with two conjugate modal-
ities ♦ and �.

Proposition 5.2 Let Q be a stably supported quantale. Then

(ςQ, ς(α(−)), ς(α∗(−)))

is a bimodal frame.

Proof. We only have to check that the two endomorphisms are conjugate
modalities. From the fact that ς is a support (2.2) we have:

ς(αy)x ≤ αyα∗x,

and thus

x ∧ ♦y = ς(αy)x ≤ ς(αyα∗x) = ς(αxς(α∗y)) = ♦(x ∧ �y),

using stability and the fact that x, y ∈ ςQ. To see that x ∧ �y ≤ �(♦x ∧ y)
we only have to switch α and α∗ above.

21
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Given a bimodal frame (L,♦,�), a pre-support can be easily defined on
pure tensors of T (L) (and then extended to joins in the obvious way): if
x = x0 ⊗ . . .⊗ xn is in degree w = w1 . . . wn (with wi ∈ {α, α∗}) then

ςx = x0〈w1〉(w1 ∧ 〈w1〉(. . .)) ,

where 〈wi〉 is ♦ or � according to whether wi = α or wi = α∗, respectively.
Recursively, we have:

Definition 5.3

• ςx = x, if n = 0;

• ςx = x0 ∧ 〈w1〉(ςx′), if n ≥ 1, where x′ = x1 ⊗ . . . ⊗ xn in degree
w2 . . . wn.

Lemma 5.4 The following properties hold in T (L):

1. ςa ≤ e (condition 2.1 in the definition of support) ;

2. ς(ab) = ς(aςb) (we say the pre-support ς is stable);

3. ς(ςab) = ςaςb;

4. If ♦ and � are conjugate we have

(a) ςa ≤ ς(aa∗);

(b) ς(ςab) ≤ ς(aa∗b);

(c) ς(cςab) ≤ ς(caa∗b).

Proof.

1. ς T (L) = L and e is 1L.

2. Let a ∈ L(w) and b ∈ L(v) be pure tensors: a = x0 ⊗ . . . ⊗ xn and
b = y0 ⊗ . . .⊗ yp. By induction on n:
Base: for n = 0, a ∈ L(ε), from definition 5.3 we obtain ς(x0b) =
ς((x0 ∧ y0) ∧ 〈v1〉(ς(b′))) = ς(x0 ∧ (y0 ∧ 〈v1〉(ς(b′)) = ς(aςb).
Step: for n+ 1, write a′ = x0 ⊗ . . .⊗ xn. Then,

ς((a⊗ xn+1) · b) = ς(a′ · (1L ⊗ xn+1) · b)
= ς(a′ · ς((1L ⊗ xn+1) · b)) (Induction hyp.)
= ς(a′ · (1L ∧ 〈wn+1〉(xn+1 ∧ ςb)) (Def. of ς)
= ς(a′ · ς(1L ⊗ (xn+1 ∧ ςb))) (Def. of ς)
= ς(a′ · (1L ⊗ (xn+1 ∧ ςb))) (Induction hyp.)
= ς(a′ ⊗ (xn+1 ∧ ςb))
= ς(aςb) .
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3. ς(ςab) = ς(ςaςb) = ςaςb, by stability and because ςaςb ∈ ςQ;

4. First we remark that (4a) is an instance of (4b) (which in turn is an
instance of (4c)). Moreover, (4b) implies (4c) (hence the two conditions
are equivalent) due to stability: if we assume (4b) then

ς(cςab) = ς(aς(ςab)) ≤ ς(cς(aa∗b)) = ς(caa∗b) .

It now suffices to prove (4b). We shall prove ς(ςab) ≤ ς(aa∗b) for the
particular case where a is a pure tensor

a = x0 ⊗ . . .⊗ xn ,

in degree w = w1 . . . wn (n ≥ 1), but this clearly implies the general
case. The proof is by induction on n.

Base: for n = 0, we have a = ςa = aa∗, and thus ς(ςab) = ς(aa∗b).

Step: for n ≥ 1, let r be x1⊗ . . .⊗xn ∈ L(w2...wn) (that is, we may write
expressions such as a = x0 ⊗ r, with the obvious meaning); then,

ς(aa∗b) = ς((x0 ⊗ rr∗ ⊗ x0) · b)
= ς((x0 ⊗ rr∗ ⊗ x0) · ςb) (By stability)
= ς(x0 ⊗ rr∗ ⊗ (x0 ∧ ςb)) (By def. of · )
= x0 ∧ 〈w1〉(ς(rr∗ ⊗ (x0 ∧ ςb))) (By def. of ς)
= x0 ∧ 〈w1〉(ς(rr∗ · (1⊗ (x0 ∧ ςb)))) (1⊗ (x0 ∧ ςb)

∈ L(w∗
1))

= x0 ∧ 〈w1〉(ς(rr∗ · ς(1⊗ (x0 ∧ ςb)))) (By stability)
= x0 ∧ 〈w1〉(ς(rr∗ · 〈w∗

1〉(x0 ∧ ςb))) (By def. of ς)
≥ x0 ∧ 〈w1〉(ς(ςr · 〈w∗

1〉(x0 ∧ ςb))) (Induction hyp.)
= x0 ∧ 〈w1〉(ςr ∧ 〈w∗

1〉(x0 ∧ ςb))
≥ x0 ∧ 〈w1〉ςr ∧ (x0 ∧ ςb) (By conjugacy)
= x0 ∧ 〈w1〉ςr ∧ ςb
= ς(x0 ⊗ r) ∧ ςb
= ςa ∧ ςb
= ς(ςab) (By (3))
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Chapter 6

The supported quantale of a
bimodal frame

So far we have obtained, from a bimodal frame, a quantale with a stable
pre-support, but in the end we want it to satisfy all the properties of a stably
supported quantale. This will be done imposing the missing conditions on
the quantale by means of quotients. The main property we are pursuing is
the conservativeness of the extension, i.e., we want the original locale to be
“preserved” through this process. The properties of stably supported quan-
tales missing on (T (L), ς) are ςa ≤ aa∗ (2.2) and a ≤ ςaa (2.3).

Definition 6.1 Let j be a nucleus on a graded quantale Q =
⊕

m∈M Q(m).
We say that j is a graded nucleus if it satisfies, for all families (am) in Q:

j(am) ∈ Q(m)

j

(∨
m

am

)
=

∨
m

j(am) .

(Notice that the latter is a rewriting of j((am)) = (j(am)).)

Proposition 6.2 If j is a graded nucleus then Qj
∼=
⊕

m∈M(Qm)j.

Proof. This is immediate from what we have seen in section 2.

Proposition 6.3 If R ⊆
∐

m(Q(m) ×Q(m)) then jR is a graded nucleus.

Proof. Let k be defined as k(
∨

m(am)) =
∨

m jR(am) with am ∈ Q(m). On
one hand we know that jR(

∨
am) ≥

∨
jR(am) = k(

∨
m am) since jR is an

order preserving map. On the other hand is easy to see that k is a nucleus

25
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and it is obvious that for (a, b) ∈ R we have k(a) ≤ k(b) since jR(a) ≤ jR(b).
Since, by definition, jR is the least nucleus that satisfies this condition, we
conclude that jR = k.

From this it is clear that the least nucleus such that j(a) = j(ςaa), jς , is a
graded nucleus and it is the identity on L(ε) = L because for a ∈ L, ςaa = a.

Definition 6.4 Tς(L,♦,�) is T (L)jς . We also write Tς(L) if ♦ and � are
clear from the context.

As a consequence of the observation above we can conclude that the in-
jection of generators of L into Tς(L,♦,�) is 1–1.

Proving the same fact for the other axiom, ςa ≤ aa∗, is less easy. Let L
be a bimodal frame and let R = {(ςa, aa∗) | a ∈ Q}.

Definition 6.5 TK(L,♦,�) is Tς(L,♦,�)jR
. As in definition 6.4 we may write

TK(L).

Lemma 6.6 Recall the definition (2.4) of R. If (y, z) ∈ R then ςy ≤ ςz.

Proof. We have ςy ≤ ςz for all (y, z) ∈ R if and only if the following two
conditions hold for all (y, z) ∈ R and all a, b ∈ Tς(L):

ς(ayb) ≤ ς(azb) (6.1)

ς(ay∗b) ≤ ς(az∗b) . (6.2)

In order to prove these two conditions we shall show that they hold for all
(y, z) ∈ R and that they are preserved by the recursive rules of construction
of R.

Let (y, z) ∈ R; that is, let y and z be of the form y = ςt and z = tt∗. We
have

ς(ayb) = ς(aςtb) ≤ ς(att∗b) = ς(azb) ,

from Lemma 5.4. We similarly have ς(ay∗b) ≤ ς(az∗b) because y and z are
self-adjoint.

Now assume that the properties hold for some pair (y, z) ∈ Tς(L)×Tς(L).
We shall prove that they equally hold for the following pairs: (i) (ςy, ςz); (ii)
(y∗, z∗); (iii) (qy, qz); and (iv) (yq, zq), for all q ∈ Tς(L).

(i) Since (y, z) satisfies (6.1)–(6.2) we have ςy ≤ ςz (make a = b = 1L),
and thus ς(aςyb) ≤ ς(aςzb) for all a, b ∈ T (L), proving (6.1) for the pair
(ςy, ςt). Since ςy and ςz are self-adjoint, we also conclude (6.2) for the pair
(ςy, ςt).

(ii), (iii) and (iv) are obvious.
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Theorem 6.7 The unit of the adjunction L→ TK(L) is 1–1.

Proof. Equivalently, we want to prove that ςTς(L) ⊆ QjR
, or, in other words,

that for all (y, z) ∈ R we have

∀x∈L (z ≤ x⇒ y ≤ x) . (6.3)

Let P ⊆ R be the subset of R consisting of all those (y, z) such that (6.3)
holds. We shall prove that R ⊆ P and that P is closed under the recursive
formation rules of R, hence showing that P = R because R is by definition
the least subset of Tς(L)× Tς(L) satisfying these conditions.

Let (ςy, yy∗) ∈ R. If x ∈ L and yy∗ ≤ x we conclude that y = ςy = yy∗ ∈
L due to the grading of Tς(L) over the free involutive monoid I, and thus
ςy ≤ x, showing that R ⊆ P .

From now on let (y, z) be a fixed but arbitrary element of P . By Lemma
6.6 we conclude ςy ≤ ςz. Hence, (6.3) holds for the pair (ςy, ςz), and thus
(ςy, ςz) ∈ P . Now let q ∈ Tς(L) and assume that qz ≤ x for some x ∈ L.
Then z ≤ 1L (again due to the grading over I), and thus y ≤ 1L because
(y, z) ∈ P (make x = 1L). Hence, again using the previous lemma we obtain

qy = qςy ≤ qςz = qz ≤ x ,

showing that (qy, qz) ∈ P . In a similar way we conclude that (yq, zq) ∈ P .
Finally, x ≤ 1L implies that x is self-adjoint, and thus the conditions y∗ ≤ x
and z∗ ≤ x are equivalent to y ≤ x and z ≤ x, respectively, showing that
(y∗, z∗) ∈ P .
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Chapter 7

T, K4, S4, S5

In this section we extend our results to the systems of modal logic T, K4,
S4, and S5. As was explained in section 3, we shall now impose additional
conditions on the selected element α ∈ TK, such as reflexivity (α ≥ 1L), tran-
sitivity (α2 ≤ α), etc. In order to obtain again coreflections we shall also
have to impose additional axioms on the modalities ♦ and � of L. What we
shall find is that these coincide precisely with well known axioms for the cor-
responding systems of modal logic under consideration (in other words, the
same axioms still produce complete axiomatizations for the new semantics).

The proof techniques are very similar to those employed in the previous
sections for the system K. In fact we could have already presented the theory
for K in such a generality so as to be able to directly reuse the results now,
but this would have obscured the main ideas, so for the sake of clarity we
shall single out the general results only now.

Lemma 7.1 Let ρ ⊆ Tς(L)× Tς(L) be any binary relation on Tς(L), and let
ρ be the closure of ρ under the rules

(y, z) ∈ ρ ⇒ (ςy, ςz) ∈ ρ
(y, z) ∈ ρ ⇒ (ayb, azb) ∈ ρ for all a, b ∈ Tς(L)

(y, z) ∈ ρ ⇒ (y∗, z∗) ∈ ρ .

Assume that for all (y, z) ∈ ρ and all a, b ∈ Tς(L) we have

ς(ayb) ≤ ς(azb)

ς(ay∗b) ≤ ς(az∗b) .

Then for all (y, z) ∈ ρ we have ςy ≤ ςz.

Proof. This follows from a simple adaptation of the proof of Lemma 6.6.
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Lemma 7.2 Let P ⊆ T (L)ς × Tς(L) be the set of all those (y, z) satisfying
the following two conditions:

1. ςy ≤ ςz;

2. z ≤ x⇒ y ≤ x for all x ∈ L.

Then P is closed under the rules

(y, z) ∈ P ⇒ (ςy, ςz) ∈ P
(y, z) ∈ P ⇒ (ayb, azb) ∈ P for all a, b ∈ Tς(L)

(y, z) ∈ P ⇒ (y∗, z∗) ∈ P .

Proof. The proof of this lemma is contained in the proof of Theorem 6.7,
where P was defined to be a subset of R, but in fact the only property of R
used in order to prove the closure properties of P was the fact that for all
(y, z) ∈ R we have ςy ≤ ςz. The other key ingredient is the fact that ab ∈ L
implies a, b ∈ L for all a, b ∈ Tς(L), which is a consequence of the grading of
Tς(L) over I.

Theorem 7.3 Let ρ ⊆ Tς(L) × Tς(L) be a binary relation such that for all
(y, z) ∈ ρ and all a, b ∈ Tς(L) we have

ς(ayb) ≤ ς(azb)

ς(ay∗b) ≤ ς(az∗b) ,

and let Q be the (supported) quotient of Tς(L) generated by ρ. Then the
injection of generators of L onto ςQ,

η : L→ ςTς(L)→ ςQ ,

is an isomorphism.

Proof. This is an immediate consequence of the previous two lemmas, by a
reasoning analogous to that of Theorem 6.7.

Similarly to what we have done in section 3 for the Lindenbaum quantales
QT(B), QK4(B), etc., which are quotients of QK(B), we define in a natural
way TT(L), TK4(L),TS4(L) and TS5(L) to be quotients of TK(L) by analogous
defining relations:

TT(L): e ≤ [α]

TK4(L): [α][α] ≤ [α]
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TS4(L): e ≤ [α] ≥ [α][α]

TS5(L): e ≤ [α] = [α]∗ ≥ [α][α]

Corollary 7.4 Let L be a bimodal frame such that for all x ∈ L the condi-
tions x ≤ ♦x and x ≤ �x hold. Then the injection of generators L→ ςTT(L)
is an isomorphism.

Proof. The quantale TT(L) is the quotient of Tς(L) generated by the condi-
tions

ς[a] ≤ [a][a]∗, for all a ∈ Tς(L) ,

[α] ≥ e .

Define RT ⊆ Tς(L)× Tς(L) as follows:

RT = {(ςy, yy∗) | y ∈ Tς(L)}) ∪ {(1L, α)} .

All we have to do is, by the previous theorem, prove that for all (y, z) ∈ RT

the conditions

ς(ayb) ≤ ς(azb)

ς(ay∗b) ≤ ς(az∗b)

are satisfied for all a, b ∈ Tς(L). This has already been done for the pairs of
the form (ςy, yy∗) in Lemma 6.6, so we only have to concern ourselves with
the pair (1L, α). So, for a, b ∈ Q

ς(ab) = ς(aς(b)) ≤ ς(a♦(ς(b))) = ς(aς(αb)) = ς(aαb) ,

where we have used stability of ς twice and the inequality follows from x ≤ ♦x
and monotony of ς.

The other verification goes in the exactly same way using x ≤ �x.

Corollary 7.5 Let L be a bimodal frame such that for all x ∈ L the condi-
tions ♦♦(x) ≤ ♦(x) and ��(x) ≤ �(x) hold. Then the injection of generators
L→ TK4(L) is an isomorphism.

Proof. This is analogous to Corollary 7.4, and all we have to do is prove
that the pair (α2, α) satisfies the conditions

ς(ayb) ≤ ς(azb) (7.1)

ς(ay∗b) ≤ ς(az∗b) . (7.2)
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The first is proved thus:

ς(aαb) = ς(aς(αb)) = ς(a♦(ς(b))) ≤ ς(a♦2(ς(b))) = ς(aα2b) .

The other condition is also satisfied, and we only have to substitute α for α∗

and ♦ for � in the previous deduction.

Corollary 7.6 Let L be a bimodal frame such that for all x ∈ L the condi-
tions x ≤ ♦x, x ≤ �x, ♦♦(x) ≤ ♦(x) and ��(x) ≤ �(x) hold. Then the
injection of generators L→ TS4(L) is an isomorphism.

Proof. Immediate from the previous two corollaries.

Corollary 7.7 Let L be a bimodal frame such that for all x ∈ L the con-
ditions of the previous corollary and ♦x = �x hold. Then the injection of
generators L→ TS5(L) is an isomorphism.

Proof. As previously, we only have to show that the pairs (α, α∗) and (α∗, α)
satisfy (7.1) and (7.2). From

ς(aαb) = ς(aς(αb)) = ς(a♦(ς(b))) = ς(a�(ς(b))) = ς(aα∗b)

it is obvious that they do.

To conclude, we remark that these results immediately imply that the
injections of generators of the Lindenbaum quantales QK(B), QT(B), etc.,
are 1–1 if the modal algebra B is a bimodal algebra in the sense of being
equipped with an additional modal operator � conjugate to ♦. This is be-
cause in this case the ideal completion Idl(B) is a bimodal frame, and the
quantales TK(Idl(B)), TT(Idl(B)), TK4(Idl(B)), TS4(Idl(B)), and TS5(Idl(B)),
are quotients of QK(B), . . . , QS5(B) (the latter ignore the � operator). How-
ever, our results do not imply that the injections of generators B → Q(B)
are 1–1 for all modal algebras B. A sufficient condition for this would be
to show that the unit of the adjunction between modal frames and bimodal
frames, whose left adjoint is Bi (cf. chapter 1), is 1–1. As has already been
remarked in chapter 1, we stress that this is an issue only constructively, since
otherwise the representation theorem for modal algebras allows us to prove
the required conservativeness just by mapping B into quantales of binary
relations.
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