Towards Automation of Real Analysis in Coq

Luís Cruz-Filipe^∗ Center for Logic and Computation, IST, Lisbon, Portugal Department of Computer Science, University of Nijmegen, The Netherlands P. O. Box 9010, 6500 GL NIJMEGEN, The Netherlands +31-24-3652610

lcf@cs.kun.nl

We have finished a constructive formalization in the theorem prover Coq of the Fundamental Theorem of Calculus, which states that differentiation and integration are inverse processes. This formalization is built upon the library of constructive algebra created in the FTA (Fundamental Theorem of Algebra) project, which is extended with results about the real numbers, namely about (power) series.

This formalization was done closely following the work of Bishop [1]; the real numbers were first axiomatically characterized as a complete ordered field with the archimedian property; later, this axiomatization was proved by Geuvers and Niqui [4] to be appropriate (in the sense that the construction of real numbers as Cauchy sequences of rationals satisfies the axioms) and categorical (as any two models of these axioms are isomorphic).

Using this work as a basis, partial functions are defined as a Coq record type consisting of a predicate and a total function on the set of real numbers that satisfy that predicate (see [3]). The usual operations (composition, addition, multiplication, division) are then defined as yielding partial functions from partial functions. We can then define continuity, differentiability and integration, and prove the usual properties of these: preservation of continuity and differentiability through algebraic operations and functional

∗This author was supported by the Portuguese Fundação para a Ciência e Tecnologia, under grant SFRH / BD / 4926 / 2001.

composition, uniqueness of derivative and the rules for computing derivatives. Using these, we can then formalize Bishop’s proofs of the constructive versions of Rolle’s theorem, the Mean Law and Taylor’s theorem, as well as of the Fundamental Theorem of Calculus.

One of the most important issues throughout this work is automating routine tasks, such as computing the derivative of a function. This was successfully done in Coq by using the general method of reflection as described in [7] and [5] adapted to our domain to define new tactics suitable for use with specific kinds of goals. With these tactics further development of the theory became much more high-level, allowing proofs to be done at a level of detail more similar to what is usual in mathematics.

Finally, the usual elementary transcendental functions (exponential, sinus, cosinus, tangent and their inverses) were defined as examples of partial functions and their properties were proved using the theoretical tools previously formalized.

Future work will include developing a higher level of automation, including the use of reflection to build a new tactic that can automatically prove a large class of equalities of real numbers.

References

[1] Bishop, E., Foundations of Constructive Analysis, McGraw-Hill Book Company, 1967

[2] The Coq Development Team, The Coq Proof Assistant Reference Manual Version 7.2, INRIA-Rocquencourt, December 2001

[3] Cruz-Filipe, L., Formalizing Real Calculus in Coq, to appear in Procs.

15th International Conference on Theorem Proving in Higher Order Logics (TPHOLs2002), Carreõ, V., Munõz, C. and Tahar, S. (eds.), NASA, 2002

[4] Geuvers, H. and Niqui, M., Constructive Reals in Coq: Axioms and Categoricity, in Callaghan, P., Luo, Z., McKinna, J. and Pollack, R. (Eds.), Proceedings of TYPES 2000 Workshop, Durham, UK, LNCS 2277

[5] Geuvers, H. and Oostijk, M., Proof by Computation in the Coq system, in Theoretical Computer Science, vol. 272, pp. 293-314, Elsevier, 2002

[6] Geuvers, H., Pollack, R., Wiedijk, F. and Zwanenburg, J., The algebraic hierarchy of the FTA project, in Calculemus 2001 Proceedings, Siena, Italy, 13-27, 2001

[7] Geuvers, H., Wiedijk, F. and Zwanenburg, J., Equational Reasoning via Partial Reflection, in Theorem Proving in Higher Order Logics, 13th International Conference, TPHOLs 2000, Springer LNCS 1869, 162-178, 2000